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Npepgucnosue

HacTosAwee yyuebHoe nocobre HanncaHoO NO maTepranam AByX CNeLKypPCOB, YNTABLUMXCA aBTOPAMM B TEYEHME
HECKONbKUX NeT aNA CTYAEHTOB 4-ro 1 6-ro KypcoB MOCKOBCKOIO GPU3MKO-TEXHUYECKOTO UHCTUTYTA — «CNoXK-
HOCTb KOMBMHATOPHbIX anropuTMoB» U «IddeKTUBHbIE anropuTMbl». OCHOBHAA Llesb NOCOOMA 3aKaoyaeTca
B 03HAKOMNEHWUN YMUTaTeNeN KaK C KNaCCUYECKMMUM pe3yibTaTaMu B pa3paboTke apPpeKTUBHbIX aATOPUTMOB A1
peweHnA BbIMNCAUTENBHO TPYAHbIX 3a4a4, NoAydYeHHbIMK ewe B 1960-1970-x rogax, Tak u C HOBbIMU pe3y/b-
TaTaMu, Noay4YeHHbIMW B nocaegHue rogbl. UMeHHO B pacCMOTPEHUM BbIYUCAUTENBHO TPYAHbIX 3a4a4 1 coBpe-
MEHHbIX NOAXOA0B K UX PELUEHMIO M 3aKH0HAETCA OCHOBHOE OT/INYME AaHHOMO N0cobUA OT TPAANLMOHHbIX KHUT
no pa3paboTke u aHann3y 3PPEeKTUBHbIX aITOPUTMOB (Hanpumep: [ ; 1).

Mocobue moxKHO Pa3buTb Ha TPM OCHOBHbIE YACTU COOTBETCTBEHHO YPOBHAM CNOXHOCTU U3NIOXKEHUA MaTe-
puana. B nepsoit (rnhasa 1) nonynapHO U3naratoTca NpUmMepbl anroOPUTMOB, U aHAIM3UPYETCA UX CIOXKHOCTb /1A
pAga WWUPOKO M3BECTHbIX 3a4au.

BTopas yacTb (rnaBbl 2—5) nocBAlLeHa MeTogam pa3paboTKM M aHaNn3a anropUTMOB PeLLIEHUA KOHKPETHbIX
3apau. B mase 2 paccmatpuBatoTca NpubanKeHHble anropuTMbl € rApPaHTUPOBAHHBIMM OLLEHKAaMM TOYHOCTU ANA
Heckonbkux N P-TpyaHbix 3a4ay. [nasa 3 noceAleHa BEPOATHOCTHbIM METoAaM aHaAu3a AeTepPMUHUPOBaAH-
HbIX a/IFOPUTMOB. B Hell AeMOHCTpUpyeTea, YTo AN1A HeKoTopbix N P-TpyaHbIX 33434 CyLLECTBYIOT a/IfOPUTMbI,

6



Mpeducnosue 7

KOTOpble ABAAIOTCA NONMHOMMUANBHBIMWU «B CPEAHEM» UNM TOUHbIMU «ANA NOYTU BCEX BXOA40BY». B rnase 4 pac-
CMaTPUBAIOTCA METOAbI NOCTPOEHUA BEPOATHOCTHbIX NPUDBAUIKEHHbIX aNropuTMoB. B rnase 5 npeacraBnieHbl
MeToAbl AepaHAOMM3aLNN — Npeobpa3oBaHUA BEPOATHOCTHBIX a/ITOPUTMOB B NPUBANNKEHHbIE AETEPMUHUPO-
BaHHble. B 3TOM YacTu K pe3ynbTaTtam, KOTOPble HE OCBELLEHbI B OTEYECTBEHHOM IUTEPATYPE, MOXKHO OTHECTU
NOJIMHOMMa bHbIE B CPEAHEM anropuTmbl ana paga N P-TpyaHbix 3a4a4 (Hanpumep, ANA 3a4a4m O proK3ake),
BEPOATHOCTHbIE NPUBAMKEHHDbIE aNTOPUTMbI 4N1A PAAA 33434 U MeToAbl UX AePAHLOMMU3ALLNN: METOZ, YC/TIOBHbIX
BEPOATHOCTEN M METOZ MasibiX BEPOATHOCTHbIX MPOCTPAHCTB.

TpeTbA YacTb (rnaBa 6) NOCBALLEHA TEOPUN CNOXKHOCTU, BKAKOYAIOLWLEN B ceba Knaccuyeckne NOHATUA CNOXK-
HOCTM BbIYMCAEHWI, KNACCOB CAOMHOCTU, Teoputo N P-NoNHOTbI. M3 HOBbIX pe3yabTaToB, NPeACTaBNEHHbIX B
3TOM YacTh, xovetcs oTMeTnTb PCP-Teopemy M ee cneacTBua A1 [OKA3aTENbCTBA HEAMNMPOKCUMUPYEMOCTH
pAZa 33434, a TaKXKe NOHATUA CBOAMMOCTEMN, COXPAHAIOLLMX annpPOKCMMALUN.

Heckonbko cnos o popme onmcaHna. O6bIMHO NPM ONUCAHUM AITOPUTMOB OMYCKatOT BOMPOCbl KOHKPETHOM
NPOrpamMmMHON peannsaumm, U aaropuTMbl onNucbiBatoTca Mbo HedopmanbHO, MM6O Ha Hanbonee NPUMUTUB-
HOM, anrononogobHom s3blke (NceBgokoae). YTobbl M3beXaTb HEACHOCTEM, CBOMCTBEHHbIX NCEBAOOMMUCAHUAM
(T.K. nceBaoKoA He «BEPUPULMPOBAH» KOMNBIOTEPOM), Mbl PEAZIN30BAIN YAaCTb aNTOPUTMOB Ha A3biKe Python
(cm. pasgen 7.1). ITOT A3bIK NPM3HAH YAA4YHbIM BbIOOPOM A/1A NpenoAaBaHns MHGOPMATUKM U KypCoB MO anro-
PUTMaM.

TakKe B KOHLLE KHUTM NPUBEAEH ITOCCapUIA C SNeMEHTAaPHbIMUM ONpeaeneHUAMU, UCNONb3YEMbIMU B TEKCTE
KHUTU. ITW onpeseneHns ob6bI4HO 3HAKOMbI CTYAEHTAM CTAapPLUMX KYPCOB, MO3TOMY Mbl HE JaeM MX B OCHOBHOM
TEKCTe KHUTU, HO MHOTAA TpebyeTcA OCBEXUTb 3TU ONpeaeeHnA B MAaMATU — A1 3TOrO M NpefHa3HavyeH rnoc-
capui.



BBepeHue

C NOHATMEM aNropmuTMa bl M 3HAKOMbI eLLLe YYeHble APEBHUX LMBUAN3ALNI. AnropuTm EBKAIMAA HaxoXKAeHUA
Hambonbluero obuwero genntena Asyx Lenbix ymcen 6vin onucaH B KHure VII «Hayan» EBKAnga, gatmpyroLenica
330-320 rr. go H.3. NMpoobpas meToaa UcknoveHuns faycca 6bin onUcaH B KUTaUCKOM UCTOYHUKE «J1eBATb KHUT
no apudpmetnke» (202 r. 4o H.3. — 9 I.H.3.). IpaTtocheH (Npnbauns. 276—194 rr. A0 H.3.) NPESNOKUA ANTOPUTM
NPOBEPKM NPOCTOTbI YAC/A, MONYYUBLUNI BNOCNEACTBUM Ha3BaHMe pelleTa dpaTocdeHa.

Tem He meHee, pasnnyHble GOpMaNU3aLUN NOHATUA AaNTOPUTMA Bbinn NpeanoXKeHbl TONIbKO B cepeauHe
30-x rogoB NPOLUNOro CToNeTUA, Koraa v cTasia CKAaablBaTbCA COBPEeMeHHaa Teopua aaroputmos. Ee BO3HUKHO-
BEHMeE CBA3AHO C TOYHbIM MAaTEMATUYECKMM OnpeaeneHnem Takoro, Ka3anocb 6bl, MHTYUTUBHO ACHOTO NOHATUA
KaK anroputm. MoTpebHOCTb B 3TOM onpeaeneHnn 6bii1a Bbi3BaHa BHYTPEHHUMU TEHAEHUMAMM PA3BUTUA MaTe-
MaTMKM, MOCKOIbKY HEKOTOPbIE OTKPbLITbIE MPOB6AEMbI 3aK1H0HANUCH B BbIACHEHUM CYLLLECTBOBAHMUA (MW HecyLLe-
CTBOBaHMA) aAropuTmMa N5 PeLeHns KOHKPETHbIX 3aaad. Hanpumep, 3HameHuTaa 10-a npobnema MmnwbepTta
3aK/t04anacb B BONPOCE O CyL,EeCTBOBAHUM NpOLLeAypPbl HAXOXKAEHMA LENOUYNCAEHHbIX KOPHEN MPOU3BObLHOIO
MHOrOY/IEHA OT HECKO/IbKMX MePeMEHHbIX C LenbiMu KoadduumeHTamu’.

MMeHHO NoTeHUManbHanA BO3MOXHOCTb HECYLLECTBOBAHUA aATOPUTMOB pPeLLleHMA HEKOTOPbIX Npobiem no-

B 1970 roay 0.B. Matusacesuny foKa3an, YTo ata npobiema anropuTMUUYECKH HepaspeLlimma.
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BsedeHue 9

TpeboBana ¢popmanbHOro onpegeneHuns anropmutma. MNoutn ogHoBpemeHHo B 30-x rogax XX B. HE3aBMCUMO
(n B pasHbix dopmax) pAgOM KPYMHbIX MaTeMaTUKOB TOro BpemeHn — A. TbiopuHrom ([ 1), A. Yepuem
(I 1), 3. Noctom ([ 1), K. Tepenem, C. Knnum v ap. — 66110 popmann3oBaHO NOHATUE BbIYNCAUMOCTH.
3. MocT u A. TelOpUHT ONpeaenman anropuTm Kak Bbl4MC/IEHNE Ha abCTPaKTHbIX MaLlMHaXx. [pu aTom BblMMCAN-
MOCTb OYHKLMM MOHUMANACh KaK BbIMMCAMMOCTb Ha MalumHax TetopuHra. K. legens, A. Yepuy u C. KanHu onpe-
OENVUIN NOHATME BbIYMCAMMOCTU NO-APYroMy, Ha A3blKe BBEAEHHbIX UMW apudMeTUYeCcKnX GyHKLNIM, KoTopble
Tenepb Ha3bIBAOTCA YaCTUYHO PEKYPCUBHbIMU PyHKUMAMMU. MMo3gHee A.A. MapKoB BB MOHATUE HOPMASIbHO20
anzopugma?. OLHAKO BbIACHUAOCH, YTO BCE 3TU ONpPeAEeNeHUsA, COBEPLUEHHO Pa3/iMyHble N0 GopmMe, ONUCbIBAIOT
HeKoe egMHOe maTemaTuyeckoe NoHATUE — fIoHAMUeE an2opumma.

[ 0oKa3aTenbCTBO aNropuTMUYECKON HePa3PELUMMOCTU MHOTUX M3BECTHbIX 3a4a4 U NOAyYeHMe paga Apyrux
OTPULATENbHbIX PE3y/IbTaTOB NOCAYXUAO0 XOPOLIMM CTUMYIOM Pa3BUTUA KNACCUYECKOW TEOPUN aNirOPUTMOB.
Mo-BuaMMmomy, He CIy4aMHO 3TU UCCeA0BaHNA HENOCPEACTBEHHO NPeALEecTBOBAIN NOABAEHUIO NEPBbIX KOM-
nbtoTepos B 40-x rogax NPOLUIOro BeKa, MOCKO/IbKY TEOPUA aArOPUTMOB ABMAACH TeopeTUuieckum dyHaameH-
TOM ANA CO34aHUA U UCNONb30BaHMA BblYUCANTE/IbHBIX MAWKWH. B pamKax Klaccnyeckon Teopumn aaroputmos
33/,al0TCA BONPOCAaMM O PaspeLtMMOoCTU Pas3NYHbIX 33434, MPU 3TOM BbIYUCINTENbHAA C/IOXKHOCTb a/ITOPUTMOB
NPUHUMNMaNbHO He uccnegyetca. Og4HaKo MHOTMe AMUCKPeTHbIe 334a4Kn, 04eBUAHO, aITOPUTMUYECKN paspeLLm-
Mbl C MOMOLLbO NepebopHbIX aNropuTMOB. Takue npamble NnepebopHbIe aNrOPUTMBbI yXKe NPU HeboNbLINX UC-
XOAHbIX NAapaMeTpax BbIHYKAEHbI MPOCMATPMBaTb OFPOMHOE (06bIYHO IKCMOHEHUMANbHOE) YNC/IO BapUAHTOB.
C NpaKTUYECKOM Ke TOYKU 3PEHUA YAaCTO HET HMKAKOMN pasHMLbl MEeXAYy Hepaspewwmmon 3agadyen 1 3agaden,
pelaeMoi 3a 3KCNOHEHUMANbHOE OT AJ/IMHbI BXOAA BPEMS.

B cBA3n ¢ dKTya/ibHbIMU I'IOTpE6HOCTﬂN\M B aHa/1n3e aaroputmoB U 3agay C TOYKMU 3pEHNA BbIMUCIUTENTb-

2 UmeHHO anzopugpmel Mapkosa, a He anzopummel Maprosa. Tak Ha3Ban nx A.A.MapKos, nog4epKknsasa apabo-rpeyeckyto atn-
MOAOrUIo cNoBa. K Tomy e B O0PEBONOLMOHHBIX POCCUMCKUX SHLMKAONEANAX U y4eOHMKaxX MCNO/b30BaN0Ch C/I0BO Gs120pUPM. B Ha-
cTosLee BpeMA C/I0BO G/120pUGM NHOTAA UCMONb3YIOT MaTeEMaTUKKN TaK HAa3blBAEMOM «MUTEPCKOM LLKObIY.



10 BsedeHue

HOM CNOXHOCTM € 50-x rogosB XX BEKa — C MOMEHTA CO343HUA BbIYUCIUTENBHON TEXHUKM — Ha4vana aKTUBHO
Pa3BMBATbCA MeopuA CAOHHOCMU 8bl4ucaeHul. MapannenbHo U He3aBUCMMO OT PaboT NO TEOPUMN CIOKHOCTU
BbIYMC/IEHMI aKTUBHO LW PaboTbl NO NOCTPOEHMUIO U aHA/IU3Y KOHKPETHbLIX aNTOPUTMOB A1 KOMBUHATOPHbIX,
TEOPETUKO-YMCNOBbIX M ONTUMM3ALMOHHDIX 33434 Ha rpadax U AUCKPETHbIX CTPYKTypax. [locteneHHO chopmu-
poBanocb NoHATUE «3PPEKTUBHOrO» anropmTma, Nog KotopbiMm K 1970 r. ctann noHUMmaTb At0boi NnoaNHOMM-
aNIbHbIN ANTOPUTM, T. €. ANTOPUTM, BPEMSA BbINOIHEHUA KOTOPOrO OrPaHNYEHO HEKOTOPbIM NOJIMHOMOM OT AJIN-
Hbl 3aMMUCK BXOAHbIX AAHHbIX. 334a4M, pa3peliMmble TaKUMK aNropuTMamm, obpasyroT Kaacc, KOTopbIi cTanm
0603HayaTb yepes P.

B Hauvane 1970-x rogos B pabotax C. Kyka, P. Kapna u /1. /leBnHa 6bina paspaboTaHa maTemaTUyeckasa Teo-
pusA, CTPOALLAACA Ha OCHOBe PYyHAAMEHTA/IbHbIX MOHATUI NOAMHOMMUANBHOM BbIYUCIUMOCTU U NOAUHOMMUAb-
HOW CBOAMMOCTM, KOTOpasA 06beaMHMAG ABaA AOCTAaTOYHO HE3ABMCUMBbIX MOTOKA UCCIEA0BAHNN: TEOPETUKO-C/IOXK-
HOCTHbIM 1 pa3paboTKy 1 aHaIN3 aNTOPUTMOB A1A KOHKPETHbIX 334a4. B camom NoHATUM cBOAMMOCTM He Bbino
HUYero ocobeHHO HOBOTO, MOCKO/IbKY TEXHMKA CBOAMMOCTEN ABAAETCA BaXKHbIM 3/1IEMEHTOM KJ1aCCUYECKOM TEO-
pun anropuTmoB. HoBbIM BbI210 TO, YTO MOIMHOMMANIBHO CBOAUMBIMW APYT K APYry OKa3aMCb MHOIMMEe U3BECT-
Hble NPaKTUYeCKMe 3a4a4n U3 pPasnyHbIX obnacten.

Bbinn BBEAEHbI HEAETEPMUHUPOBAHHbIE BbIMUCIEHUSA, YAAYHO MOAEeNvpyowue nepebopHblie aAropuTmbl,
u onpegeneH knacc NP, B KOTOpbI Nonano 60/bLUMHCTBO M3BECTHbIX AUCKPETHbIX 3a4a4. 3a4aun, npuHaaie-
saupe knaccy NP, MOKHO OXxapaKTepr30BaTb Kak 3a[auu, MMeloLmMe «KOPOTKoe [0Ka3aTebCcTBo». Hanpu-
Mmep, AN 3HaMeHUTOM Npobaembl «BbIMOAHUMMOCTbLY, 3aK/O4alOWENCca B NPOBEPKe Hananuma ans Gopmynbl,
3a4aHHON B BUAE K.H.¢., HAbopa 3HaYeHn ByneBbIX NepPeMeHHbIX, Ha KOTOpbIX GopmMyaa NPUHMMAET 3HaYe-
HWe «1», LOCTaTOYHO NpeabABUTL TaKoM Habop.

BbIN0 YCTaHOBNEHO CYLLLECTBOBAHME «CaMbiX TPYAHbIX» 33434 B Knacce NP, Ha3zsaHHbIX N P-nonHbIMKU. 3T0
Te 3a4a4n, K KOTOPbIM NOIMHOMMANLHO cBoauTca ntobas 3agada u3 knacca NP. [na Takmx 3agay CyLLecTso-
BaHWE TOYHOTO 3P PEKTUBHOIO aNFOPUTMA NPEACTABAAETCA KpalHE MaIOBEPOATHbIM, MOCKO/IbKY B/IeYET PaBEH-



BsedeHue 11

ctBo P = N'P. PaszgeneHve nepebopHbix 3aga4 Ha N P-nosiHble 1 Te, KOTOpble NOAAAKTCA PELIEHUIO C Mo-
MOLLbIO TOYHOTO 3EKTUBHOIO aNropmTMa, OKasasacb BECbMa yCMewHon — noA Hee nonano nogasnsaiollee
60/1IbLUIMHCTBO AMCKPETHbIX 3a4au.

Tem He MeHee, He BCe WO MaAKo B pa3suTumn Teopun N P-nonHoTbl. 1o Cux Nop He yAanoch A0Ka3aTh, YTo
B knacce NP ecTb 3a4a4u, KOTOpble He MOTYT BbITb pelleHbl NOANHOMMWAAbHLIMWU aATOPUTMAaMM, UAN, UHBIMM
cnoBamu, AoKasaTb HecosBnageHue knaccos P u A'P. B HacTosllee Bpema 3TO — OAHa U3 OCHOBHbIX Hepe-
LUEHHbIX NPOob/iem MaTeMaTUKK [ ]. OHa cBa3aHa ¢ 6onee 0bUEN NPOONEMON NONYUYEHWUA HUHCHUX OUEHOK
C/IOHCHOCMU B8blYUCAeHU.

34eCb CTOUT OTMETUTb PA3HULLY MEXKAY C/IOHHOCMbIO AaA20pUMMA U CAI0HHOCMbIO an20pUmmuYeckoll 3a-
dayu. Mpu aHanu3e No XyAwemy Cyyato NONAYYEHNE HUMKHUX OLEHOK CNOXKHOCTU KOHKPETHOrO aIropuTma no-
YTM BCErga OKasblBAaeTCcA NOCU/AbHOM 3agadveit. [na 3Toro A4ocTaTodHO nogobpatb HAbop BXOAHbIX AaHHbIX, HA
KOTOPbIX anropuTm byaeTt paboTtaTb A0OATO (MMEHHO TaK BblJ10 OKA3aHO, YTO 3HAMEHUTbIN CUMMNJIEKC-METOS, pe-
WeHWA 33434N IMHENHOTO NPOrPaMMMPOBAHMUA HE ABNAETCA NOMHOMMUAIbHBIM a/ITOPUTMOM).

CoBcem Apyras CUTyaums CO CIOXKHOCTbIO 3a4a4. N8 NONYYEHUSA HUMKHUX OLLEHOK CNOMKHOCTU 33434M Tpe-
byeTcAa QoKas3aTb, YTO HE Cywecmasyem an20pUMma ee PeweHuUs Co CAIOHHOCMbIO He 8bilue 3a0aHHoU. Beuay
Heob03pMMOro MHOEeCTBa a/JIfOPMTMOB 3Ta 334a4a HaXoAUTCA BHE NpPeAe/ioB BO3MOMXKHOCTEN COBPEMEHHOM
TEOPUU CNOXKHOCTHU (MK, NO KpalHel mepe, AN ee peleHna HYXKHbl KapANHANbHO HOBblE naeun).

Cdopmuposasluasca Teopua N P-nonHoTbl BbipaboTana v pas nparMaTMHecKMX peKkomeHaauuii Ansa nceae-
AoBaTenemn, 3aHMMaloLNXCA pelleHneM NPUKNaaHbIX 3a4a4. B Tex cnyyanx, Korga nHTepecyoLwan paspabotum-
Ka NPaKTUYECKMX aNropMTMOB 3afadya okasbisaetca N P-nonHoi, umeeTt cMbica nonpobosaTtb NOCTPOUTL 3¢-
bEKTMBHBIM aNTOPUTM A1A KaKoi-1nMbo ee MoaAnPUKALLMM UM YACTHOTO C/y4as, MPUEMIEMbIX C MPaKTUYECKOM
TOYKM 3peHus. Korga He yaaeTca HaWTU U Takyto MoandUKaLmio, UMeeT CMbIca NonpoboBaTb NOCTPOUTb A5 3a-
Aauv npubauxceHHoIl 3PPEKTUBHbBIN aNrOPUTM, KOTOPbI rapaHTUPYET HaXoXAEHWE peLleHUs, OTInYatoLLLeroca
OT ONTUManbHOro He 6onee yem B 3aLaHHOE YMCNO Pa3. TakMe aArOPUTMbl HAaCTO UCMNO/b3YHOTCA Ha NPAKTUKeE.
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MocTpoeHue 3dPEKTUBHBIX NPUBAMIKEHHDBIX aITOPUTMOB A/1A pelleHua nepebopHbIX 33434 0Ka3anocb Ma-
TMCTPANbHbIM HanpaBaeHuem, passuBatowmmces ¢ 1970-x rr. bbino paspaboTaHo orpomHoe Yncno apdeKTUBHBIX
NPUBAUKEHHBIX aITOPUTMOB A/1A PA3/IMYHbIX 33434 U NONYYEHbI OLLEHKM MX TOYHOCTU. Bce Bo3pacTatoLas posb,
KOTOPYHO BEPOATHOCTHbIE METOAbI CTA/IM UTPATb B AMCKPETHOWM MaTeMaTUKe BO BTOPOM NonoBuHe XX BeKa, B No-
HOM Mepe NPoABUAACL U B TEOPUM aNrTOPUTMOB. MNpeanoKeHHble KOHUENLMU BEPOATHOCTHbIX aITOPUTMOB, UC-
NONb3YOLWMX B CBOEW paboTe pesynbTaT «noadpacbiBaHNA MOHETbI» M, BOSMOMHO, AOMYCKAOLWMX HENPABU/b-
Hble OTBETbI C OFPAHNYEHHON BEPOATHOCTbIO (MEHbLLEN eANHNLbI), OKa3aNCb YPE3BbIYAMHO NPOAYKTUBHbLIMMU.
Kak cnepctsume, B 60nblUIMHCTBE NPegMeTHbIX 061acTei BEPOATHOCTHbIE aITOPUTMbI 40T Hauayywmne npnuoéam-
}KEHHble pelleHmna ana mMHornx NP-nonHbIx 3agau.

foBOPA O NPUBAMNKEHHDBIX ANTOPUTMAX, CIeAYET BblAENNTb BOMPOC O Ka4YeCTBe NOYYEHHbIX OLLEHOK MX TOY-
HOCTW — AJ/18 MHOTWX 33434 OH B TEYEHME 4,0/TOr0 BPEMEHM OCTaBa/ICA OTKPbITbIM. [LpyrMmm CIoBaMM, KaK bbiTb,
€C/1M NOJlyYeHHAA OLEHKA TOYHOCTU AaneKa OT KeaemMoMm, a MOCTPOUTb NOIMHOMMA/bHBIN aITOPUTM C TyYLLIN-
MW OLLEHKaMM TOYHOCTU He YAAEeTCA Ha NPOTAXKEHUUN AeCATUNETUIN? TaKaa cUTyauma MMena Mecto AaAa MHOTUX
nssecTHbIX N P-TpyaHbIX 3afia4: 3aa41M O NOKPbLITUM, 334341 O MaKCMMabHOM Pa3pese, O HAXOMKAEHUN MaK-
CMMaNbHOM KNMKKM B rpade U MHOTUX OPYruX.

Tonbko K cepeanHe 1990-x rogos 6bI10 AOKA3aHO, YTO A8 MHOMMX 33434 NOJIMHOMMANbHbBIX aATOPUTMOB
C JIY4LIMMU, YEM U3BECTHbIE, OLLEHKaMM TOUHOCTM He CyLLeCTBYET Npu CTaHaapTHoM runotese P # NP (uam
CXOAHbIX C Hel). Pe3ynbTaT, N03BONIMBLLMIN A0KaA3biBaTb NOA06HbIE TEOPEMbI — OAHO U3 CaMbIX APKUX AOCTUKE-
HWUIA TEOPUM CNOXKHOCTM, NoNy4nn HassaHue PCP-teopembl (Probabilistically Checkable Proofs).

370 Teopema, OKa3aHHaA B Hayane 1990-x rogos, NPonsBena HacToNbKO CU/IbHOE BMNeYaT/IeHne, YTo O Hel
nucana gaxe HematemaTuyeckas npecca (Hanpumep, raszeta «New York Times»).

B HedbOopManbHOM M3N0KEHUM OHAa GOPMYAMPYETCa CeayoWmMM 06pa3om: Ans Kaxaoro asbika u3 NP cy-
LLEeCTBYET 10Ka3aTeIbCTBO NPUHAANEKHOCTM C1I0B A3bIKY, KOTOPOE MOXHO NMPOBEPUTDL (B BEPOATHOCTHOM CMbIC-
Ne), NpocMaTpuBas nLb GUKCUPOBAHHOE YNCNO0 BUTOB A0KA3aTeNIbCTBA, HE 3aBUCSALLEE OT ero A/MHbI, U obec-
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NeynTb BEPOATHOCTb NpaBuabHoro oteeta 1 — o(1).

Ewe ogHMM 3aMeTHbIM gocTuxkeHnem 1990-x rogos ABMIOCH TO, YTO YAAN0Ch TaKXe KnaccuduumposaTb
3a4a4M No TPYAHOCTU UX anmnpPOKCMMALMM HAa OCHOBE CBOAMMOCTEN, COXpaHAOWMX npubankenua (L-csoan-
mocTelt, F-ceogumocteit, AP-ceogmumocTeit U T. n.). iccheaoBaHMA BO3MOMXKHOCTEN NOCTPOeHMA 3G DEKTUBHbIX
NPUBNMKEHHbIX aNITOPUTMOB ANA PA3/INYHbIX 3334 UMEIOT AJIMHHYI0 Uctopuio. C camoro Hadyana cTano fCHO,
yto xoTa Bce N P-nonHble 3a4a4v 1 NOMHOMMUANBHO CBOAATCA APYr K APYrY, OHU MOTFYT MMETb Pa3INYHYIO
CNOMKHOCTb C TOYKM 3peHMA NOCTPOeHUA 3GDEKTUBHDBIX MPUBANMKEHHbIX aNTOPUTMOB. [pUUYMHA KpoeTca B TOM,
YTO NOSIMHOMMA/IbHbIE CBOANUMOCTM MJIOXO NPMUCNOCOBNEHDbI K COXPAaHEHMIO annMpPOKCUMMAaLMIA, U HYXKHbl 40NON-
HUTE/IbHblEe OrpaHUYeHMs, NO3BONAIOWME UX 0BEeCcneYmnTs.

Ha pa3paboTKy CBOAMMOCTEN, COXPaHAIOLLMX annpPoOKCMMaLLMK, YILAN AecATUAeTUA. Bbin onpeaeneH Knacc
AP X onTMMmn3auMOHHbIX 33434, A5 KOTOPbIX CYLLLECTBYIOT NOIMHOMMANbHbIE NPUBANMKEHHbIE a/ITOPUTMbI C KOH-
CTAHTHOMW MY/NbTUMANKATUBHOM TOYHOCTbLIO (419 HEKOTOPOM KOHCTaHTbI), U BblN10 YCTAHOBAEHO CYLLLECTBOBaHNE
«CaMblIX TPYAHbIX» 3a4a4 B Knacce AP X, HasBaHHbIX AP X-NONAHbIMU. ITO Te 3a[a4M, K KOTOPbIM CBOAUTCA
(c nomouwbio AP-cBogmmocTtu) ntoban 3agada us knacca APX. Yaanoch gokasatb AP X-nonHoty paaa 3agad
oTHOCUTeNbHO A P-cBoanmocTel («MakCMManbHas BbINOMHUMOCTbY, K MAKCMManbHbIN pa3pes B rpade», «sep-
LUIMHHOE NOKPbITME», MeTPUYECKan 3aJa4a KOMMMUBOAXKEPA Ha MUHMMYM U1 T. A4.). [lna Takunx 3aaay paspaboTka
MONMHOMMANBHOIO NPUBAMMKEHHOrO aNropUTMa C Hanepea, 3aaHHoN TOYHOCTbIO 1 + £ 03HavaeT coBnageHue
knaccos P nu N'P.

Bospacratouiee BANAHNE BEPOATHOCTHbIX METOA0B CTaN0 NPOABAATLCA U B METOAaX aHaiM3a airopuTMOoB.
Bbin pa3paboTaH aNbTepHATUBHbIN NOAXOA, K peleHnto N P-TpyaHbIX 3aa4, OT/IMYHbINA OT NOCTPOEHUsA NpMBAK-
YKEHHbIX a/IOPUTMOB C rapaHTUPOBAHHbLIMU (B XyALWEM CAyYae) OLeHKaMN TOYHOCTU MOY4aeMOro PeLleHMA.
ITOT NoAxoAa, 3aK/o4anca B Nepexone K aHanu3sy CIOXKHOCTM B cpegHem. KaK M3BecTHO, 60bLUIMHCTBO 33434
[AVCKPEeTHOMN onTuMm3aumm asnaetca N P-TPyAHbIM, U A8 HUX CYLLLECTBOBAHME NOMHOMMANbHbBIX aATOPUTMOB
ManoBepoATHO. HecMoTpsa Ha 3TO, A1 MHOMMX UCXOAHbIX AaHHbIX Takne 3a4a4m 6bIBalOT IETKO paspellmmbl Ha
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npaktuke. MNoxanyi, Hanbonee N3BECTHbIN NPUMeEpP 3TOr0 PeHOMEHA — CUMMIEKC-METOZ, PeLleHnaA 3a4a4 Nu-
HeMHOro NPOrpaMMMpPOBaHUA, KOTOPbIM, HE ABNAACL NOMHOMMUANBbHBIM aITOPUTMOM, MOPA3UTENILHO XOPOLLO
3apekomeHA0Ban ceba Npu pelleHnn NPaKTUYECKmX 3a4ay. Takum obpasom, BCA TPYAHOCTb 3a4a4M MOXKET 3a-
KNtOYATbCA B OTHOCUTENBHO HEBONBLLIOM NOAMHOXKECTBE BXOAOB. [Ipobiema HaxoXKAEHMA TaKMX BXOLOB BayKHa
ONA SKCNEPUMEHTANIbHOM OLEHKN 3PPEKTUBHOCTN aITOPUTMOB M B TO XKE BPEMA UrPAET 3aMETHYHO POJib B MaTe-
MmaTuyeckom Kpmuntorpadpun. KoHuenuma CNoXKHOCTM B CpegHeM AN1A TaKUX 33434 npeactasaserca bonee agek-
BAaTHOM, YeM KOHLLENUMA CNIOXKHOCTHU B XyALEM Cy4Yae.

EctectBeHHbIM 06pazom chopmmMpoBaNOCh NOHATUE CAOKHOCTU B cpeaHem (average case complexity), nog,
KOTOpbIM, rpyb0 roBopA, MOHMMAETCA MaTEMATUYECKOE OXKUAAHNE BpEMEHUN PaboTbl aITOPUTMA NPU 334aHHOM
BEPOATHOCTHOM pacnpeaeneHUn Ha UCXOAHbIX AaHHbIX. XoTa ana paga N P-nonHbix 3a4a4 yAanocb NOCTPOUTD
MONMHOMMANbHbIE B CPEAHEM aITOPUTMbI, OAHAKO AOCTUTHYTbIE 34€eCb YCNexn OKa3a/Incb ropa3go CKpoOMHee
pe3y/NbTaTOB B TEOPUM CNOXKHOCTU NPU aHANN3E NO XyALLEeMy Cy4ato. TeM He MeHee, MMEHHO B 3TOM Hanpasne-
HWW B NOCNefHee BPEMA NONYYEH PAL UHTEPECHbIX PE3yNbTAaTOB A/1A 33434 TUMNA PHOK3aKa C KOHCTAHTHbIM YNnC-
JIOM OrpaHUYeHui, BBEAEHO HOBOE MOHATUE «CINAXKEHHOM CNOXKHOCTUY» (smoothed complexity) Kak pa3HoOBUA-
HOCTb C/IOXKHOCTM B CPEAHEM MPWU CreLmabHOM Bbibope BEPOATHOCTHOrO pacnpeneneHns Ha UCXOAHbIX AaH-
HbIX U AOKA3aHO, YTO HEKOTOPbIE BAPMAHTbI CUMMIEKC-METOAA UMEIOT MOIMHOMMUANBHYIO «CTIAXKEHHYIO C/IOXK-
HOCTbY.

B uenom e MOXKHO KOHCTaTMpPOBaTb, YTO pa3paboTKa u nccnegoBaHMe anropuTMoB € NpUB/JIEYEHUEM TEO-
PETUKO-BEPOATHOCTHbIX METOA0B NEepPeXMBAET Nepmnos 6ypHOro passuTUA, U Mbl YAeNAEM STOMY HanpPaBAEHUIO
3HAYUTENbHYIO YacTb HALWEN KHUTU.



Mhasa 1l

ANropuUTMbl U NX CNOXKHOCTb

1.1 [Mpumepsbl 33434 U aArTOPUTMOB

1.1.1 Teopetuko-uucnosble 3agaun: «HOO», «paKropuan», «Bo3BegeHne B CTeENeHb», «AUC-
KpeTHbI norapupm»

Mbl Ha4HEM pacCMOTPEeHMe Napaamrmbl CIOXKHOCTM C NPOCTON 334a4M O HaTypPasbHbIX YMCAaX.
3apaauva 1. [aHbl mpu HamypasabHsIX Yucaa x, n, u m. Tpebyemcsa ebiqucaums y = ™ mod m.

Jlerko npuaymatb cneaytowmii TPMBUaAbHbIA anropuTm (Cm. anropmutm 1), KoTopsbii B UMKae oT 1 4o n Bbl-
NONHAET ceaytollee aencteme: y <— y - x mod m.

OyeBUAHbIN aHANM3 NOKA3bIBAET, YTO CNOXKHOCTb 3TOTO anroputma ectb BenmunHa O(n). Moka, Ha Hedop-
Ma/IbHOM YPOBHE, MOZ C0XKHOCTbIO Mbl ByAeM NMOHMMATb YUCNO 3NEMEHTAPHbBIX ONepaLuii.

15
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Anroputm 1 TpusumanovHoe BbluncneHme y = " mod m

13 16 47

y = 13216 (mod 47) =

k .
PaccmoTpum gponuHoe pasnoxkenne n = y - a;2', a; € {0,1}. 3ameTum, uto
g = gm0 a2’ Hm H z?
{#:a,>0}

T.e. poctatoyHo nposectn [ < (logon + 1) utepauuii No ABOMYHOMY PA3NOKEHUIO 1, YTOBbI HA KaxKAOoM i-i
MTepau,MM B 3aBMCMMOCTM OT 2-T0 6UTA B Pa3NOXKeHUM, NPOBOAUTL SOMHOXKEHWE pe3yanbTaTa Ha COMHOXKUTENb
, KOTOpPbI IETKO NONYYUTb U3 COMHOXKUTENA NpeablayLien ntepauumn (Knto4yeBoe COOTHOLWEHKE):

. ] 2
i (i—1)
¥ <x2 )
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3HAUYMT, MOXKHO CYLLLECTBEHHO Y/TY4LINTb aNropuTmM 1, MCNonb30BaB 3T COOBpaXkeHUs (CMm. anroputm 2). AHa-
/I3 e aNropuTma 2 nokasblBaeT, 4To ero cioxHocTb ectb O(logn), T. €. pa3HULLA B C/IOKHOCTM NEPBOHAYasb-
HOro NPAMONAMHENHOrO aNropmuTMa 1 ero MoandurKaLmMm, OCHOBaHHOM Ha BbICTPOM BO3BeAEHUM B CTEMNEHb, IKC-
noHeHuUManbHa!

Anroputm 2 PasymHoe BbluncneHune y = =" mod m

13 16 47
28 8 1
3241
37 21
611
36 0 6
y = 13716 (mod 47) = 6

3ameTum, 4TO Npoueaypa pacyeTa MOAY/bHON SKCMOHEHTbI BECbMa PacnpoCcTpaHeHa B Pas3/INYHbIX CEeTeBbIX
MPOTOKONAX, HANPMMEpP, NP YCTAHOBKE 3aLMLLEHHOIO MHTEPHET-COeAMHEHUA (BCAKUI pas, Korga B Bpaysepe
aapec HaunHaetca ¢ https://, npu yctaHOBKe coegnHeHUs paboTatoT anropuTmbl Kpuntorpadum, 1 BblYUC-
NAETCA MOAyNbHasA 3KCNOHeHTa). Ecan B3aTb ANIMHY NOKasaTens 3KCNOHeHTbl 128 61T, TO Nony4YyaeTcs nNpocToe
CpaBHEHUE KOIMYECTBA YMHOXKEHNI B 060MX anroputmax:
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OnvHa nokasartens (6ut) | YMHoxeHun B anr. 1 | YMHOMKeHWUI B anr. 2
56 256 5 7.2.106 ~ 100
128 2128 ~ 3.4-10% ~ 130

KOMN\eHTapMM N3NTULLHN.

YnpaxHeHue 1.1.1. bonee BHUMaTENbHO B3MNAHYB Ha afrOPUTM BbICTPOTO BO3BEAEHUA B CTENEHb, MOXHO YBU-
AeTb, uto aoctatodHo 2(log, . + 1) ymHOXeHwit. Ha camom aene, Kak BUAHO M3 M3N0MEHHOTO, ANA YMCen Buaa
n = 2% poctatouHo k = logon + 1 yMHOMEHMA. MOXHO N1 NONYYUTD TaKYIO e aCUMNTOTUYECKYHO OLLEHKY
~ logon anauncen upan = 28 4 28=1 4 282 1 4 25=19 Nna nponsBoNbHBIX Yncen?

Tenepb paccMOTPUM MPUMUTUBHbBIN aNTOPUTM TOYHOTO BblYMC/IEHNA PaKkTopmnasa No moaya m (cm. anro-
putMm 3).

HeTpyaHO BMAETb, YTO ero CNoXKHOCTb ecTb O(n). MOXKHO NN ee CyLWEeCTBEHHO Yy4LUTb, Kak B Cayvae
C BO3BeAeHMeM cTeneHb? OKasblBaeTcA, Ha CErOAHAWHNN AeHb 3TO ABNAETCA M3BECTHOMN OTKPbITOM Npobiemoi
(cm. cneacteua s «Problem 4» 8 [ 1).

PaccmoTpum elle ogHY O4YeHb BaXKHYIO 3a4a4y, CBA3AHHYHO C BO3BEAEHMEM B CTENEHb MO MOAYIO.

3apaua 2. «JuckpemHell nozapugpm» (Discrete logarithm) JaHel HamypaseHsie a, b, u p — HeyemHoe npocmoe
yucno. Halimu muHumansHsll x, makol, Ymo

a®=0b (mod p).

Mo cyTun, 310 0bpaTHasA 3a4a4a K 3a43a4e BO3BeAeHMA B CTeneHb No Mmoayto. NpAMONIMHENHbIN aNropuTm ee
pelleHna NnepebopHOro TUNA, KOHEYHO, CyLLecTBYeT. [loCTaTOUHO A1 KaXA0ro & B MHTepBase |1, p| BbluncauTb
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Anroputm 3 BbluncneHnue dpaktopuana y = n! mod m

13 131
1

2

6

24
120
65

62
103
10
100
52
100
121

y =13! mod 131 = 121

a® mod p nnposepuTb Tpebyemoe paBeHCTBO. Bo3BeaeHMe B cTeneHb genaetcsa 3GGEeKTUBHO, KaK Mbl yXKe BUe-
nn. Npobnema B ToMm, YTO 3Ty 3PPEKTUBHYIO NpoLeaypy NPUAETCA NpoaenaTb OFPOMHOE YMCNO pas (Hanpumep,
npu p nopaaka 2'%°).

MorKeM N1 Mbl, Kak U B 3aga4e O BO3BeAEHUM B CTENEeHb, 0XKNAATb CYLLEeCTBOBAHMUA CYLLECTBEHHO 6onee
adppeKTUBHOro anropntma peweHmna? OKkasbliBaeTcs, 3TO BECbMa Ma/I0BEPOATHO, BbIYMCNEHMNE AUCKPETHOTIO /10-
rapuédma ABNAETCA OYEHb C/IOXKHOM 3a4a4el, U camble BbICTpble U3 N3BECTHbIX aITOPUTMOB TpebytoT cBepxno-
JIMHOMMaNbHOrO (Mo A/IMHE ABOMYHOM 3aNnCK p) BpemeHU. Ha 3Tom BarKHOM CBOMCTBE (CBOMCTBE 0OHOCMOPOH-
Heli 3¢ PEeKTUBHOM BbIMUCIMMOCTM MOAYbHOM 3KCMOHEHTbI) OCHOBAHO MHOXECTBO MNPOTOKO/I0B COBPEMEHHOM
Kpuntorpaduu.

Ewe ogHMM npumepom B3aMmHO obpaTHbIX Npeobpa3oBaHMin Nogo6HOro poaa ABAAKTCA onepauuun Npo-
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n3BeaeHUA HaTypasibHbIX YUCEN U PA3NOXKEHNE Ha MHOXUTenU. MycTb p U ¢ — ABa NPOCTbIX Yncna. Toraa He
cocTaBnseT 0coboro Tpyaa BbIMMCAUTD UX NPOU3BeAEHNE . = pg (MPUMEHMB, Hanpumep, WKOAbHbIN anropuTm
YMHOeHUA «CToNOUKoM»). O4HAKO ecin Mbl 3HaeM NuLb 1. U TpebyeTca HallTU p U ¢, TO 3TO YrKe TpyaHOopeLla-
emasn 3a4a4a, 419 KOTOPOM HeM3BeCTHbl 3PPEKTMBHbIE aNTOPUTMbI pelleHma. Ha TpyaHocTh 3aaauun paktopu-
3aUnK (pasNoXKEeHUA Ha MHOXMUTENM) OCHOBAHa O4HA M3 CaMbIX M3BECTHbIX Kpuntocmctem RSA.

PaccmoTpum OAHY M3 KnaccuyecKmnx 3agau.

3apaua 3. «Haubonbwuli obuuli denumeso»

Lna 3a0aHHbIX HAMYpPasbHeix a U b Halimu makcumaneHoe ¢, 0719 Komopoao a:q u b: q (a u b KpamHel q).

MpoaHanusupyem anroputm EBknmaa (anroputm 4) ans peweHns sToi 3agaum (ana onpeaeneHHoCTU HUKe
byaem cumtathb, UTo a < b.). Ba3oBoe COOTHOLLEHME, IeXKallee B OCHOBE anroputma EBknunaa, Takoso:

HOA(a,b) = HOA(a,r), b=at+7r, 0<r <a.

Nemma 1. Bpems pabomei aneopumma 4 «HOLA» cocmasnsem O(loga + logb) apugpmemuyeckux onepayuli
HAO HAMYPAAbHLIMU YUCAAMU.

Zokazamenscmeo. Nmeem
b>a+ (bmoda)>2(bmoda) = 2r.

OTtctoga nonyvyaem, yto r < g Takum obpasom, ar < ab/2, T. €. Npou3BeAeHNe ab yMeHbLUAEeTCA Ha KaXKaoMm

uTepauum sasoe, 1 nocne [log(ab)| utepauuii ctaHeT meHble 1, T. e. paBHO Hyt0. A 3T0 03HavaeT, Yyto a = (
(1. e. HOZL, y»xe HangeH). O
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Anroputm 4 Anroputm EBrknnga

Calculating gcd(555555, 6122256):
555555 6122256

11151 555555

9156 11151

1995 9156

1176 1995

819 1176

357 819

105 357

42 105

21 42

0 21

gcd(555555, 6122256) = 21

Anroputm 5 HeaddekTuBHbIN anroputm ana « HOO»
def gcd_non_effective(a, b):
print a, b
if a ==
return b
return gcd( max(a, b) - min(a, b), min(a, b) )

[vHa 3anucK UcxoaHbIX AaHHbIX B 3Tl 3agade ectb O(loga + logb) 1 no nopaaKy coBnasaer ¢ YNCIOM
onepauuit anroputma EBknnaa, T. e. anroputm asnaetca appekTUBHbIM. OTMETUM, YTO anroputm 5 «Headpdek-
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TMBHbIM HOO» (Moandukauma anroputma 4 «HOL», rae aeneHne ¢ oCTaTKOM 3aMEHEHO Ha BblYMTaHNE MEHb-
Wwero Yyncna us 6onbluero) He ABNAETCA CTONb e 3GGEKTUBHbIM — BeAb YMC/I0 OnepaLymii BblYMTaHMA NPOMNop-
LMOHaNbHO g, a He CyMMme MX I0rapudMoB, U Ha BXOAHbIX AAHHbIX, rae b MHoro 6onblwe a, anroputm byaet
MOKa3blBaTb IKCNOHEHLMANbHYIO CNOXKHOCTb.

Takum obpasom, mbl yBUAEAU, YTO, HECMOTPA HA BHELLHIOK MOXOXECTb, CIOXKHOCTb NOA06HbIX 33434 Mo-
YeT CyLLeCcTBEHHO OTANYaTbCA. [nA 06HAPYKEHUA U NOHUMAHUA TaKOM Pa3HULLbI U HYXKEH aHA/IN3 CNOXKHOCTY,
ABNAIOLWLMNCA NPeAMETOM Hallero Kypca.

1.1.2 3apauu Ha rpadax: «Kommusoskep», «Kpatyawme nytn», « OCToBHble gepeBbaA»

Knaccuuyeckue 3a0a4u Ha epagax. Paznuyus caomc-
HOCMU MPOCMbIX AA120PUMMO8, Pewarouux 3mu 3a-

PaccmoTpum HECKONBKO KNacCUYeCKUX 3a4ay Ha rpad)ax.

3apava 4. «Kommueosep», «TSP'». 3a0aHbI HEOpUeHMUPOBAHHLIU 2padg u3 n 8epwUH-20p0008, U d;; = d(v;, vj) —
MoI0XUMeEsIbHbIE Uesble PacCmMoAHUA MeXOy 20p00aMU.

Yemy pasHa HAQUMEHbWAS 803MOXHAA O/IUHA 20MUILMOHOBA YUKAA (KOAbUes0o20 Mapwpyma, rnpoxoos-
wez2o o 00HOMy pasy yepes 8ce 20p00a)? M. €. HyHHO Halimu MUHUMAIbHO 803MOMXCHOE 3HAYeHUEe CYMMbI

B aHr0s3bIuHOM nTepatype — Traveling Salesman Problem.
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n—1

min § pipis t Ay (1.1)
(1 2 ce TL) i=1
pe
20e MuHUMym bepemcs no ecem nepecmaHosxkam p yucea 1, ... n.

MepebopHbI aNrOPUTM AN1A 334344 O KOMMUBOSAXKEPE NPOCTO nepeburpaeT BCe BOSMOXKHbIE NepecTaHOBKM
roposoB ¢ GUKCMPOBAHHbBIM «CTAPTOBbIM» FOPOAOM (CM. anropuTm 6). Mpu aHanM3e ero C0KHOCTU BUAHO, YTO
BblYMCEHME UHANBUAYANbHOM cymMbl (1.1) He NnpeacTaBnseT 0ocobbix TpygHOCTel U TpebyeT C'n onepauuii, roe
C' — HeKkoTOpas KOHCTaHTa. Mpobaema COCTOMT B TOM, YTO 3TOT NpoLecc NpuaeTca nosToputb (n — 1)! pas, uto
faeT obLyto cnoxHocTb anroputma §2(n!). HekoTopble 3HaueHus dakTopuana npmseaeHsl B Tabamue 1.1.

Tabnnua 1.1: 3HayeHnsa GyHKUum n!

n 5 8 10 13 15 30

n! | 120 | 40320 | 3.6-10° | 6.2-10° | 1.3-10'2 | 2.7-10%2

BugHo, 4to npun = 5 pacyeT BCEX BAPMAHTOB COMNACcHO NepebopHOMY anroputMmy MOXKeT HbiTb NponsseaeH
BPYYHyto. Mpun n = 8 ana ero npoBefeHNA B Pa3yMHbI OTPE30K BPEMEHU HYXKHO NPUBAEYb NPOrpammupye-
MbI KanbKynaTop, a npu n = 10 — yxe 60nee H6bICTPOAENCTBYIOLLYIO BbIYMCNTENBbHYIO TEXHMKY. Koraa uncno
ropofos gonaet oo 13, notpebyetca cynepKomMnbioTep, a CAy4an n = 15 BbIXOAMUT 3a Npeae/ibl BOSMOMXKHOCTEN
No60oM cCoBpEMEHHOM BbIYUCIUTE/IbHOM TEXHUKW.
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Yncno BO3MOMKHbIX BapmaHToB npu . = 30 npesblWaeT KOMYECTBO aTOMOB Ha 3eme?.
Tenepb paccMmoTpum 3aa4y 5, Ha NepBbIi B3r/1A4 — OYEHb MOXOXKYH0 Ha 3agauy 4 «TSP».

3apgaua 5. «Kpamyatiwul nyme 8 2page»3.

3adaHbl n 8epwuH epaga (y3noe cemu) vy, v, ..., U, U NoA0¥UMenbsHele yessie 0auHsl 0ye d;; = d(v;, v;)
MeHoy HUMU.

HyxcHo 0ns scex k € (2 ...n) HAUMU MUHUMAAbHYIO OUHY MyMuU U3 Uy 8 Vy.

PasymeeTca, 1 3Ty 33434y MOMKHO pelaTb NepebopHbIM airoOPUTMOM, aHANOMMYHbIM anroputmy 6 «TSP-
nepebop», HO UHTEPECHO, MOXHO /1N Pa3paboTaTb TOYHbIN 3PPEKTUBHbBIN aNTOPUTM, UCKAKOYAOLWNK (MK, No
MeHbLLEN Mepe, MUHUMU3UPYIOLWLMIA) HENOCPEACTBEHHbIM Nepebop BapMaHTOB.

OkKa3sblBaeTca, B AaHHOM C/ly4ae MOXKHO. 34eCb BaXKHbIM GpaKTOM ABASETCA TO, YTO €C/IN Y HAC ecTb KpaTyam-
WKW NyTb OT ¥ A0 w, NPOXOAALLMIA Yepe3 BepLUMHY Yy, HaszoBem ero (v — w)*, To ero NepBas YacTb OT v 40 ¥,
(v — y)* ToXKe ByAeT KpaTyakLLMM NyTEM.

[elictBuTENbHO, ecan Bbl 3TO 6bIN0 He Tak, T.e. cylecTBoBan 6bl Nyt (v — y)! OJINHblI MeHbLUelr, yem
(v — ¥)*, TO MOXHO 6b1710 6bl YNIYHLWIMTL ONTUMAbHBINA NyTb (v — w)*, 3aMeHnB B Hem (v — )* Ha (v — ).

2KoHeuHo, pa3paboTaHbl pas/iMyHble METoAbl COKpalleHMs nepebopa, Kpome Toro, nepebopHble 3a4adun A0MNyCcKaloT 3¢pdeKTvB-
HOe pacnapannenusaHue AaA BblYMCAEHUA Ha MHOTOMPOLECCOPHbIX MAalMHAX UAKU CeTU KoMnbioTepoBs. B yacTtHoctn, B 2004 roay
AnA 3a8a4un 4 «TSP» Ha 24978 ropoaax LLBeuun 6bia10 HaliieHo ONTMMaNbHOE peLleHre Ha MHOronpoLeccopHom Knactepe (96 dual
processor Intel Xeon 2.8 GHz). Ecan namepaTtb BbluMCAUTENbHOE BPEMA OTHOCUTENbHO 0AHOro npoueccopa «single Intel Xeon 2.8 GHz
processor», To 6b110 noTpayeHo 85 net. Cm. otyeT http://www.tsp.gatech.edu/sweden/index.html. Ho 310 He OTMeHSET BbI-
CKa3aHHbIX COOBpParKeHUM O HEMPAKTUYHOCTU UCMO/Ib30BaHWUA SKCMOHEHLMAIbHbBIX aAropuTmMoB nepebopa, KpoMe Cy4aeB BXOAHbIX
LAHHbIX OrPaHUYEHHOTO pasmepa.

3B aHrnos3bl4HOM nTepaTtype — Shortest Path Problem.


http://www.tsp.gatech.edu/sweden/index.html
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Puc. 1.1: PaboTa anroputma 6 «TSP-nepebop»

[’NY’, ’Moscow’, ’Minsk’, ’Berlin’, ’Kiev’] 205
[’NY’, ’Moscow’, ’Minsk’, ’Kiev’, ’Berlin’] 170
[’NY’, ’Moscow’, ’Berlin’, ’Minsk’, °’Kiev’] 225
[’NY’, ’Moscow’, ’Berlin’, ’Kiev’, ’Minsk’] 275
[’NY’, ’Moscow’, ’Kiev’, ’Minsk’, ’Berlin’] 155
[’NY’, ’Moscow’, ’Kiev’, ’Berlin’, ’Minsk’] 240
[’NY’, ’Minsk’, ’Moscow’, ’Berlin’, °’Kiev’] 295
[’NY?, ’Minsk’, ’Moscow’, ’Kiev’, ’Berlin’] 225
[’NY’, ’Minsk’, ’Berlin’, ’Moscow’, ’Kiev’] 280
[’NY’, ’Minsk’, ’Berlin’, ’Kiev’, ’Moscow’] 240
[’NY’, ’Minsk’, ’Kiev’, ’Moscow’, ’Berlin’] 245
[’NY’, ’Minsk’, ’Kiev’, ’Berlin’, ’Moscow’] 275
[’NY’, ’Berlin’, ’Moscow’, ’Minsk’, °’Kiev’] 210
[’NY’, ’Berlin’, ’Moscow’, ’Kiev’, ’Minsk’] 245
[’NY’, ’Berlin’, ’Minsk’, ’Moscow’, ’Kiev’] 175
[’NY’, ’Berlin’, ’Minsk’, ’Kiev’, ’Moscow’] 155
[’NY’, ’Berlin’, ’Kiev’, ’Moscow’, ’Minsk’] 225
[’NY’, ’Berlin’, ’Kiev’, ’Minsk’, ’Moscow’] 170
[’NY’, ’Kiev’, ’Moscow’, ’Minsk’, ’Berlin’] 175
[’NY’, ’Kiev’, ’Moscow’, ’Berlin’, ’Minsk’] 280
[’NY’, ’Kiev’, ’Minsk’, ’Moscow’, ’Berlin’] 210
[’NY’, ’Kiev’, ’Minsk’, ’Berlin’, ’Moscow’] 225
[’NY’, ’Kiev’, ’Berlin’, ’Moscow’, ’Minsk’] 295
[’NY’, ’Kiev’, ’Berlin’, ’Minsk’, ’Moscow’] 205

onTumanbHbih nyTb: [’NY’, ’Moscow’, ’Kiev’, ’Minsk’, ’Berlin’] => 15§
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(=9 - w\*

D

3agaum ¢ Nofo6HbIMU CBOMCTBAMM, KOTAA ONTUMA/IbHOE PELEHNE MOMKHO NIETKO NONYYUTb U3 ONTUMAsIbHbIX
pelweHnit noasanay, obblYHO XOPOLWIO PELLAOTCA TaK HA3bIBAEMbIMU «¥KALHbIMU aNITOPUTMAMMN», MPUMEPOM
KOTOPbIX MOXET CNYKMUTb anropntm* 7 ana 3agaum 5 «SPP». B anroputme 7 mbl UTEPALMOHHO NOAAEPKMBAEM
[1Ba MHOYEeCTBA BEPLUNH:

e Visited — MHOXeCTBO BEPLUMH, A0 KOTOPbIX Mbl YK€ HALUIN KpaT4alluMi NyTb, aCCOLMMPOBAHHbIX CO
CTOMMOCTAMM KpaTyalLKnX NyTeN OT CTaPTOBOM BEPLUMHbBI 40 HUX.

e ToVisit — MHOMeCTBO BEPLUWH, KOTOPble AOCTUXMMbI OAHOM AYroh U3 MHOXecTBa BeplwuH Visited,
aCcCOLUMNPOBAHHbIX C BEPXHUMM OLLEHKaMM CTOMMOCTU NYTU 10 HUX.

“Pa3nunyHble Bap1aHTbl 3TOTO aArOPUTMa UCMOL3YHOTCA NPU MapLUPYTU3aLLMU UHTEpHeT-TpadmKa. Hanpumep, cm. ctaHaapTsl OSPF,
Open Shortest Path First Routing Protocol, RFC 2740.
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Ha Kaxkaou ntepaumm mbl BbibMpaem 13 AOCTUKMMbIX BEPLUMH BEPLLUMHY v, CaMyto B/IMMKHIOH K CTapTOBOM Bep-
WKWHE S, U MepeHocMMm ee U3 MHoxKecTBa T'oV isit B MHOXecTBO Visited, yBeNMUMBAEM MHOMKECTBO «KaHANAA-
ToB» T'0Visit ee cocegammn 1 NepecynTbiBaeM BEPXHIOK OLEHKY yAaNeHHOCTM BeplwnH us T'oVisit oo sepwu-
Hbl S.

B MnnoCcTpaumm BbINONHEHMA aITOPUTMa 7 Mbl MOKa3biBaeM M3MEHEHME Ha KaxaoMn ntepauum xaw-tabaumu,
Visited n ToVisit, a B KOHUE U3006parkeH BXogHOM rpad, rae cnaoWHbIMU TNHUAMM HaPUCOBaHbl HAMAEHHbIE
KpaTyailume nyTn, a NyHKTUPOM — Mmetolmeca pebpa c acCoUMMpPoBaHHbIMU ANMHAMM.

Nemma 2. Anzopumm 7 «elikcmpol» KoppekmeH, m. e. 8ce HaliOeHHbIe UM Mymu ornmumasbHbl.

Jokazamenscmeo. 0603HauMM Yepes §(v, w) ANAMHY ONTUMANbHOTO NYTU U3 v B w. [JONYCTUM, aNrOPUTM HEKOP-
PEKTEH — 3TO 03HAYAET, YTO A/ITOPUTM NOCTPOUT HEONTUMA/bHbIV NYTb A0 KAKON-TO BEPLWMHBI. MycTb BEPLUMHA
u ByAeT NepBoOWi BEPLUMHOW, 0 KOTOPOI «HEONTUMaNbHO» A0BEPETCA HaLL aNrOPUTM, MOCTPOMB NyTb (s — u)*,
1.e. Visited[u] > (s, u), Ho Bce ero noanyTn (s — w) ewe 6yayT onTumanbHbimu U Visited[w] = 6(s, w). Aa-
Nnee byaem paccmaTpmBaTb SENCTBUA aITOPUTMA B TOM UTEpaLMK, B KOTOPOMN OH BblIBUPaET wu.

PaccMOTPMUM ONTUMaNbHbINA NyTb (s — u)' (OH, KaK Mbl Bbilue NPeANONOKMUAM, He coBnadaeT ¢ (s — u)*).
OH JonKeH copeprKaTh B cebe npeanocnegHioto seplwnHy y ¢ Visited. B npoTuBHOM cnyyae, ecnm bbl npea-
nocnesHAn BeplnHa z U3 (s — u)’ B MOMEHT Bblbopa u npuHaanexana Visited, To 6bln 6bl NOCTPOEH ONTU-
ManbHbIM KpaTyanwmii nyTs, T.K. Visited|z] = (s, 2) n

ToVisit|u] < Visited[z] + 0(z,u) = 0(s,u),

YTO NPMBOAMWT HAC K NPOTMBOPEUMIO C BbICKa3aHHbIM AOMYLLIEHMEM O HEOMTUMA/IbHOCTM BbIBPAHHOIO aaropuT-
MOM MyTHU.

3HauUT, B MOMEHT Bbl6OPa aNIrOPUTMOM BEPLLMHbI 1 A0/KHbI CYLLECTBOBATb BEPLUMHbI T, 1/, NAyLLME NoAPAL,
B onTMmanbHom Nyt (s — u)', npuuem y & Visited, a x € Visited.
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Puc. 1.2: Pabota anroputma 7 «AenKcTpbI»

Viadivostok
$120

Vladivostok
5100
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CnepoBaTtencHo, y € T'oV isit n BBINONHAETCA HEPABEHCTBO
ToVisitly] < Visited[z] 4+ 0(z,y) = (s, x) + d(z,y) = I(s,y).
[anee, n3 HepaBeHcTB
* §(s,y) < d(s,u) (B CMNY NONOKUTENBHOCTU BECOB, T. €. A/IUH AYT),
o Visited[u] < ToVisitly] = 0(s,y) (T.K. anroputm BbIGpan Ha 3Toi UTEpaLUK BEPLUMHY U, @ HE ¥))
cnepyet Visited[u] < (s, u). MpoTusopeuve. O
Nemma 3. Tpydoemkocme anzopumma 7 «elkcmpsi» cocmasnaem O(nQ) onepayuti, 20e n — 4Yucs0 8ePWUH.

Jlokazamenbcmeo. BHELWHMI LMKA NO BEPLUIMHAM AAET MHOMKUTENb 1. BHYTPEHHUI LMK COAEPKUT BbIBOP MU-
HUManbHoOro anemeHta — O(n) NAOC NepecyeT OLLEHOK A/IMH ANA cocenent BbibpaHHoro yana — O(n). UToro —

O(n?). O

Booble, ncnonb3ys cneumnanbHble CTPYKTYPbI AaHHbIX (O4epean NpuopuTeToB Ha ocHoBe GprboHaYUMeBow
KY4u), MOXKHO A06UTbCA oueHKM cnoxkHoctn O(n log n+m), rae n — uncno BepwmnH, a m — uncno pebep rpada.

YnpaxHeHue 1.1.2. Mpuseaunte npumep rpacda c oTpmuaTeNbHbiMM Becamm, HO 6e3 LMKNOB OTpULATENBHOMN
OJIMHbI, ANA KOTOPOro anroputm [leKcTpbl 4acT HENPaBUAbHbIA OTBET.

VYnpaxHeHue 1.1.3. HeopueHTupoBaHHbiit rpad G = (V) E)) npeactaBnser TeNeKOMMYHUKALMOHHYIO CeTb,
npuyem c Kaxabim pebpom ¢ € E accoummposaHa «HagexHoctb», 0 < p, < 1, T.e. BEpOATHOCTb ycneLwu-
HOrO NPOXOXAEeHNA curHana (B obe cTopoHbl) No pebpy e. Cuntaa cobbITUA YCNELWHOro UAN HeYCNELHOro Npo-
XOMOEHUA CUrHaNa MO PasNnYHbIM pebpam He3aBUCUMbIMU, NPUAYMANTE aNITOPUTM HaXoXKAeHMA Hanbonee
Ha4EeXHbIX MapLLPYTOB MEXKAY AAaHHbIM Y3/10M Y BCEMU OCTa/IbHbIMMU.
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AN novcKa KpaTyanLLmMx nyTei mexay NtobbiMmu ABYMA Napamm BepLUMH MOXKHO Ucnob3osaTs | V| 3anyckos
anroputma 7 «[leMKCTpbi», 4To AacT 3GPEKTUBHOE peLleHme 3TN 334a4mM anropUTMOM O CAOMKHOCTbIO O(n?).
Takke anroputm 7 «[enkctpbl» byaet paboTaTb Ha OPMEHTUPOBAHHbLIX rpadax C HeOTPMLATENbHBIMW BECAMM
ayr.

OpHaKo Takow noaxopn, He byaeT paboTaTb Ha 3a43a4e 0 KpaTyanmx NyTAX Ha OPUEHTUPOBAHHOM rpade, ayru
KOTOPOro MOryT MMeTb OTpULAaTE/NbHbIE Beca (C 3anpeTom Ha Hanuuyme B rpade LUKI0B OTPULATENBHOM ANNHBI,
T.K. O4EBUAHO, YTO NPU UX HAMYUWN ONTUMAJIBHOTO pPeLlleHnA BbITb HE MOMKET).

3apaua 6. «Kpamyaliwue nymu c ompuyamesnbHbIMU PACCMOAHUAMU».

3adaH opueHmuposaHHsiii epap G = (V, E) u secosas pyHKyus Ha dy2ax w, : € — Z, 0mobpaxcarowas
pebpa 8 uesble YUCA, MAKAA, YMO 8 2paghe Hem YuKaa ompuyamenbHoli 0auHel. Halimu MuHUMAsbHblE OaUHbI
nymeti mex0dy ecemu napamu 8epuiuH.

Ons pelweHna 3Ton 3a4a4m NPUMEHSETCA anropuTm 8, MCMONb3YIOWMA METOAbI AMHAMUYECKOro Nporpam-
MWUPOBaHUA. B 3TOM anroputme nocnefosatesibHO BbinosHATCA n = |V/| utepaumii, ynydwas matpuuy D;;
MWHUMANbHbIX CTOMMOCTEN NYTU U3 BEPLUMHbBI ¢ B BEPLIMHY j, C BO3SMOXHbIM MCNONb30BaHNEM (ana k- nte-
paLmmn) NPOMEXKYTOUYHbIX BEPLUMH M3 MHOXeCTBA 1, ..., k. BbluMCAATb 3Ty MaTpUL OYEHb NIerKO, M3HAYa/IbHO
OHa onpeaenseTcs BecoBon GyHKUMEN ayr, D?j = wW;j, ANA TEX i W j, ANA KOTOPbIX €CTb Ayra (7,7), n +00 pns
ocTanbHbIX. O6HOBNEHWE 3TON MATPULbI Ha k-1 UTepaLmnmn NPOUCXoamnT No o4eBuaHoOM dopmyne:

k : k—1 k—1 k—1

roe D1 — 3HaueHme 3TOM MaTpULbl Ha Npeablayleii nTepaumn. Takum 06pa3om, O4EBMIHA U KOPPEKTHOCTb
(To, 4TO aNropUTM HaxoauT Tpebyemoe peleHne) anropuTma 8, u oueHKa ero cnoxHoctn O(n?). B unatoctpaumm
pPaboTbl aIrOpMTMa 8 NpMBEAEH BbIBOA MPOMEXKYTOUHbIX CTPYKTYP U U306parkeH BXoaHOM rpad.
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Puc. 1.3: Unntoctpauma pabotbl anroputma 8 «dnoiaa —Yoponna»
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31
k=0 (NY) NY Moscow Minsk Berlin Kiev
NY 0 o] 00 o) 80
Moscow 60 0 -5 50 10
Minsk 0o 10 0 o] 0o
Berlin 50 30 20 0 30
Kiev 00 15 15 o) 0
k=1 (Moscow) NY Moscow Minsk Berlin Kiev
NY 0 o oo [e’e) 80
Moscow 60 0 -5 50 10
Minsk co=70 10 0 00=>60 co=-20
Berlin 50 30 20 0 30
Kiev co=75 15 15=-10 c0=>65 0
k=2 (Minsk) NY Moscow Minsk Berlin Kiev
NY 0 o o o 80
Moscow 60 0 -5 50 10
Minsk 70 10 0 60 20
Berlin 50 30 20 0 30
Kiev 75 15 10 65 0
k=3 (Berlin) NY Moscow Minsk Berlin Kiev
NY 0 o o o 80
Moscow 60 0 -5 50 10
Minsk 70 10 0 60 20
Berlin 50 30 20 0 30
Kiev 75 15 10 65 0
k=4 (Kiev) NY Moscow Minsk Berlin Kiev
NY 0 co=95 c0=-90 co=-145 80
Moscow 60 0 -5 50 10
Minsk 70 10 0 60 20
Berlin 50 30 20 0 30
Kiev 75 15 10 65 0
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TakMm 06pa3om, UCNONb30BaHME «XKAAHbIX a/ITOPUTMOB» U «AMHAMMUYECKOTrO NPOrpaMMMUPOBAHUAY, NO3-
BO/IN/IN MOCTPOUTb 3hheKmuBHbIe anTopuUTMbl A1A 3a4a4, O4EBUAHLIM PeLeHUEM KOTOPbIX Bbla NOMHbIN ne-
pebop, TpebyoLuii SKCNOHEeHLUMaNbHOro BpemeHn. 06 3TUX anropuTMax U NoHATUKN agpgpekmusHocmu byaet
60/1ee NoApPOBHO paccKkasaHo B CaeayoLmxX pasgenax.

3agaya 4 «TSP» 1 3a4a4M 0 KpaTYalLWMX NyTAX Ype3Bbl4aliHO NOXOXKM MO CBOEWN CTPYKTYPE, U Mbl NoCTapa-
JIMCb NOAYEPKHYTb 3TO CXOACTBO B UX POPMYANPOBKAX.

CpaBHUTENbHO YCNELHO YCTPaHUB Nepebop A4 33434 O KpaTyalLMX NyTAX, eCTECTBEHHO 3a4aTbCA aHANO0-
TMYHBIM BONPOCOM ANA 3a4a4mM 4 « TSP». l0BOSIbHO BbICTPO BbIACHAETCA, BNPOYEM, YTO HU OAMH U3 KEeCTECTBEH-
HbIX» METOA0B COKpalleHna nepebopa K nocnegHeln 3agade HenpumeHMm. Takum 06pa3om, BCTaeT 3aKOHHbIN
BOMPOC: @ MOXHO N1 BoobLLe pewntb 3aga4y 4 «TSP» ¢ NOMOLbIO TOYHOrO aNropuUTMa, CyLLecTBeHHO bonee
3¢ deKTMBHOTO, Hexenn nepebopHbIN?

OAHMM M3 [NaBHbIX JOCTUXEHUI TEOPUM CNOXKHOCTU BbluMCNeHn anaetca Teopua N P-nosnHomesl, no3so-
nawowan B 99% cnyyaes 4aTb BNOAHE YAOBNETBOPUTENbHbIN OTBET Ha 3TOT BOMPOC.

J1a Teopua ByaeT paccmoTpeHa ganee B pasgene 6.2, noka ke tepmuH N P-noaHaa 3adaqa (mam NP-
mpyOHasa 3a0a4ya) MOXHO NOHMMaTb HePOpMasbHO B CMbIC/IE mpyOHOpewaemas nepebopHasa 3adaya, 048
Komopoli cywecmsosaHue aa120pumma, HAMHo20 bonee 3ghdhekmusHo20, Hexcenu npocmoli nepebop eapuaH-
mos, KpaliHe Masn08epoAMHo.

B 4acTHOCTH, B OAHOM M3 NEPBbIX MCCAeaoBaHMt Bbino NOKa3aHo, YTo 3aga4a 4 «TSP» N'P-tpygHa, 1, Tem
CamMbIM, Ha BO3MOMHOCTb NOCTPOEHUA A8 Hee TOYHOro 3GpPEeKTUBHOro aArOPUTMa PacCUNTbIBATb HE NPUXOAUT-
ca.

MosToMy cneayroLLmMii BONPOC, Ha KOTOPbIW NbITaeTCA OTBETUTb TEOPUA CNOMKHOCTU BbIYMCNEHUIA: KaKue pe-
KOMEHZAUMN MOXKHO AaTb MPAKTUYECKOMY Pa3paboTumKy aNropuTMOB B TaKOM CUTyaLMu, T.e. B Tex Cayvasx,
KOrga pesynbTaTbl AMAarHOCTUKM MHTEPECYIOLEN ero 334a4M Ha CYLLECTBOBAHUE 1A Hee TOYHbIX 3P PEeKTUBHbIX
a/ITOPUTMOB CTO/Ib KEe HEeYTELUTENbHbI, KaK 1 B Clydae 3aga4mn 4 « TSP»?
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OAHa 13 TaKMX peKOMeHAaLUMUIM COCTOUT B CeAytoLweM: MONbITaTbCA MPOAHAIM3NMPOBATb NOCTAHOBKY 33434u
W NOHATb, HEeNb3A I BUAOU3IMEHUTbL ee GOPMYINMPOBKY TaK, YTOObI, C OAHOW CTOPOHbI, HOBasA GOPMY/IMPOBKa
BCe ewe 6bl1a 6bl NpMemnema ¢ TOUKM 3peHUA NPAKTUYECKUX MPUIOXKEHWI, @ C APYrOl CTOPOHbI, YTOObI B 3TOM
dbopMynnpoBKe 3aga4a yrKe gonyckana sppeKTUBHbIN anroputm. Kctatu, B KauectTse No6OYHOro NpoayKTa B pa-
[€ CNy4YaeB TaKoM CNOXKHOCTHOM aHaIN3 NO3BOJIAET lyyLLe NOHATb MPMPOAY 33434 yKe 6e30THOCUTENIbHO K ee
BbIYMCAUTENBbHOWN CNOXKHOCTW.

Hanpumep, NycTb HEKMIM HAUNHAOLLLMI NPOEKTUPOBLLMNK CETEN 3a4YMa CNPOEKTUPOBATbL ONTUMAJIbHYHO KOM-
NbIOTEPHYIO CETb, COEANHALOLLYIO . KOPNYCOB 0BLWEXNUTUN. OH TOIbKO YTO M3YYNA KO/bLEBbIE TONONOMMU CETU
M BO3HAMEPWICA NPONOXKNTb KOJIbLLEBOW CETEBOM MApLUPYT Yepes BCe Kopnyca o6Lwexntuii. CToumocTb npo-
KNagKu Kabena mexay ntobbimu ABYMA KOPMycamm M3BECTHA (€CNM MeEXKAY KAKMMU-TO Kopnycamm Kabenb npo-
JNIOXKUTb HeNb3A, Hanpumep, U3-3a NOCTOAHHbLIX PAabOT NO PEMOHTY TENAOTPACC, TO CTOMMOCTb NOMAraeTca pas-
HOW +00). PopMynnpoBKa 3TOM 3afayM B YUCTOM BUAE COBMaZaeT ¢ 3agayen 4 «TSP». Kak mbl yxe Bugenu
paHblUe, ecan ymcno Kopnycos 6onblwe 10, TO NPOEKTUPOBLLMKY NOTpebyeTca AOCTYN K 4OPOroM BbIMUCANTENb-
HOW TEXHUKE, eCN eLle YBEANYUTb PasMep 3a4a4M, TO MOXKHO He NOYYUTb ONTUMA/IbHOE PeLLleHNE 33 BPeEMSA
4eNI0BEYECKOM KU3HW.

Y70 Ke AenaTb HaYMHaLWeEMY NPOEKTUPOBLLUKY CETU?

MounTas Aanblue KHUTY NO NPOEKTUPOBAHMIO CETEN, OH peLlaeT NOCTPOUTb MUHUMA/bHYHO C8A3HYH cems,
MCMNONb3yA MUHUMANbHbIE CBA3Hble (M3 n — 1 ayrun) nogrpadbl MCXOAHOTO MNOTEHLMANBHOTO rpada CBA3ZHOCTU
06LWeKMTUI, TaK Ha3biBaeMble 0CMOBHbIEe Oepesbs”.

3apaua 7. «MuHUManbHoe ocmosHoe depeso» (Minimum Spanning Tree)
3adaH ceasHeblli HeopueHmuposarHelii epagp G = (V, E), 2de V' = {vy, ..., v,}—MHoMecmso eepwuH,
|V | = n, E—mHoxcecmeso pebep mexdy Humu, u 8ecosas pyHkyus w : £ — Z+°

5B aHrM0oA3bI4HOM IMTepaType — spanning trees.
®MOKHO BBOAUTb NONOKMUTENbHbIE Lie/ible Beca Ha pebpax, Kak w;; = w(v;, v;).
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Tpebyemcsa Halimu HauMeHbW Ul 803MOMHbIl 8eC 0CMOBHO20 0epesd, m. €.

min Z w(v;, v;), (1.2)

20e MUuHUMyMm bepemcs Mo 8cem 0CMOo8HbIM 0epesbaM Ha n 8epuiuHax (no ecem mHoxecmaam T uz (n — 1)
dye, C8A3bIBAIOWUM BCE N BEPUIUH 8 EQUHYIO Cems).

Ha nepsbiv B3rnag4, nepexos oT 3agaum 4 «TSP» K 3agade 7 « Minimum Spanning Tree» TONbKO yBeAMYMBAET
TPYAHOCTH, CTOALWME Nepes, HAWUM NPOEKTUPOBLLMKOM: Nepebop MO MHOMKECTBY BCEX 3aMKHYTbIX NyTen 3ame-
HAeTcAa nepebopom no ele 6onee «kHeE0HO03PMMOMY» MHOXKECTBY MPOU3BOJIbHbIX OCTOBHbIX AEePEBbEB. TeM He
MeHee, 3Ta MHTYMLMA B JAHHOM C/y4ae B KOPHe OWnbOoYHa, MOCKObKY TaK }Ke, KaK 1 B C/ly4ae C KpaTyanwmmm
NYyTAMM, CYLLECTBYIOT 3PPEKTUBHbIE aNropUTMbl ANa 3aga4m 7 « Minimum Spanning Tree».

Onuwem oAMH U3 HUX, TaK Ha3blBaemblii aszopumm Mpuma’. B 3TOM anroputmMme MMHUMabHbIA OCTOB CTPO-
UTCA NOCTENEHHO: CHa4Yana BbIbMpaeTca NPoM3BONbHAA BEPLUMHA, KOTOPAA BK/IOYAETCA B OCTOB, 3aTEM Ha KaX-
[0V UTepaLnm K TekyLLemy ocToBy AobasnseTca Hanbonee aelwesoe pebpo (u, v), coeAnHAOLLEE KaKy-TMb0
BEPLUMHY N3 OCTOBA U C KAKOM-N11MBO0 BEPLUNHOM ¥ HE U3 OCTOBA.

Anroputm Mprma 1 nantocTpauma ero paboTbl NpeacTaBAeHbl Kak anropnt™m 9. BUAHO, YTO 3TOT anropuTm
MOX0XK Ha anroputm 7 «1enKkcTpbi».

YnpaxXHeHue 1.1.4. ina anropntma 9 « MST Mpuma» A0OKaKUTE KOPPEKMHOCMS, T. €., YTO aNTOPUTM AENCTBU-
TeNbHO HAaXOAUT ONTUMANLHOE peLleHme.

BUAHO, 4TO CIOKHOCTb anroputma 9 « MST Mpuma», rapaHTUpyIOLLEro onTUManbHoe peweHue, pasHa O(n?),
a He 3KCMOHEeHLMAbHA, KaK B aAroputme aaa 3agaumn 4 «TSP».

’Bnepsble ony6/IMKOBaH B [ ]. AnA 3TOM 3a4a4m LWMPOKO U3BECTEH TaKxKe aaroputm Kpackana [ ].
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Puc. 1.4: Unntoctpaumnsa pabotbl anroputma 9 « MST Mpuma»
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YnpaxkHeHue 1.1.5. [JoKaxuTe, 4TO *KagHblh anropntm B 3aga4e 4 «TSP», T. €. aNropuTM CTapTyHOLWMIA C HEKO-
TOPOW BEpPLUMHbBI U NbITaloWwMiica o6asnatb Hanbonee gewesble pebpa K ele HENOCELLEHHbIM BEPLINHAM, He
rapaHTUpyeT HaxoXKAeHUe OoNTUMaNbHOro peLleHus.

ITOT NOYYUTENbHBIN NPUMEP €eLLe pPa3 HarALHO AEMOHCTPUPYET, YTO NPU YCTPAHEHMM Nepebopa BHYTPEH-
HASA CTPYKTypa 3a4ayM MMeeT ropasso 6osbluee 3HAYEHME, HEXENM pa3mep MoSHOro nepebopa BapMaHTOB,
a BHELWHOCTb 33Z1a4M BO MHOTUX C/ly4asnx bbiBaeT KpaliHe 06MaH4YMBOW, U HUKaKMe NpaBAonoAo6Hble paccyk-
OEHUA «MNO aHANorMM» He MOTYT 3aMEHUTb HACTOALLErO CAOKHOCTHOrO aHanusa. MNocnegHuit B page cnyyaes
NPUBOAUT K AOBO/IbHO HEOXUAAHHBIM BbIBOAAM, 3a4aCTyH0 MPOTUBOPEYALLUM OObIKHOBEHHON UHTYULMMW.

MepeynciInm OCHOBHbIE BbIBOAbI U3 BbILLEN3/IOKEHHOTO:

1. Ona nogasnstowero 60NblUMHCTBA 33434 ANCKPETHOM ONTUMM3ALMM CYLLLECTBYHOT TPMBUANbHbIE aNTOPUT-
Mbl pelleHuns, OCHOBaHHble Ha nepebope Bcex BapuaHToB®. MNepebopHble aAropUTMbl CTAHOBATCA Hepea-
IM3yEeMbIMM C MPAKTUYECKOM TOUYKWN 3PEHUS YIKE NPU CPaBHUTENbHO HEBO/bLLIOM pa3mepe BXOAHbIX AaH-
HbIX (cm. Tabanuy 1.1).

2. TeopusA CNOXKHOCTU BbIYMCIEHUIA 3aHUMAETCA U3YYEHNEM BO3MOMXKHOCTU NMOCTPOEHMA U aHANN30M 3P PeK-
MUBHbIX aNTOPUTMOB — B JAHHOM C/ly4ae airOPUTMOB, B KOTOPbIX Nepebop BapMaHTOB yCTPAHEH MK, NO
KpaliHeln mepe, COKpaLLeH A0 NPUEMAEMOTO YPOBHA.

3. OCHOBHOE BHMMaHWE KOHLEHTPUPYETCA Ha CPAaBHUTENBHO HEDO/IbLLOM YMC/Ie KMOAENbHbIX», Knaccuye-
CKMX aNrOPUTMMUYECKUX 33434, KaXKAaA U3 KOTOPbIX ONUCbIBAET OFPOMHOE YMC/I0 CaMbIX Pa3HOOBpPasHbIX
NPUNONKEHUN.

8Mpumep 3afay, KOTOPbIX HEBO3MOKHO PELLUTL AaKe KOHeYHbIM nepebopom — 3aaumn BbINOAHUMOCTU LLeNIOYUCIEHHbIX Henu-
HelHbIX HEPaBEHCTB.
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4. Haubonee npeanoyvtTuUTe/IbHbIM peLIEHNEM ABAAETCS NOCTPOEHNE TOYHOrO 3G GEKTUBHOIO anropuTma ans
paccmaTpuBaemon 3a4aum.

5. UmeeTca 0bwmnpHbIn kKnacc N P-nonHbix 3aa4, 418 KOTOPbIX CYLLECTBOBaHME TOYHOIO 3G HEKTUBHOIO an-
ropuMTMa npeacTaBnaeTca KpaHe manosepoaTHbIM. Knaccudukauma nepebopHbix 3a4a4 Ha N P-nonHble
M Te, KOTOpble NOAAAIOTCA PELLEeHUIO C MOMOLLbIO TOYHOTO 3PPEKTUBHOIO a/ITOPUTMA, OKa3blBAETCA BECb-
Ma ychnelwHon — nog Hee nognagaet nogasnatowee 604blLNHCTBO NepebopHbIX 3a4au.

6. BTexcnyyasx, Koraa MHTepecytowas paspaboTymKka NpakTUYECKMUX aNropuTMOB 3aJa4a okasbisaetca N P-
MO/IHOM, MMeeT CMbIC/T Nonpob6oBaTb NOCTPOUTL 3IGDEKTUBHBIN AaNrOPUTM A5 Kakoh-nmbo ee moandu-
Kauuu (1. e. 6aM3KOM MoaenbHOM 3a4aum) MO0 YacTHOTO cay4vas, MPUEMIEMbBIX C MPAKTUYECKON TOYKM
3peHuA.

7. B Tex cnydyasx, Koraa Takylo MoandUKaLMIo HaUTU He yAaeTca, MMeeT CMbICA nonpoboBaTbh MNOCTPOUTL
ONA pelleHuns 3a4a4um npubauxeHHsIl 3GeKTUBHbIN aNITOPUTM, KOTOPbIM rapaHTUPYET HaxoXaeHue pe-
LWeHMA, OTANYatoLWErocs oT oNTMManbHOro He 6on1ee Yem B 3a4aHHOE YMCIO Pas.

1.1.3 NpubnunkeHHble anroputmbl: «CoctaBiieHMe pacnUCaHUN»

OyeHb 4acTo aNrOPUTMbI, UCMONb3YEMbIE HA MPAKTUKE, HE HAXOAAT TOYHOE PeLLeHUE, a OBONbCTBYHOTCA HAaX0XK-
AeHMeM NPUBANNKEHHOTO (B HEKOTOPOM CMbIC/E) pelleHns. Takue anropmuTMbl Ha3biBaOTCA MPUBAUHEHHBIMU.
OcobeHHO 4acTo NPUBAMMKEHHbIE aNTOPUTMbI NPUMEHAIOT Ana pelweHna N P-TpyaHbIX 33434, NpUYeM aKkTyab-
HOW 3afauyelt ABNAETCA aHaN3 TOYHOCTU NOYHaeMOro peLleHus.

PaccMoTpum AN UANOCTPALMM OAHY U3 NPOCTEMLINX 33434 COCTaBNEHUA PACNIMCAHNNA.

3agaua 8. «CocmassneHue pacrnucaHuli»
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Mmeemca m 00UHAKOBbIX MAWUH U N HE3ABUCUMbIX pabom ¢ 0AUMenbHOCMAMU UCMOAHeHUA ty, ..., t,.
Pacnpedenums smu pabomsi o MawWuHam makx, Ymobbl MUHUMU3UPOBAMb MAKCUMA/bHYIO 302py3Ky (3a2py3-
Ka MAWUuHbl pasHa cymme daumenbHocmeli pabom, npunucaHHoix 0aHHOU MawuHe).

HecmoTpA Ha NPOCTOTY NOCTAaHOBKM, 3Ta 3a4a4a TPYAHa C BbIYUCAUTENbHOMN TouKkM 3permna (N P-tpyaHa).
[Jaxe anacnyyana m = 2 oHa octaetca N P-TpyAHOM, NOCKONbKY K Heli ceoauTtca N P-TpyaHan 3a4a4a 0 KaMHSAX:
015 33[aHHOr0 MHOKECTBA U3 1. KaMHel c Becamu ty, ..., t, BbIACHUTb, MOXKHO /1N Pa3bUTb 3TO MHOXECTBO Ha
[ABa TaK, YTo6bl CYMMbl BECOB B HUX Obl/IM paBHbl. ITO YC/I0OBME MOXKHO 3anucaTb B BUAe byneBa ypaBHeHUA:

i=1

roe A = Z?:l ti, x; € {0,1} n HeobxoaMMo, 4To6bI A 6bINO YETHBIM.

Onpepgenenune 1.1.1. 3epucmukKoii, 8 meopuu an2opummos 0bbIYHO HA3bIBAIOM HEKOMOPbIl UHMYyUMUBHO-
MOHAMHLIU anzopumm (uau NPUHYUN MOCMPOEHUA AA20pUMMO8). 38pUCMUKA MOXem He 2apaHMUpPo8ameb
KaKy-1ubo Mo4YHOCMb peweHUs, U He UMembs HUKOKUX OUEeHOK epemeHu pabomel, HO 4acmo npumMeHAeHs-
emcs U3-3a XOpowux NPaKmMuU4YecKux pe3ysbmamos.

TpaANUMOHHbBIN NOAXOA K 33434aM TaKOro poga COCTOUT B MCNO/Ib30BaHMM NPOCTbIX IBPUCTUK (CM. onpeae-
nenue 1.1.1), oaHy M3 KOTOPbIX Mbl CeMYac NPOaHaIU3MpPYEM.

dBpucTuKa: bepetca npon3BonbHaA paboTa M NOMeLLAeTCA Ha MaLLUMHY, UMEIOLLYIO HAUMEHbLLYHO 3arpysky
(3arpy3ka paBHa cymme AnnH paboT Ha JaHHOW MaLLUUHE).

OTa 3BpUCTMKa obnagaeT cneayowmm o4eBnaHbIM CBOMCTBOM.

Nemma 4. B 110600 momeHm pabomel smoli 36puUCmMUKU pasHUUa 8 3a2py3Kke mexoy Haubosee u HaumeHee
302pYyHEHHbIMU MAWUHAMU He pesocxooum t,,., = max; t;.
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Tenepb Mbl MOXEM [10Ka3aTb YTBEPKAEHME O KayecTBe paboTbl Halle 3BPUCTMKN.

Nemma 5. MocmpoeHHoe pacnucaHue omau4aemca om onMmumMasabHO20 (Mo KpuMepU MUHUMU3AUUU MAKCU-
manbHol 3a2py3Ku) He bosee Yem 8 08a pasa.

Jlokazamenabcmeo. MNyctb T — anvHa ONTMMaNbHOIO pacnucaHusa (cymma anavH pabot Ha Hambonee 3arpy-

KeHHOW MawmHe), T — annHa pacnucaHns, KOTOpoe NOCTPOEHO Halweit 3BpucTuKoi, T4, — cymma gautens-

HocTei paboT Ha HauMeHee 3arpyeHHOoM MalLnHe (B pacnucaHnmn, NOCTPOEHHOM Hallel 3BpUCTUKOM). MmetoT
MECTO O4YeBUAHbIE HEPABEHCTBA:

* A

T Z Tmin’

T > tmaz-

A TeNEPb Mbl 1IEFTKO MOXXeM OUEHUTb Ka4eCTBO NoJ1ly4aemMoro pacnmcaHuaA:

A A *
T < Tmin + tmax < T + tmax tmax o
T — T+ - T+ - T+

]

Cynpemym OTHOLLEHUA ?A Mo BCEM BXOAHbIM AaHHbIM GUKCMPOBAHHOIO pa3Mmepa, MOKa3blBaKOLLMIA, B KAaKOe
MaKCMMaNbHO BO3MOXKHOE YNCN0 Pa3 aNroputm A MoXKeT ownbuUTbCA NPU NOUCKE peLleHuns, MHOTAA Ha3blBaloT
MynbmunaukamueHol owubkol anroputma A. Takum 06pa3om, Mbl AOKaA3a/M, YTO MYIbTUNIMKATUBHAA OWNG-
Ka PacCMOTPEHHOrO a/IroPUTMa He NPEBOCXOAMT 2.

bonee Toro, ecan NpeanonoXUTb, YTO tg:ﬂ — 0, T.e. ecnn mbl MHTEpecyemca acumnmomuyeckol owub-
Koll, TO U3 AOKa3aHHOro 0O4EeBUAHO BbITEKAET, YTO :;A < 1+ ¢, rae e — 0. Taknum obpa3om, acMMNTOTUYECKAA
MY/IbTUMIMKAaTUBHAA OWMOKa HAWero afiropuTma CTPEMUTCA K eAMHULE, YTO ABNAETCA BECbMA YKeaTe/IbHbIM,

HO Aa/1eKO He BCeraa A0CTUKUMbIM 3QPEKTOM.
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CnepyeT NoAYepPKHYTb, YTO 3BPUCTMKM OYEHb YAaCcTO MCMNOMb3YIOTCA ANA PeLleHmA 33434 Ha NpaKTuKe. B pac-
CMOTPEHHOM NpUMepe 3BPUCTUKA 061a4ana OA4HUM AOMNONHUTENbHBIM CBOMCTBOM: OHA MPUMEHMMA U B C/lyYae,
Korga paboTbl NOCTYNalOT O4HA 33 APYroi, NOCKO/IbKY peleHne 0 Ha3Ha4YeHMM MALWWHbI ANA AaHHON paboTbl
NMPUHUMAETCA TO/IbKO Ha OCHOBAHUMN MHPOPMALLMKN O COCTOAHUN MALLMH U HE USMEHSAETCA C MPUXOAO0M CAeayto-
Wwmx paboTt. TakMe aNropuUTMbl Ha3blBaAOTCA OHAAUHOBbIMU.

BAOXHOBNEHHbIE CTO/b YCMELIHbIM NOAXOLOM K PELLEHMI0 PaCCMOTPEHHOM Bbilwe N P-TpyaHoi 3a4aum o co-
CTaB/NIEHMM PACMUCAHUS, Mbl MOMKEM MOMbITATLCA NOCTPOUTb IPPEKTUBHbBIE NPUOBIUMKEHHDBIE aNTOPUTMbI ANA
Apyrux nHtepecytowmx Hac N P-TpyaHbix 3aga4. Cpasy CKaskeMm, YTO XOTA 3TO Hanpas/ieHUe UCCef0BaHNM U AB-
NAETCA MArMcTPaNbHbIM, OXUAATH 34eCb TONbKO PAAYKHbIX NONOKUTENbHBIX PE3YNbTAaTOB He nNpuxoanTca. Kak
BbIACHWNOCL, MHOrne N P-TpyaHble 3a/1auM OCTalOTCA TPYAHBIMU M C TOUKM 3PEHUA HaXOXAEHUA HeTPUBMab-
HbIX NPUBAUMKEHHbIX pelleHnt (cm. pasaen 6.3.6).

MpocTas e MANCTPaLMA MOXKET BbiTb CAeNaHa ceiyac Ha NpMMepe yXKe PacCMOTPEHHOM paHee 3aja-
un 4 «TSP». [leiMcTBUTENbHO, NPEANONOXKMNM, YTO cyllecTByeT 3GdEKTUBHbIN anropmutm A, KoTopblit ana ntoboro
BXOZa 334341 CTPOWUT raMUILTOHOB LMK/ Beca He 6osiee yem B K pas NnpeBoCXoAsAaLlero ontumym, npudem K
aBnsetca GyHKUMeN TonbKo OT pasmepa Bxoaa, T.e. K = f(n), rae n — uucno BepwuH rpada. Mogaanm Ha
BxoA, anroputma A Habop Becos cneumanbHoro Buaa. Myctb gaH npoussonbHblli rpad G = (V, E), |V| = n.
Torpa Bec pebpa e B nonHom rpade 3agaamm dopmynoii: w(e) = 1, ecrme € E,nw(e) = Kn,ecnme ¢ E.

MoCMOTPMM, YTO AO/IXKEH BblAATb anroputm A ans Takux BXog4oB. HeTpyaHo BuaeTb, uto ecav B rpade G =
(V, E') ecTb raMMUNbTOHOB LMK/, TO aATOPUTM JO/MKEH BblAATb YMCNO, He NpeBocxoaaLlee n. Ecam ke rammnbro-
HOBa UMKna B (G HET, TO aIfOPUTM BblAAeT YnCio, He MeHbwee nK + n — 1 > n. Takum o6pa3om, NpUMeHns
anroputm A, Mbl MOXKEM pelwmnTb 3a4a4y O CYLLECTBOBaHWM FaMUALTOHOBA UMKAA B rpade (G, KoTopas, Kak u3-
BecTHO, aBnsetca N P-nonHoM. 3HaUUT, TaKoro anropmutma A He J0/KHO CYLLECTBOBATb B NPEANONOMKEHUN, UYTO

P £NP.

Eule oaHa npocTan, HO 06LWas naes, KoTopas NOBCEMECTHO NpuUMeHaeTca npu peweHnn N P-TpyaHbIx 3a-
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034 — 3TO CTPEM/IEHUE YYMTbIBATb BCE AOMONHUTENIbHbIE OrPAHUYEHMA HA UCXOAHbIE JAHHbIE, KOTOpble ynpo-
LWAOT 33434y, T. €. PaCCMATPUBATb Pa3peLllnMble YacTHbIe Cy4an UCXOAHbIX Npobnem. Tak, B Halem npumepe
Beca pebep 6b11M NPOU3BONbHBIMU HEOTPULATENBHBIMU Yncnamu. Ecnm ke notpebosatb, 4TOObI Beca ygosne-
TBOPA/IM LONO/IHUTENIbHO HEPABEHCTBY TPEYro/IbHMKA (YTO ECTECTBEHHO ANA AJIMH NYyTEN), TO NOAYYUM TaK Ha3bl-
Baemylo MempuyecKyro 3a0a4y Kommusoaxcepa. OHa Bce ele octaetca N P-TpyaHON, HO AN1A Hee yxKe yaaeTcs
NocTPouTb 3GEKTUBHbBIE ANTOPUTMbI, FAPAHTUPYIOLME HAXOXKAEHNE PELUEHWA, OTIMYAIOLLErocA OT ONTUMYMA
He 6osee Yem B KOHCTAHTY pa3s (C KOHCTaHToM 3/2 — cm. pasgen 2.1.4). KcTaTu, BaxHyto ponb B paspaboTke
NPUBANKEHHBIX ANTOPUTMOB A1 METPUYECKOMN 33434N KOMMUBOAXKEPA UrPAEeT UCMOIb30BaHME CXOAHOW, HO
3 PEKTUBHO peLlaeMoin 3a4a4m 0 MUHUMAIbBHOM OCTOBHOM ZlepeBe.

HeckonbKo 3aberas Bnepes, MOXHO CKas3aTb, 4To B knacce AP X 3afay, paspewmbix NONMHOMUANIBbHBIMU
aNropUTMamMM C KOHCTAHTHOM MyNbTUNAMKATUBHOM ownbKor, nmeetca knacc AP X'-nonHbix 3a4ad, 418 KOTO-
PbIX CyLLeCTBOBaHME 3PEKTUBHOTO aAFOPUTMA HAXOXKAEHUA pPeLleHnl ¢ 110601 Hanepes 3aaHHON TOYHOCTbIO
(c mynbTMNAMKATMBHOM OWIMBKON, He NpeBocxoaaLLeit 1+¢) npeacTaBnaeTca KpaliHe ManoBepoATHbIM (CM. pas-
nen 6.3.7).

1.1.4 «CopTupoBKa ciMaHUem»

PaccmoTpum L0BONBHO NPOCTbIE 33434M COPTUPOBKU UM YNOPALOYMBAHMA, aNITOPUTMbI AN1A KOTOPbIX MMEIOT
He 6onee yeM KBaZPaATUYHYIO C/IOKHOCTb.

Ha npumepe 3Tnx 3a4a4 Mbl U3/10XKMM HEKOTOPbIe 06LLMeE NpMeMbl MOCTPOEHUA U aHann3a 3GPEeKTUBHbIX
aNroOpUTMOB, TaKMe, KaK «pasaenai u BNacTBYM», aHa/IN3 CNI0XKHOCTU B CpegHEM BMECTO XyALero cayyas, uc-
No/Ib30BaHWE BEPOATHOCTHbIX aITOPUTMOB BMECTO AETEPMUHMUPOBAHHDIX.

3apaua 9. «Copmuposka» (Sorting)
Umeemcs npouseonbHeili maccus A : ay, ..., a,.
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Tpebyemca nymem cpasHeHUll omcopmuposames 3mom Maccue makum obpa3om, Ymobbi 3nemeHmsl pac-
MOAOHCUAUCH 8 MOPAGKE 803paAcMaHus (Unu ybsieaHus), mo ecms a;; < a0 < ... < Q.

CnusaHne — 310 06beaMHeHUe AByX Unan bonee ynopagoveHHbIX MacCMBOB B OAMH yNopAaAodeHHbIN. MycTb
TpebyeTca ynopAaa04MTb MaccmB No BO3pacTaHuio. [11A 3TOro cpaBHMBAOTCA ABa HAMMEHbLUMX 31eMeHTa 060MX
MaCcCMBOB, U HAMMEHbLUMI U3 HUX BbIBOAUTCA KaK HAMMEHbLUUMA 3N1eMEHT CYMMAPHOro Macc1Ba, 3aTem npo-
ueaypa nostopseTca (cMm. npoueaypy «merge» B anroputme 10 «Mergesort»). HeTpyaHO BUAETb, YTO CAMAHUE
ABYX YNopAA0YeHHbIX nocnesosatensHocteid A u B anvu |A| v | B| npoucxoaut 3a O(|A| 4 | B|) cpaBHeHuiA.

YnpaxKHeHue 1.1.6. HailauTte Takue ynopagoveHHble nocneaosatenbHoct A u B (6e3 orpaHUyYeHus ux gau-
Hbl), Ha KOTOPbIX Npoueaypa «merge» B anroputme 10 «Mergesort» BbINOAHWT |A| + 1 cpaBHeHMiA.

YnpaxkHeHue 1.1.7. Haiiaute Takue ynopsgo4veHHble nocienoBaTeNibHOCTM A M B, Ha KOTopbIX npoueaypa
«merge» B anroputme 10 «Mergesort» BbinonHuT |A| + |B| — 1 cpaBHeHMiA.

PaccmoTpum copTUPOBKY canaHuem (anroputm 10 «Mergesort»). MicxoaHbit maccus A anuHbl n aenntcs
nonosnam. 3aTem NpPOU3BOAUTCA PEKYPCUBHAA COPTUPOBKA KaXKAOW MONOBUHKM U UX causaHue. MNyctb T'(n) —
YMCNO CPABHEHWI, AOCTAaTOYHOE A1A COPTUPOBKMU CAUAHNEM.

Mokem 3anuncaTb PeKyppPeHTHOE COOTHOLLEHWE:
T(n) =2T(n/2) + O(n).

YT06bI PeLwmnTb 3TO ypaBHEHUE, NPUMEHUM METOA, NOACTAHOBKM, U NpocTo nposepum, uto 1'(n) = cnlog,n
ABNAETCA peLeHnem Npu NOAXOAALLEN KOHCTaHTe c.
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€CMOTPSA Ha aCUMMTOTUYECKN ONTUMAJIbHOE MOBEeAEHWE aNTOPUTMa (aNITOPUTM COPTMPYET BXOAHOM MACCUB 3
Bpemsa O(n logn) ana NobbIx BXOAHbIX A@HHbIX), aTOPUTM COPTUPOBKM CANAHUEM UCNONb3YETCA B OCHOBHOM B
obnactn CYB/[, roe TpebyeTcAa copTMpOBaTb OFPOMHbIE MAcCMBbl MHGOPMALMK, BO MHOTFO pa3 NpeBocxoaaLine
o6bem onepaTMBHOMN NAamMATU (M cnefoBaTENbHO, KOTOPbLIX HEBO3MOKHO 3arpy3uTb B NaMATb LEe/IMKOM) — Toraa
BECbMA KCTaTW, TO, YTO B KaXKA0M UTepauum CAMAHUA K MAaCCMBAM HYXKEH TONIbKO MOC/eA0BaTeNbHbIA A0CTyN
— a M3BeCTHO, YTO NOCNeA0BaTeIbHOE YTEeHME AaHHbIX C AUCKA Ha HECKONIbKO NOPAAKOB apdeKTUBHEN Npouns-
BOJIbHOrO gocTtyna (random access).

Bce ocTanbHble aAropnTMbl COPTUPOBKM TPEDBYOT NPOM3BO/IBHOIO A0CTYNa K COPTUPYEMbIM AAHHbIX, U NO3TO-
My, He UCMONb3YHTCA ANA COPTUPOBKM 6onblumx maccuBos CYB/. XoTa nocneaHue ycnexu B obnactv geleson
namsaTn (SSD-ycTponcTBa XpaHEHUS, U T. N.), BO3MOXKHO U3MeHAT apxmuTekTypy CYB/ u ncnonb3yembie Tam an-

\me:v\bl.

1.1.5 «bbicTpana copTUpOBKa»

«bbicmpasa copmuposKa». AHaNU3 «8 CPEOHEM» U 8epOSMHOCMHAA 8epPCcus 05 «XyOuweao C/ay4as».

ANnroputm 6bICTPOI COPTUPOBKK® B XyALEM Cay4ae (Ha HEKOTOPbIX BXOAHbIX MaccMBax) MCMONb3yeT Bpems
Q(n?), uTo, HaNpUMep, Xy>Ke, HEM CIOKHOCTb B HaMXyawem caydae anroputma 10 «Mergesort». OgHaKo oH
ABNAETCA 0YEHb NONYAAPHbLIM a/ITOPUTMOM, T.K. aHaNIN3 «B CPeAHEM» M ONbIT PEeaNIbHOIO UCNO/1b30BaHUA NOKa-
3a1u ero appeKTUBHOCTD.

KntoueBasa ngea anroputma 12 «Quicksort» 3akntouaetca B npoueaype «partition» (cm. anroputm 11). 31a
npoueaypa, ¢ 3a43aHHbIM NAaPaMeTPOM KOCb» — PABHOIMO OAHOMY M3 3HAYEHWUI COPTUPYEMOTO MHTEPBaNa Mac-
CUBA, 3a IMHEHOEe BpeMa OT pa3mepa MacCMBa OCYLLECTBAAET TaKyt NepecTaHOBKY 3/1EMEHTOB, YTO NepecTaB-
JIEHHbIV MacCUB COCTOMUT U3 TPEX MHTEPBA/IOB, UAYLLMX MO NOPALKY:

9«QuickSort», paspaboTaH Xoapom (C.A.R. Hoare), cm. | 1.
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1. anemeHTbl, MeHbLUME KOCUY;
2. 3/1eMeHTbl, paBHble «OCU»;

3. anemeHTbl, bonbLINE «KOCU».

MepBblt U NOCNEAHUIA N3 YNIOMAHYTbIX MHTEPBAIOB MOTYT OCTaTbCA HEYNOPAA0YEHHbIMW, MO3TOMY [a/Ie€ OHMU
PEKYPCUBHO cOPTUPYIOTCA Npoueaypon «QSortinterval».

YnpaxkHeHue 1.1.8. Mogudunuympyinte anroputm 12 «Quicksort», 4tobbl 0CTancA TONbKO OANH PEKYPCUBHbIN
BbI30B.

3¢ddEeKTUBHOCTb aNrOPUTMa CYLLLECTBEHHO 3aBUCUT OT PYHKL MM BblbOpa «ocm» (NapameTp «pivotFunc» B an-
roputme 12 «Quicksort»). Hanpumep, ecam HasHavaTb «OCbiO» 3HaYEHUE, KOTOpoe BOo/blLIE UM MEHbLLE BCEX
3/1eMeHTOB, TO aJIrfOpUTM BOBCe He byaeT paboTaTb — pasbueHne HUKaK He ByaeT ymeHblaTb COPTUPYEMBbIN
WHTEPBAN M ANFOPUTM 3aUMKANTCA (XOTA 3TO KOHEYHO MPOTUBOPEUNT ONPEAENEHUIO KOCUY», KaK OAHOTO U3 3ne-
MEHTOB TEKYLLETO MHTEPBA/IA, U 3TOT NPUMEP NPUBEAEH TO/IbKO AN1A UANKOCTPALLMM BaXKHOCTU BblBOpa «oCu»).

OAHUM U3 TPMBMANBHbBIX PELLEHNIA MOXKET CTaTb BbIDOP OCbIO NEPBOro 31eMeHTa U3 COPTUPYEMOTO UHTEpP-
Bana (T.e. ncnonb3osaHune PpyHKuMn «trivialPivot» n3 anroputma 12 «Quicksort»). [lna HekoTopbix nocneno-
BATE/IbHOCTEN 3TO MOXKET NPUBOAUTb K HEONTMMA/IbHOMY MOBEAEHUIO, KOraa Npu pasbueHnn oguH ns Kpawm-
HWUX WHTEPBA/IOB HAMHOIO MEHbLUE APYroro Uau BoBCe NyCToM. Mpumep TakuX «NAOXMX» AaHHbIX (AnA Bbl6o-
pa ocu «trivialPivot») nokasaH Ha puc. 1.5. BUAHO, YTO Ha KaXKaoW peKkypcum COpTUPYEeMbIA MHTEPBaN YyMeHb-
LLIAEeTCA TONbKO Ha OAMH OCEBOM 3neMeHT, u anropnutm 12 «Quicksort» Ha «NAOXMX» BXOAHbIX AaHHbIX BbIMNOJ-
HaeT (V) pekypcuii, a obliee KONMYECTBO OnepaLmii (c yueTom onepaumii B npoueaype «partition») byaet

QL 1) = Q).

YnpaxkHeHue 1.1.9. CKONbKO NamATU MOXKET UCMOJ1b30BaTb anroputm 12 «Quicksorty» B Hanxyglwem cnyyae?
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OcCTanoch BbIACHUTb, YaCTO /1M BCTpeYatoTca Hauxyawwue (ans «pivotTrivial») cnyyam Ha MHOMKeCTBe BXOAHbIX
OaHHbIX.

[onycTnm, BXoAHble AaHHbIE C/lyYaliHbl, M UX pacrpeneneHne TakoBo, YTO B KaXKA0M UHTepBasie AanHbl N,
BCTpevalowemca B npoueaype «partition», nepsbiii 3/1€MEHT C PaBHON BEPOATHOCTbIO MOXKET 6biTb k-m (1 <
k < N) no BennuunHe, «pasbmusas» TeM CamMbiM BXOAHON MHTEPBaN Ha UHTepBanbl AnHbl k — 1 n N — k. Toraa
MOKHO 3anuncaTb CAeAyOLLYI0 PEKYPCUBHYIO OLEHKY MaTEMATUYECKOrO OXKNAaHMA CNOXHOCTU anropmuTma:

N
1
T(N)=0O(N)+ — Tk—1)+T(N -k =
(V) =O( )+N<;(( )+ 1( )))
g N-1
=0O(N)+ = T(k). (1.3)
N
k=1
MpoBepum pasyMHyto rMnoTesy, 4To
T(N)=O(NlogN), (1.4)
T.e.ytodC : T(N) < CNlogN.
HevictButenbHo (norapnudm ABOUYHbIN):
N-1
N2
klogk <logN - - (1.5)

>
Il

1

Nopcrasnsas (1.5) B (1.3), ybexaaemca, uto T'(N) = C'N log N ans HekoTopoit KoHcTaHTbl C'.

OAHaKo AonyleHHoe HaMK NPEANOONKEHME O PAaBHOMEPHOCTU pacnpeaeneHmnn «ocein» OTHOCUTEIbHO MH-
TEePBa/IOB MOKET He BbIMOHATLCA Ha NPaKTUKe. Ha NpaKkTUKe BO3MOXKHa CUTYyaLMA, Koraa Ans BbibpaHHOM QyHK-
unm «pivotFunc» 6yayT nonaaaTbCa UCKMOUNTENBHO KNJI0XME» BXOAHbIE AaHHble. B TakOM cnyyae, Koraa Heb3s
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«caenatb cnyqaf/‘lelmm» BXOAHble AaHHble, MOXHO BHECTUN IN1EMEHT CﬂyqaﬁHOCTM HenocpeaCTBEHHO B Cam an-
ropuT™m. B yacTHoCTH, 4yTObbI COXpaHUAaCb OLEHKA MAaTEMATUHECKOTO OXNOaHNA (1.4), AO0CTaTO4YHO CaenatTb Be-

POATHOCTHbIM BbIOOP OCEBOrO 3/1IEMEHTA U3 PA3AEeNAEMOro MHTepPBana — CM. UCNOb30BaHME PYHKLMMU «pivot-
Random» Ha puc. 1.5.

Odpyrne nHtepecHble NpMMepbl aHaIM3a NoOBEAEHUA aITOPUTMOB Ha C/Ty4alHbIX AaHHbIX ByAyT pacCMOTPEHbI
B rnase 3.

B 3aBeplueHuMe pa3gena npuseaem HeBObLUIYIO «KAaPTy NamATU» AN 3aMOMMHAHMA PAaCCMOTPEHHbIX B pas-
Jene noHATUN.
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HOJ

[ BO3BeAeHue B CTene
Yucnosblt
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HeagpdekTnsHble (nepebopH
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_Anropuntm " |
7 O((eKTUBHbH _
) . HdenkcTpb

Qnoviga-yopLuos

E — EBKINA,

Puc. 1.6: KapTa-namaTtka pasgena 1.1

1.2 ®dopmanbHO 06 anroputmax. HeCnoXKHO O CIOXKHOCTH

1.2.1 «RAMM»: mawuHbI C NPOU3BOJIbHbIM A0CTYNOM

Mpu HanucaHuu 8aHHO20 pa3desna ucrnonbL3osaH 063op [ 1.
B npeablaywinx pasgenax mbl 4OBObCTBOBAIMCL KQYECTBEHHbIM, UHTYUTUBHbBIM NOHATUEM «3ddEKTUBHO-
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ro» anropuTma. Jna NnocTpoeHUA Ke MaTeMaTUYeCcKo TEOPUN CNOXKHOCTM anropuTMoB, pasymeeTcsi, Heobxo-
AMNMO CTPOroe KoNIMYecTBEHHOe onpeaeneHne mepbl 3GPeKTUBHOCTH.

OnbIT, HAKOM/IEHHbIN B TEOPUW CNOXKHOCTU BbIYMCAEHUI, CBUAETENBCTBYET, O TOM, YTO Hanbonee yao06HbIM
M afieKBaTHbIM CNOocoboM cpaBHeHMA 3GPEKTUBHOCTM PA3HOPOAHbIX A/ITOPUTMOB ABNSETCA MOHATUE ACUMIMO-
mudyeckol C0XHOCMU, PACCMOTPEHMIO KOTOPOTO M MOCBALLEH HAacToAWMIM naparpad.

MepBoe, 0 Uem cnesyeT OroBOPUTHLCA, — 3TO BbIOOP BbIYNCAUTENBHOM MOAENN, B KOTOPOI KOHCTPYMPYHOT-
€A HaWww anropuTmbl. OKa3bIBaeTCA, YTO KaK Pa3 3TOT BONPOC HE UMEET C/IULIKOM NPUHLMNNANBHOMO 3HAaYEeHUA
ONA TEOPUMN CNOXKHOCTM BbIYUCIEHWNI, U TOT YPOBEHbL CTPOTOCTU, HAa KOTOPOM Mbl paboTanu B pasaene 1.1 (umcno
BbIMO/IHEHHbIX ONEPATOPOB Ha A3blKe Python), okasbiBaeTca NoYTH Nnpuemnembim. FnaBHas NpUYMHA TAaKOrO fier-
KOMbICIEHHOIO OTHOLIEHMA K BbIDOPY MOAEAM COCTOUT B TOM, YTO CYLLECTBYIOT BeCbMa 3P PeKTUBHbIE CNOCOODI
MOZENNPOBAHUA (MM MpaHcAayuU npo2pamm B 6onee NPMBbLIYHLIX TEPMUHAX) OAHUX €CTECTBEHHbIX BbIYUCN-
TeNbHbIX MOAENelN C NOMOLbIO ApYruX. MpU 3TUX MOAENMPOBAHUAX COXPAHAETCA KNacC 3IPPEKTUBHbIX aNTOPUT-
MOB W, KaK npaBuno, anroputmol 6onee spPeKTUBHbIE B OAHUX MOAENAX OKa3biBatoTcA 6bonee apHeKTUBHbIMM
N B APYruX.

CHavana paccMmoTpum mogenb, Hanbonee HANOMMHAOLLYHO COBPEMEHHbIN KOMMbIOTEP, TPOrPaMMUPYEMbIi
HenocpeACTBEHHO B TEPMMHAX MHCTPYKLUMI npoueccopa (uam Ha asbike Assembler): random access machines
(RAM)'°, T. e. «MaLWWMHbI C MPOU3BO/IbHLIM AOCTYMOM K MaMATUY.

RAM-MalLuMHY COCTaBAAIOT cneaytowme KOMNOHeHTbI (puc. 1.7).

e KoHeyHana BxoaHasA read—only NNEHTA, Ha KOTOPYHO 3anNnCbiBatOTCA BXOAHble AaHHbIE.

hd [—|OI'IY6eCKOHe‘-1Hai‘l11 BbIXOAHaA Write-only NEeHTAa, Kyda 3aNMnCbiBaeTCA pe3yanbraTt paGOTbI MallWnHbI.

9B Te0pumM CNOKHOCTU BbIMUCIIEHMI NOA, MAWUHAMU TPAAULMOHHO MOHMMAIOT single-purpose machines, T. e. MaWwmHbI, Kaxaan u3
KOTOPbIX CO34aHa A1 PeLleHUn Kako-1Mbo ogHoM GUKCMPOBAHHOM 3a4a4u. B MPUBbIYHbIX TEPMUHAX 3TO CKOPee Nporpammb.
"OrpaHnyeHHan c 0AHOM CTOPOHbI M HEOTPAHMYEHHAsA C APYrON.
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e BecKoHe4YyHoe YNCNO0 PErUCTPOB g, I'1, Ty, . . ., KAXKAbIA U3 KOTOPbIX MOMET XPaHUTb NPOM3BO/IbHOE Liesioe
yncno (M3HaYyaNbHO Be3ae 3anncaHbl HyK). PerncTp ro ABAAETCA BblAe/IeHHbIM M Ha3blBAETCA KCYMMATO-
POM» — 3TOT PErUCTP UCNONb3YETCA NPU apUPMETUUYECKMX ONEPALMAX KaK HAaKONUTENb, T. €. KaK BTOPOW
onepaHAg 1 MecTo XpaHeHus pesyabTaTa.

e [lporpamma, coCToALLan M3 KOHEYHOTO YMC/Ia MHCTPYKLUMI, Kaxkaan U3 KOTOPbIX COAEPKUT aapec U Ko-
MaHAay c onepaHgom. CNMcok KomaHa npuseaeH B Tabauue 1.2. CylecTBeHHO, YTO B KayecTse onepaHaa
MOHO MCMNONb30BaTh Kak NPOWN3BO/bHbIA PErncTp, Tak U PErmcTp, HOMep KOTOPOro XpPaHMTCA B APYrom
pernucTpe — 370 TaK Ha3blBaemas KOCBEHHAnA agpecaums.

* Peructp-cyetumk «PC» — yKasaTenb TeKyLen KomaHAabl.

MawwunHa nocnenoBaTeNibHO, TAaKT 3@ TAaKTOM, BbIMOJHAET KOMaHAbl, HA KOTOpbIe yKa3biBaeT permnctp «PC»,
YyuTaeT BXOAHYIO IEHTY, USMEHAET 3HaYeHMA PErNCTPOB N 3aNUCbIBAET PE3yNbTaT HA BbIXOAHYIO JIEHTY.

Jlerko BnAeTb, UTO BbICOKOYPOBHEBbLIE KOHCTPYKLMW A3bIKOB MPOrpaMmMMPOBaHNA, TUMA LMKIOB, 1erKO MO-
AenvpytoTca Ha accembnepe RAM-mawuH (cm. puc. 1.8).

MepemeHHble Apyrux TMMNOB (6yneBbl, CTPOKKU, CTPYKTYPbI) TOXKE MOXKHO MOAENMPOBATL C MOMOLLBHO LLENbIX
4yMcen U KOCBEHHOW aapecaunu.

O6paTnTe BHUMAHUE, YTO, HECMOTPSA HA KMPUMUTUBHbLIN accembaep», RAM-MalwmnHbl NOTEHLMANbHO MOLLL-
Hee NtobbIX CYLLeCTBYHOLLMX KOMMNBIOTEPOB U GU3NYECKU Hepeannsyembl, T.K. oNepupytoT HecKoHeuHoM namsa-
TblO, FA4e JOCTyN K NtoboW AaYelike-perncTpy oCcyLLecTBNAETCA MTHOBEHHO MPU BbIMOJHEHUN COOTBETCTBYOLLEN
MHCTPYKLMU, U KaXKAaA AYENKa 3TON NAMATU MOXKET COAEPKATb MPOM3BO/IbHOE LLeSI0e YNCAO (T. e. He orpaHuye-
Ha no pasmepy). Ho 3Ta Mogenb yKe faeT BO3MOXKHOCTb BBOAUTb 6onee nnn meHee GopmanbHble onpeaeneHns
BPEMEHM BbINOJIHEHMA NPOrPaMMbl (KaK YMCNO TAKTOB A0 OCTAHOBKM MaLLMHbI) U, COOTBETCTBEHHO, C/IOXKHOCTU
anropuTma.
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Tabnnua 1.2: RAM-mawmnHa: CNMCoK KomaHa,

LOAD OP ro < OP 3arpy3unTb onepaHg, B CymmaTop.

STOREOP | rop <10 CoxpaHuUTb CymmaTtop B perucrpe.

ADD OP ro < 1o + OP MNpnbaBuTb onepaHa K cymmaTopy.

SUB OP ro < 19 — OP BblyecTb onepaHA 13 cymmaropa.

READ OP rop + input 3arpysuTb AYENKY U3 BXOGHOW IEHTbI B 0 p M NEPENTU K cne-
aytouen.

WRITEOP | OP — output 3anucatb O P B TeKyLylo AYENKY BbIXOAHOMN NEHTbI U CABUT
K cneaytoLLen.

JUMP OP PC + OP YcTaHoBUTb cueTumk Komang 8 O P.

JGTZ OP PC < OP : 19 >0 | YcraHoBuUTb cueTumk komang 8 O P, ecamrg > 0.

JZEROOP | PC + OP : 719 =0 | YcraHoBuTb cuetunk komarg s OP, ecamrg = 0.

HALT OcTaHoBUTb pabory.

OnepaHg OP moxeT bbiTb:
® LenblM Ynucnom, Hanpumep, 7, —1917;

® PETNUCTPOM, HANPUMED, 112, T34,

® 3HauYyeHWEeM perucTpa, yKasaHHOro B APYrom pernctpe. Hanpumep, onepaHa *r, 03Ha4YaeT 3Haye-

HWe perncTpa, Homep KOTOPOTO yKa3aH B PErucTpe 4.
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Ecnmn mbl Byaem npMHMMATbL B pacyeT TO/IbKO YNC/I0 BbINOIHEHHbIX KOMAHA, TO onpeaennm Tak Ha3blBaemMble
00HOPOOHbIE Mepbl CNIOXKHOCTU. B aHrnos3bluHOM nuTepaType RAM ¢ 04HOPOAHOM MePON CNIOXKHOCTU Ha3blBa-
toTCA Unit-cost RAM.

Bonee peannctnyHo 6b1n0 6bl y4UTLIBATL OUTOBLIV pa3Mmep onepaHAoB NPU BbINOJHEHUMN KaXK 40 KOMaHAbI.
Hanpumep, MOXKHO cYnTaTb, YTO BPEMSA BbINOSIHEHWUA KaXK40M KOMaHAbl CTb e4MHKULLA NAOC BE/IMYMHA NPONop-
LMOHabHas cymme siorapudmMoB 3HauYeHU onepaHaoB'?, ecam oHK ecTb (T. €. UX CyMmapHoOW BUTOBOM A/iMHe),
a obwee Bpema paboTbl NPOrpaMmbl Ha PAaCCMATPUBAEMbIX BXOLHbIX AHHbIX — CYMMApHOEe BPeMA BbINOHe-
HWA BCEX MHAMBUAYANbHbIX KOMaHA. TakMM 06pa3om, Mbl MOXKEM ONpPeaeNnUTb PasfInyHble s102apupmuvecKue
Mepbl C/IOXKHOCTW.

OueBMAHO, Norapnudmmnyeckan cloKHOCTb Bceraa 6onblue ogHopogHon. C gpyroi CTOpoHbl, 06paTuTe BHU-
MaHUe, 4To onpeaeneHHana Hamu RAM-mallMHa He BKAKOYAET B YNCNO OCHOBHbIX ONepaumii yMHOXKEHME 1 gene-
HUe, XOTS B IMTepaType TaKoM BapMaHT MaLUMH CO C/ly4alHbIM AOCTYNOM 4acTo paccmaTpuBaeTca. Jonyctum,
4YTO OAHOPOAHOE BpemA PaboTbl HEKOTOPOWM MALUMHbI C MPOU3BObHLIM AOCTYNOM K NAaMATU 6€e3 yMHOMeHUsA
u OeneHus npw paboTe Ha BXOAHbLIX AAHHbIX X1, ..., X,,, OUTOBaAA ANMHA KaXKA0ro u3 KOTopbix He H6onblue n,
paBHO . TaK KaK Npu BbINONHEHUW NOHOr0 MHAMBMAYANbHOTO onepaTopa MakcMmaabHas 6UToBas A/MHA MO-
eT Bo3pacTu He Bosee yem Ha 1, B Xo4e BbINONHEHWA BCEM NPOrpammbl BCTPeEYalOTCA ANWb Yncna butoeoim
ANVHbI He 6onee (t + n), n, cTano 6biTb, TorapudMMYEcKan CIOKHOCTb MPEBbILIAET OAHOPOAHYO He bonee
yem B 2(t +n) pas. B yacTHocTH (cm. obeykaeHue B pasgene 1.1), ¢ ToukM 3peHuns 3bPpeKTUBHOCTU OAHOPOAHAS
N norapndmmnyeckasn C10XKHOCTU PaBHOCU/IbHbI, M BbIGOP O4HOM U3 HAUX B OCHOBHOM ONpeaenaeTcs BHYTPEHHEN
cneundUKom paccmaTpuBaemoi 3a4aum.

Ecnu ke o6aBUTb YMHOXKEHWNE N AeNIeHME K CMIUCKY 3/1IeMEHTapHbIX OnepaLmii, TO 3TO UCKAOYUT PAaBHOCU/b-
HOCTb OAHOPOAHOM U NIorapndmmMyeckoin cnoxKHocTU. Cheayiownii N3BECTHbIN cnocob BbICTPO NepenoIHUTL
NamATb KAPMAHHOTO KanbKynaTopa (anroputm 13) umeeTt og4HOPOAHYIO COKHOCTL Nopsaaka (t + 1) u norapud-

2Bonee KoppeKTHO norapmdm 6paTb OT MoAyAA onepaHAa natoc 2, YTobbl orapmdm Bbin NONONKUTENbHBIM.
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MUYECKYIO NOPAAKa IKCNOHEeHTbl — 2¢,

Kak nokasbiBaeT obcykaeHue B pasgene 1.1, STOT anroputm He MOMKET CUMTATbCA IGPEKTUBHBIM C TOUKM
3peHuA NorapueMmUYECcKOm COXKHOCTM (XOTA M NO COBEPLLUEHHO APYFMM MPUYNHAM, Hexenu nepebopHble anro-
PUTMbI), 1, 4TOObI M36eXKaTb HENPUATHBIX 3PPEKTOB TAaKOro PoAa, Mbl HE BKAOYAEM YMHOXKeHUe (M Tem Bonee
AeneHne) B CNUCOK OCHOBHbIX OnepaLmi.

B Tex »Ke cny4yasnx, Korga YMHOXKEHWE UCMONb3YeTCA «B MUPHbIX LLeAsAX», ero B 60NbLINHCTBE CIy4aeB MOXKHO
NPOMOAENNPOBATL C MOMOLLbIO CIOXKEHNA O4EBUAHBIM 06pa3om (cm. anroputm 14 «YMHOKeHUue»).

B 3aKnto4YeHMe MOXKHO OTMETUTb, YTO HEKOTOPbIE YacTHble cay4yan mogenvu RAM onucbiBatoT NonynspHble
MOAENN BbIUMCNEHUIN — Hegemeasawuecs nporpaMmmsl, bynesbl cxembl(cm. pasaen 6.4), a cama moaenb RAM
AB/IAETCA OCHOBOW MOZE/M, UCMO/Ib3YEMOM B TEOPUM NapaiesibHbiX BbluncneHuini — PRAM™ (cm. pasgen 4.3.1).

1.2.2 CnoxXHOCTb B XyaLem cayyae

Yalue Bcero gna xapakrepmusaumm CI0OXKHOCTM aAropuTMa B Ka4ecTBe OCHOBHbIX BbIYMCAUTEIbHbIX PeCcypCcoB pac-
CMaTpUBaIOT 8pemMsA, 3aTpayeHHOe aJITOPUTMOM Ha BblUMCNEHUE, N UCNOJIb30BAHHYIO Mamame. [NTOHATHO, 4YTO
notpebaeHmne sTUX PecypcoB MOXKET 3aBMCETb OT pa3Mepa BXOAHbIX AaHHbIX.

3HauuT, CHayana Hago onpeaennTb, YTO NOHMMATb NOA PA3MeEPOM BXOAHbIX AaHHbIX. [10 aHanormm ¢ ogHo-
POAHbIMU U NOFrapPUPMUYECKMMMU MEPAMMU C/IOMKHOCTU BO3HMKAIOT ABE Pa3/IMYHble BOSMOXHOCTU. Mbl MOXKem
onpeaennTb pasmep AaHHbIX KaK pa3mepHOCmMs 3a4aun, T. e. umcno a4eek RAM, 3aHATbIX BXOAHbIMU AAHHbIMMW.
Hanpumep, pasmepHocTb 3aga4 4 «TSP», 5 «SPP», paccmoTpeHHbIX B pasaene 1.1, paBHa @ (roe n — uucno
BEPLUMH B UCXogHOM rpade). Inbo mbl MOXKeM OnpeaennTb pasmep BXOAHbIX AAaHHbIX Kak CyMMapHYy 6umo-
8yt 0s1UHY 3aNUCK BCEX BXOAHbIX NAapamMeTpoB (Zlgi<j§n “082(’dij| + 1)] &4nA BbiWeyNoMAHYTLIX 334a4), T. €.

BBoolean circuits.
“parallel RAM.
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YMC/I0 3aMOJIHEHHbIX AYEEK HAa BXOAHOM neHTe MT.

BONbLWNHCTBO anropmuTMOB, PaCCMOTPEHHbIX Hamu B pasgene 1.1, o6na,u,aeT TEM NPUATHBIM CBOMCTBOM, YTO
Bpema ux pa6OTbI OTHOCUTENTbHO OAHOpOAHOﬁ mepbl CNOXKHOCTU 3aBUCUT INLWLDb OT PAa3MEPHOCTU 3a4a4N N He
3aBUCUT OT BXOAHbIX 3HAYEHWI AYeEEeK.

Bbonee Toro, Tem e cBoMcTBom byaet 061agath 060N aNTOPUTM, BCE LMK/bl B KOTOPOM MMEIOT BUA:
fori = 1to orpaHunyunTens do,

roe orpaHn4nTeNb — HEKOTOpPaA ABHaA d)yHKLI,VIFI, 3aBUCALLLAA TO/IbKO OT pa3mMepHOCTU 3a8a4un. Mbl 6Yﬂ,eM Ha-
3bIBaTb a/ITOPUTMbI C 3TUM CBOMCTBOM OdHOpOdeIMLI.

Cr10#HOCMb OAHOPOAHOIO aIFOPUTMA — 3TO LieNIoYMCAeHHas GYHKLMA Lenoro aprymeHTa t(n), paBHas Bpe-
MeHU ero paboTbl AR BXOAHbIX AAHHbIX PAa3MEPHOCTU n.

K coxaneHuio, 3¢ppeKTMBHOCTb M OAHOPOAHOCTb — TPeboBaHMSA, 3a4aCTyH NJ1I0X0 COBMECTUMbIE MEXAY CO-
601, N03TOMY HaM HEOHXOAMMO MMETb MEPY C/TOXKHOCTU, MPUTOAHYHO TaK¥Ke AN HEOLHOPOAHbIX aNITOPUTMOB.

EcTecTBEHHAA NONbITKA ONPEAEIUTb CNOKHOCTb HEOAHOPOAHOIO anropuTma Kak dyHkumio t(Ry, ..., Ry,)
OT BCEro MacCcMBa BXOAHbIX AAaHHbIX NPU 6AUMXKANLWEM PAaCCMOTPEHMM OKa3bIBAETCA HEYAO0BETBOPUTENbHON: 3TA
dYHKUMA HeceT B cebe OrpoMHOE KOMYecTBO M36bITOYHOM MHPOPMALMK, C TPYAOM NOAAAETCA Bbl4UC/IEHUIO
nnu xoTa Bbl OLLEHMBaAHMIO B ABHOM BUAE M NO3BONIAET CPAaBHMBATb MeXK Ay coOboi pa3nnyHble anroputmbl b
B UCK/IOUMTENbHbIX Cyyasax. [osTomy, 4tobbl NONy4nTb Ha camom aene paboTatowee Ha NpPaKTUKe onpeaene-
HWe CNOXKHOCTU, HaM HeobXoAMMO KaKMM-HUBYAb 06pasom cBecTu 3Ty GYHKUMIO K GYHKUUM 00HO20 LEenoro
aprymeHTa (Mnmn B KpaltHem cnyvae HeBONbLWOro YMCAa), KaK B C/ly4ae 04HOPOAHbIX aAropuTMOB. MmetoTca ABa
NPUHUMNNANBHO Pa3/IMYHbIX MOAX0AA K PELIEHMIO 3TOM 3a4auM.

Camblit paCI'IpOCTpaHEHHbIl‘/i noaxod, — 3TO PaCCMOTpPEHUE C/IOHHOCMU 8 HGUXyaLUBM cnyyae. Mbl nonaraem
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t(n) paBHbIMm

max{ t(Ry, ..., Ry) | D [logs(|Ri| +1)] <

i=1

WMHbiMK cnoBamu, t(n) — 3To To Bpems paboTbl, KOTOPOE AAHHbIM aATOPUTM MOXKET 2apaHMUPoBams 3a-
8e00MO, eC/I N3BECTHO, YTO CYMMapHaa bMToBaa A/IMHA BXOAHbIX A@HHbIX He NpeBbIwaeT n. [py sTom Bpems
paboTbl aNrOPUTMA ANA HEKOTOPbLIX (MK garke ANa «6ONbLUMHCTBA») TAaKMX BXOAHbBIX AAHHbIX MOXET ObITb Cy-
LLeCTBEHHO MeHblLue t(n). bonee bopmanbHOe onpeseneHne MOXHO HaiTv B pasgene 6.1.2.

1.2.3 CnoxHoOCTb B cpegHem

[pyras BO3MOXHOCTb 3aK/IlOYAETCA B PAaCCMOTPEHUU C/I0HHOCMU 8 cpedHeM. B 3Toi noctaHOBKe BBOAMTCA
HeKoTopoe (Hanpumep, paBHOMEPHOE) BEPOATHOCTHOE pacnpeaeneHne Ha MaccMBax BXOAHbIX AaHHbIX 6UTO-
BOM ANMHbI < 71, U CNOXKHOCTbIO t(n) Ha3blBaeTCA Mamemamuyeckoe oxudaHue BpemMeHu paboTbl Halwero an-
ropmuTMa Ha Cly4aliHOM BX0Age, BbIBpaHHOM B COOTBETCTBMM C 3TUM pacnpeaeneHmem. Npumep aHanusa B cpeq-
HEM HaMM yKe PacCMOTPEH A/1A anropmtMa bbICTPON COPTUPOBKN. Bonee MHTepecHble NpMMepPbI TaKOro aHa-
N33 PacCMOTPEHbI Aanee, rae NPUBOAATCA NOJMHOMMA/bHBIE B CPeAHEM anropuTMbl aasa paga N P-TpyaHbix
3agad (cm. pasgen 3.5).

CneflyeT OTMETUTb, YTO, HECMOTPA Ha CBOK BHELLUHIOK MPUBAEKATENbHOCTb, CIOXKHOCTb B CPEAHEM B Ha-
cTosiLlee BpemMsA He MOKET KOHKYPMPOBaTb CO C/I0XKHOCTbIO B XyALLIEeM C/ydae No o6bemy npoBoAUMbIX UCC/ie-
OOBaHW, XOTA UHTEHCUMBHOCTb MCCNeAoBaHUA B 061aCTM BEPOATHOCTHOIO aHa/nM3a NoBeAeHMA anropuTMOB
B MOCAeAHMNE rofbl 3aMeTHO yBennunsaetca. CN0KHOCTb B CpeAHEM TaKyKe ecTecTBeHHbIM 06pa3om BO3HMKaeT
B KpunTorpadum Npu aHaM3e CTOMKOCTU Pa3NNYHbIX KPUNTOCUCTEM.
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1.2.4 MNonnHomMManbHbIE aNrOPUTMBbI

NTaK, anropntmbl g8 OAHOM M TOM e 3aZa4m uenecoobpasHo cpaBHUBATb MO ACUMIMOMuUYecKoMy nosese-
HUIO UX CNOXKHOCTY t(n). B TEOPUM CNONKHOCTU BbIYUCNEHWI TPAAULMOHHO UTHOPUPYIOTCA MYNbTUMIMKATUBHbIE
KOHCTaHTbl B OLE€HKaX CNOXHOCTU. BbI3BaHO 3TO TeM, UTO B HO/IbLLUMHCTBE CIY4aeB 3TU KOHCTAHTbl MPUBHOCATCA
HEKOTOPbIMU MAJIOUHTEPECHBIMWU BHELIHMMW GAKTOPaMM, U X UTHOPUPOBAHME NO3BOAAET abCTparnpoBaTbea
OT TaKoro BAUAHUA. [pMBeAEM HECKO/IbKO NPUMEPOB TaKMX GpaKTopOoB.

Bo-nepsblIx, NpU HeCyLWeCcTBEHHbIX MOAUPUKALMAX BbIYUCAUTENBHOM MOAEIN CIOXKHOCTb OObIYHO U3MEHS-
eTcA He 6o/1ee YeM Ha HEKOTOPYIO (KaK NpaBMno, A40BOSbHO HEBO/bLUYO) MYABTUNIMKATUBHYHO KOHCTAHTY. Ha-
npUMep, eciv Mbl paspewMm B MalMHAX CO CAy4alHbIM AOCTynom onepatop umkna for, To BBMAY Hannuma
MoZennpoBaHua (cm. puc. 1.8) CNOXKHOCTb OT 3TOTO MOXET YMeHbLUUTbCA He Bonee yem B ABa pasa. CnegoBsa-
TeNbHO, EC/IM Mbl UTHOPUPYEM MY/IbTUMIMKATUBHbIE KOHCTaHTbI, MOXeM CBOHOAHO MCNONb30BaTb B MALLMHAX CO
cnyyanmHbim goctynom for-do-endfor uuknbl n gpyrue anrononogobHble KOHCTPYKLWM, HE OTOBapMBas BCAKUM
pa3 370 cneumanbHo.

Bo-BTOpbIX, NpW Nepexone OT ABOUYHOW K BOCbMEPUYHOM UNU AECATUYHON CUCTEME CYUCNEHUA O/INHA bBu-
TOBOM 3aMucK, a CeA0BaTeNIbHO, U CNOXKHOCTb NOIMHOMMUA/BbHBIX aITOPUTMOB U3MeEHsEeTcs He 6onee Yem Ha
MYNIbTUNIMKATUBHYO KOHCTAHTY. TakKMm obpa3om, nyTem UrHOPMPOBAHUA TAaKMX KOHCTAHT TaKKe MOXHO ab-
CTparMpoBaTbCA OT BOMPOCA O TOM, B KaKOM CUCTEME CUMCIEHUA Mbl paboTaem, 1 BoobLLe He yKa3biBaTb ABHO
B HALLMX OLLEHKaX OCHOBaHWE Iorapupmos.

Kpome Toro, umeet mecto npnbansntenbHoe paBeHCTBO: «pu3nyeckoe Bpems paboTbl = cpeaHee Bpems
BbIMONHEHWA OAHOMO ONEepPaTopa X OAHOPOAHAA CAOKHOCTbY.

B aToi dopmyne TeopuA CNOXKHOCTU BbIYUCNEHUI OTBEYAET 3a BTOPOM COMHOXMUTE/b, @ NEPBbIN 3aBUCUT
OT TOro, HaCKO/IbKO rPAMOTHO COCTaB/IEHA NPOrPaMMa, OT Ka4yecTBa TPAHCAATOPA Ha A3bIK HU3LEro YPOBHSA (4TO
onpeaenset, Hanpumep, CKOIbKO BPEMEHW 3aHUMAET AOCTYM K MaMATU UM }KECTKOMY AUCKY), OblcTpoaencTBUA
BbIYMCAUTENBHON TEXHUKN U T. Ai. XOTb 3TW BOMPOCHI U BaXKHbl, OHM BbIXOAAT 32 PAMKWN TEOPUM CIOXKHOCTU Bbl-
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YUC/IEHUI, U UTHOPUPOBAHME MYNLTUNNMKATUBHbIX KOHCTAHT NO3BOAAET abCcTParMpoBaTbCa OT HUX U BblAENUTb
MHTEepPECYIOLLNIA HAaC BTOPOM COMHOMUTE/b B YNCTOM BUAE.

Mo 3TOM NPUYMHE B TEOPUM CIOXKHOCTU BbIYUC/IEHMIA LUMPOKOE PacnpoCTPaHEHWE NONYYMN0 0603HaYeHme
«O-60nbWwoe». TUNUYHBIM pe3ynbTaT BbIMNAANUT CieayroLmnm 06pa3om: «4aHHbIM anroputm paboTaeT 3a Bpems
O(n?logn)», n ero cneayet NOHUMATb KaK «CyLLECTBYET Takas KOHCTaHTa ¢ > (), 4To Bpems paboTbl anroputma
B HauXyALlem ciyyae He npesblwaeT cn? log n, HauMHaA C HEKOTOPOro My,

MpaKTMyecKas LeHHOCTb aCMMNTOTUYECKUX PEe3yNbTAaTOB TaKOro PoAa 3aBMCUT OT TOrO, HACKO/IbKO Maia HesB-
HO nogpasymeBaemMas KOHCTaHTa c. Kak Mbl y»Ke 0TMeYanu Bbllle, A41a NoAaBAAOLWEro 601blMHCTBA U3BECTHbIX
a/IfOPUTMOB OHa HAaXOAMUTCA B Pa3yMHbIX Npeaenax, no3ToOMy, KaKk NpaBu/io, UMeeT MeCTo Cey LN Te3unc: an-
2opummibl, bonee aghghekmusHble C MOYKU 3PeHUS UX ACUMMIMOMUYECKO20 No8edeHUs, OKA3bIBAOMCA MAKH(Ee
bonee achchekmuBHbIMU U NPU Mex CPABHUMENbHO HeBOAbWUX PA3Mepax 8X00HbIX OQHHbIX, 0159 KOMOPbLIX OHU
peasibHO UCNoAb3yomca Ha MNPAKMuKe.

Teopust CIOKHOCTM BbIYUCIEHWIA 110 OpedesneHuro CHATAET, YTo anropuTm, pabotaromii 3a spema O (n? log n)
Nyyle anroputma ¢ BpemeHem pabotbl O(n?), 1 B nogasnatowem 601bLWMHCTBE C/ly4aes 3TO OTPaXKaeT peanbHo
CYLLECTBYIOLLYIO Ha NpaKTUKe cutyaumto. U Takol cnocob cpaBHeHUA 3G GEKTUBHOCTM PaA3INYHbIX aITOPUTMOB
OKa3bIBaeTCA AOCTAaTOYHO YHUBEPCANIbHbIM — C/IOXKHOCTb B HaUXYALIEM C/y4ae C TOYHOCTbIO 40 MY/IbTUNIMKA-
TUBHOM KOHCTaHTbI AN5 NOAABAAOLLEr0 60/NbWMHCTBA PeasibHO BO3HUKAKLWMX a/ITOPUTMOB OKa3blBaeTca A0CTa-
TOYHO NpocToi GyHKUMEN'™, n NnpakTUYeckn Bceraa GYHKLMN CI0KHOCTU Pa3HbIX aIFOPUTMOB MOMKHO CPaBHUTb
MeXKay cobon No X aCMMNTOTUYECKOMY NOBEAEHMIO.

Takum 06pa3om, MOXKHO onpeaensTb KNaccCbl a/ITOPUTMOB, 3aMKHYTbIX OTHOCUTE/IbHO BbIOGOPA BbIYUCIUTENb-
HOW moaenu.

5Cneayet 0roBopmTbCA, YTO MHOIAA PACCMATPUBAIOT QYHKLMM CIOXKHOCTM, 3aBUCALLME OT ABYX-TPEX NapamMeTpoB, Hanpumep, oT
yncna BepmnH 1 pebep BXogHoro rpada, Nam BePTUKAIbHOMO U FOPM3OHTA/IbHOMO PasMepa BXOAHOW MaTpuubl. Tem He MeHee, aaske
B TaKMX C/ly4asix 4acTo yAaeTcsA NPOBECTM CPABHEHME aCUMMITOTUYECKOMN CIOMKHOCTU PasNYHbIX aIfTOPUTMOB.
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Onpepgenenune 1.2.1. Anzopumm Ha3bieaemcs MNOAUHOMUAALHLIM, €C/lU €20 C/IOMHOCMb 8 HAUXyOWem Cy-
yae t(n) oepaHuYeHa ceepxy HEKOMOPbLIM MOAUHOMOM (MHO204/€HOM) om n.

3T0 onpegeneHe OKa3blBAETCA BMOJIHE HE3aBUCUMbIM OTHOCUTENIbHO BbiGOpa BbIYMCAUTENBHOM MOAENN:
nobble «pasyMHble» mogenn (Mogenu, B KOTOPbIX HE MOXKET NPOUCXOAUTb SKCMOHEHLMANbHOIO HApacTaHuWA
NaMATK, KaK B anroputme 13 «lepenosHeHne NaMATU YMHOMKEHNEM») OKa3bIBAIOTCA PAaBHOCW/IbHBIMW B CMbIC/E
3TOro onpegeneHus.

Hanpumep, HeTpyaHo ybeauTbca, 4to anroputm 7 « derKctpbi» u anropntm 9 «MST Mpuma» nonMHomMmnanb-
Hbl. [1NA 334241 KYMHOXKEHUE ABYX YNCEN» TAKKE MMEEeTCA NOMHOMMAbHBIN aATOPUTM, XOTA anroputm 14 «YmHo-
YKeHue» U HenosMHOMUaNeH. B camom pene, ero ogHOPOAHAA CNOXKHOCTb paBHa Ry + 1, 4To He orpaHWYeHo
HUKaKMM NOAMHOMOM OT 6umoeoli pannbl [log,(|R1| + 1)].

MoNMHOMMANBHBIA aNTOPUTM ANA YMHOMKEHMA NIEFKO CTPOUTCA, Hanpumep, C MOMOLLbIO MOAEINPOBAHUA
O06bIKHOBEHHOIO YMHOMEHMUA CTONIBUKOM (NpoaenainTe 3TO B KAYECTBE YNpParKHEHUSA).

NMoAMHOMWaNbHbIE aNTOPUTMbI MPOTUBOMNOCTABAAOTCA IKCMTOHEHYUAABHBIM, T. €. TAaKUM, A1 KOTOpbIX (1) >
on* ANA HEKOTOPOMN GUKCUPOBAHHOM KOHCTaHTbl £ > 1 1 noyTn Bcex n. Hanpumep, sKCNOHEHUMANbHbIMW ABNA-
toTcA anroputmbl 6 «TSP-nepebop», 13 «MNepenonHeHne NamaTn YyMHOKeHMem» (OTHOCUTENIbHO OAHOPOAHOWN
MepbI CIOXKHOCTU) U 14 «YMHOMXKeHue».

B Teopuun cnoxHOCTM 3a4a4 AUCKPETHOM ONTUMM3ALMUN eCTECTBEHHbIM 00pPa30OM BO3HUKALOT MO KpalHewn
mepe ABe moanduKaumm NOHATUA NOIMHOMMANBHOTO aATOPUTMA, O4HO U3 KOTOPbIX ABNAETCA €ro yCUAeHnem,
a apyroe — ocnabneHuem.

MpeanonoKmMm, 4TO NOIMHOMMANbHBIN aNTOPUTM K TOMY Ke elle U ogHopoaeH. Toraa oH obnaaaet cneay-
OLMMWN ABYMSA CBOMCTBAMM (BTOPOE M3 KOTOPbIX, KaK Mbl BUAENM BbILLE, BNEYET NepBoe):

1. anvHa 6UTOBOI 3aNMCK BCEX YMCE, BO3HUKAIOLWMX B NpoLecce paboTbl arOPUTMa, OrpaHUYeHa HeKoTo-
PbIM MONMHOMOM OT A/IMHbI BUTOBOW 3aNUCK BXOAHbIX AaHHbIX (3TO CBOMCTBO Ha CaMOM Ae/ne npucyle
Ntob6oMy NOAMHOMMANBHOMY aITOPUTMY);
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2. yncno apudpmeTmyeckmx onepaumii (04HOPOAHAA CIOKHOCTb) OrPaHMYEHO NOJIMHOMOM OT pa3mMepHocmu
3a/aum.

OcHOBHaA NpPUYMHA, NO KOTOPOM Mbl MPEANOYN He PACCMATPMBATb YMHOXEHWE U AeNeHne B KayecTse Oc-
HOBHbIX OMepauuii, COCTOMT B TOM, YTO 3TO Hapywuao 6bl Umnankaumio 2 = 1 (cm. anroputm 13 «lMepenonHe-
HWE MaMATU YMHOXeEHMEMY»). HO eciv Mbl paspelinm YyMHOXKEHWE U AeNleHUe U NpU 3TOM noTpebyem, 4Tobbl
cBoMcTBO 1 06€ecnevymBanocb BHyTPEHHEN CTPYKTYPOMN anropmntma, To Mbl NOYYMM KNacc aNropuTMoB, HasblBa-
€MbIX B InTepaType CUsAbHO MOAUHOMUAABHLIMU A/120pUMMAMU.

Takum 0bpasom, CUAbHO NOIMHOMUAJIbHbBIE aNTOPUTMbI 0606LLAOT OA4HOPOAHbIE NOMHOMMUANBHbIE AaNro-
PUTMbI. XOPOLIMM MPUMEPOM CUABHO NOJIMHOMMANBHOIO aNroOPMUTMa, KOTOPbIN, NO-BUAMMOMY, HENb3A Npuse-
CTM K OQHOPOAHOMY BUAY (T. €. N36aBUTLCA OT AENEHUNA U YMHOMKEHUI), CYKUT U3BECTHbIN anroputm Maycca
peLleHMa CUCTEM IMHENHbIX YPaBHEHWIA.

NTaK, OTANYUTENBHON YepPTOM CUABHO NOJIMHOMMABbHBIX AATOPUTMOB ABAAETCA TO, YTO BpemaA MX paboTbl
OrpaHMYEeHO MOSIMHOMOM OT pasMepHOCMU 3aga4uun. Ha Apyrom nontoce HaxogATCcA r1cesdononUHOMUAIbHbIE
as120pUMMbl, B KOTOPbIX TpebyeTca, 4Tobbl Bpema paboTbl anroputma 66110 NONMHOMUANBHO NNLb OT CYMMbl
abconromHsix 3HayeHul (@ He OoT BUTOBOW A/IMHbI 3aNMUCKU) BXOAALMX B 33434y YNCNOBbIX MapameTpoBs. Tunuy-
Hble NpMUMepbl TAaKMX aNTOPUTMOB NpmBeaeHbl B pasgene 2.2.1.

1.2.5 MonanHomnanbHOCTb U 3P PEKTUBHOCTD

MOXKeT 1M NONMHOMMANbHBIN anropuTM 6biTb HEIPPEKTUBHBIM? PasymeeTca, MOKET, eC/iv B NOJIMHOMUASb-
HOi oLeHKe BpemeHu ero paboTbl t(n) < C - n* 6o mynbTMRAMKaTMBHaA KoHcTaHTa C, 6o nokasatens k
Ype3mMepHO BENUKMW.

OnbIT NOKa3bIBaeT, YTO TaKoe C/Ily4aeTcs KpaiHe peaKko, U nogasnstouiee 60/1bWLNHCTBO NOAMHOMMUANbHbIX
aNropuTMOB AN eCTECTBEHHbIX 3ajay yaosnetsopseT oueHke t(n) < 10 - n. B Tex ke HEMHOMUX Cydasix,
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Koraa NoJIMHOMMA/bHbBIA AATOPUTM OKa3blBAETCA MaNoONPUrogHbIM C NPAKTUYECKON TOYKM 3peHus, 3To obcTon-
TeNbCTBO BCErga CTUMyNMpyeT BypHble nccaefoBaHMA NO NOCTPOEHUIO Ha ero OCHOBE AeNCTBUTENbHO addek-
TUBHOIO a/IFOPUTMA, YTO, KaK NPaBWUIO, NPUBOAMUT K MHTEPECHBIM CaMUM Mo cebe Nob6oYHbIM cneacTBuam. Xpe-
CTOMaTUMHBIM NPUMEPOM TAaKOTO POAA MOMKET CNYXKUTb METOA 3NIUMNCOMAOB ANA IMHENHOTO NPOrPaMmMUpPO-
BaHMA [ ], cTumynupoBaBsLwnii BypHOe pasBUTUE LEeNoro HanpasneHus ([ 1), nonyumBLlero Ha3BaHue
«MeTO/, BHYTPEHHEeM TOYKN» U 3aHABLUErO B HaCTOALLLEe BPeMA NAMNPYIOLLME NO3ULMKN B pa3paboTke Hanbonee
3¢ EKTUBHbBIX aTOPUTMOB AN1A 33434 IMHENHOTO NPOrPaMMMUPOBaHMA B6ONbLLOM Pa3MepPHOCTH.

KcTaTh, o4Ha M3 cambIX M3BECTHbIX COBPEMEHHbIX OTKPbITbIX NPo61em B TEOpUM aAropuTMOB (M BoObLLLE Ma-
TEMATUKM) 3aKNHOYAETCA B OTBETE HA BONPOC: «CYLLECTBYET /I CUIbHO NOJIMHOMMA/IbHBIV aNTOPUTM A5 33434M
JINHEMHOTO NPOrpaMmMmnpoBaHma?» ([ 1).

YnpaxHeHue 1.2.1. NocMmoTpuTe Ha KarKablli U3 NPUBEAEHHbIX PaHee aIroPUTMOB U onpeaennTe, ABAsSETCA N
OH MOJINHOMMUANBbHbBIM, CUJIbBHO NOIMHOMMAIBHBIM UK NCEBAONOAMHOMUANBHbBIM?

MoXKeT 1M HEMONMHOMMANBHbIMA aNTOPUTM 6bITb 3G PeKTUBHbIM? OTBET YTBEPAUTENbHbIN, MO MEHbLUEN Me-
pe, N0 TPeM NPUYMHAM. Bo-nepBbIX, MOXKET CAY4YUTbCA TaK, YTO MPUMEPbI, HA KOTOPbIX BpemMa paboTbl anroputma
BE/IMKO, HAaCTO/NIbKO PefKU, YTO BEPOATHOCTb OOHAPYKUTb XOTA 6bl OAMH U3 HUX HA NPAKTUKe NpeHebpexnmo
Mmana. B matemaTtMyecknx TepMmmHax 3To 03HaYaeT, YTO aNrOPUTM NOIMHOMMANEH B CPeAHEM OTHOCUTENbHO /lto-
60ro «pasymHOro» BEpOATHOCTHOIO pacnpeaeneHus 1, No-BUAMMOMY, NOA 3Ty KaTeroputo nonagaet CUMNAeKc-
meTog, (cm. [ 1.

Bo-BTOpPbIX, MHOrME NCEBAONONNHOMMAbHbIE ANTOPUTMbI ABAAOTCA 3PPEKTUBHBIMM, KOTAa BO3HMKatOWMe
Ha NPaAKTMKe YMCNOBbIe NapaMeTpbl HE CIULLKOM BE/IUKM.

HaKoHeL, cyb63KCcrnoHeHyuanbHble anropuTmbl, Bpemsa paboTbl KOTOPbIX, HANPUMEp, UMeeT BUA, O(nc"’g"’g "’g”),
NpPW BCEX Pa3yMHbIX A/IMHAX BXOAA 1 MOTYT ObiTb BECbMa NPaKTUYECKN 3PPEKTUBHBIMM.

Ho B 3aK/IloMeHMe elle pa3 NnoAYepKHEM, YTO NPUMEPOB 3a/1a4, Ha KOTOPbIX HapyLLAeTca OCHOBOMNoaratollee
pPaBEHCTBO
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«NONMHOMMANBHOCTbY=«3PPEKTUBHOCTLY

KpalHe Masio Mo CPaBHEHUIO C YNC/IOM NPUMEPOB, Ha KOTOPbIX OHO BaecTALLEe NOATBEPKAAETCA.

OTmeTuM, YTO eAMHCTBEHHYIO Cepbe3HYI0 KOHKYpeHUMio mawmnHam RAM Kak OCHOBbI ANA NOCTPOEHUA Teo-
PUN CNOXKHOCTM BbIYUCNEHUI Ha CEerogHAWHMMA AeHb COCTAaBAAIOT TaK Ha3biBaeMble MAWUHbI TolopUH2d, KOTO-
pble Mbl byaem paccmaTpuBaTb B pasgene 6.1. UX npMHUMNMANbHOE OTINYME COCTOUT B OTCYTCTBMU HEMPAMOW
WMHAEKCcauumM: nocae NpoBeAeHUA Kakux-1mbo AelcTBMI C HEKOTOPOI AYENKOM Npoueccop («ro/ioBKa») MOMKeT
nepemnTn N1LWb B O4HY N3 «CoCeAHUX» ayeeK. MalumHbl TotopuHra ya006HbI NPM PAacCMOTPEHNN KOMOMHATOPHbIX
3a[4a4 ¢ He6ONbLLIMM KOMYECTBOM YMCIOBbIX MAPaMETPOB, a Tak¥XKe (B CUy CBOEWN CTPYKTYPHOM NPOCTOTbI) ANA
TEOPETUYECKUX UCCNEA0BAHUN.
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Anroputm 6 MNepebopHblit anroputm ana «TSP»

def TSP_BruteForce(G):
def get path_weight(path):
path_weight = ©
for i, vl in enumerate(path):
v2 = path[ (i+1) % len(path)]
if not G.has_edge(vl, v2):
return INFINITY
path_weight += G[v1l][v2][”weight™]
return path_weight

min_path = min_path_weight = None

# nepebop 6cex nepecmaHoB0ok ¢ QukcupoBaHHbIM nepBbim y310M

vl = G.nodes()[9]
for path in [ [v@] +

list(p) for p in itertools.permutations(G.nodes()[1:])]:

path_weight = get_path_weight(path)

if not min_path or min_path weight > path weight:
min_path, min_path_weight = path, path_weight

return min_path, min_path weight

MnmocTtpauma paboTbl NnoKkasaHa Ha puc. 1.1.
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Anroputm 7 Anroputm [enKkctpbl

def dijkstra(G, startNode):

Visited = {} # xaw noceueHHoix BepuuH (y3en -> cmoumocmso)
ToVisit = {startNode: 0} # cocedu noceweHHbix (y3. -> cmoum. )
Paths = {startNode:[startNodel} # y3esn -> kpamuatwut nyms
while ToVisit: # noka ecmo Kyda cmpemumsbcs

v = argmin(ToVisit) # Bolbupaem 6auxaliwyr
Visited[v] = ToVisit[v] # ¢ukcupyem omkyda npuuwau 6 v
del ToVisit[v] # Kpamuadwul nymb K v HaudeH

for w in G.neighbors(v): # 0na 6cex cocedel BepuiuHsl v
if w not in Visited: # ewe He Hawnu kpam4yatwul nyme
# 06HOBnAem Kpamuadwue nymu
vwLength = Visited[v] + G[v][w][”weight”]
if w not in ToVisit or vwlLength < ToVisit[w]:
ToVisit[w] = vwLength # o6HoBasgem uyeHy
Paths[w] = Paths[v] + [w] # noceweHus coceda

return Visited, Paths
Nnnoctpauma paboTbl NnoKasaHa Ha puc. 1.2.
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Anroputm 8 Anroputm dnoiga-Yopionna

def floyd warshal(D): #hide

for k in range(N): # N — pa3smep mampuys
DD = array(D) #CoxpaHaem Dy 1 6 DD
for vl in range(N):
for v2 in range(N):

D[vl, v2] = min(DD[v1l, v2], DD[v1l, k] + DD[k, v2])

NnnmocTpauma paboTbl noKkasaHa Ha puc. 1.3.
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Anroputm 9 Anroputm lNprma
def MST Prim(G, s):
MST = {} #xsw (y3en: npeduwecmBeHHUK )
ToVisit = {s: @} # epaHuuyawue c MST, (y3en: cmoumocme)
Ancestor = {s: s} #xsw: BepuuHsl U3 Komopwsix Bkaw4awm Opyaue
while ToVisit: # noka ecmb HenoceweHHbie GepuiuHs
v = argmin(ToVisit) # 6auxatwasa docmuxumasa BepuuHa
MST[v] = Ancestor[v] # 3anomuHaem, omkyda npuuiu
del ToVisit[v]
del Ancestor[v] # 6osbwe He noceuwams
for w in G.neighbors(v): # dnsa 6Bcex cocedel BepuuHsl v
if w not in MST: # komopsie ewe He B MST
# 06HOoBnaem cmoumocms BKawvyeHusa 6 MST
if (w not in ToVisit
or G[v][w][”weight”] < ToVisit[w]):
ToVisit[w] = G[v][w][”weight”]
Ancestor[w] = v

return MST

Nnnmoctpauma paboTbl NnoKkasaHa Ha puc. 1.4,
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Anroputm 10 CopTupoBKa canaHnem

def

def

mergesort(L):

M = len(L) / 2 # cepeduHa
if M == 0:
# ecau cnucok kKopoye 0Byx
return L # copmupoBams He4yeeo
return merge(mergesort(L[:M]),
mergesort(L[M:]))

merge(A, B):

C =1l
while A or B:
if not B or (A and A[@] < B[9]):
C.append( A.pop(9) )
else:
C.append( B.pop(9) )
print ” -> 7, C
return C

mergesort: [3, 4, 1, 5, 9, 2, 6, 3, 5]
mergesort: [3, 4, 1, 5]
mergesort: [3, 4]
mergesort: [3]
mergesort: [4]
merge: [3] [4] -> [3, 4]
mergesort: [1, 5]
mergesort: [1]
mergesort: [5]
merge: [1] [5] -> [1, 5]
merge: [3, 4] [1, 5] -> [1, 3, 4, 5]
mergesort: [9, 2, 6, 3, 5]
mergesort: [9, 2]
mergesort: [9]
mergesort: [2]
merge: [9] [2] -> [2, 9]
mergesort: [6, 3, 5]
mergesort: [6]
mergesort: [3, 5]
mergesort: [3]
mergesort: [5]
merge: [3] [5] -> [3, 5]
merge: [6] [3, 5] -> [3, 5, 6]
merge: [2, 9] [3, 5, 6] -> [2, 3, 5, 6,
merge: [1, 3, 4, 5] [2, 3, 5, 6, 9] ->
0TCOpTUPOBAHO: [1, 2, 3, 3, 4, 5, 5, 6, 9]

9]
[1, 2, 3, 3, 4, 5, 5, 6, 9]
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Anroputm 11 MNpoueaypa «partition» B «Quicksort»
def partition(A, L, H, pivot):

# MepecmaHoBka 6 uHmepBane [L .. H] maccuBa A.
# Bo3Hukawm 3 uHmepBana: 3nemeHmbl meHbuue, paBHele u 6oabuue pivot.

i=1
while i <= H:
if A[i] < pivot: # Ecnau 3sn1emeHm meHbuwie ocu
A[i], A[L] = A[L], A[i] # nepecmabasem A, < Aj
L=1L+1 # u cyxaem obsaacme cneba
i=1+1

elif A[i] > pivot: # Ecsau snemeHm 6osbwe ocu
A[i], A[H] = A[H], A[i] # nepecmaBnsem A; < Ay
H=H-1 # u cyxaem obaacme cnpaBa

else:
i=1+1 # ocmaBasem Ha mecme u cyxaem cneba.

return L, H # Vi: L < ¢ < H: A;=pivot
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Anroputm 12 BbicTpan coptuposka/«Quicksort»
def pivotTrivial(A, left, right):
return A[left] # oce - nep6uili anemeHm 6 uHmepBane

def pivotRandom(A, left, right): #cayualnHeili Beibop ocu
return A[LOG.random_source.randrange(left, right)]

def quicksort(A, pivotFunc):
def QSortInterval(L, H):
if L < H: # Ecau 6 uHmepBane [A; .. Ag] xoma 6bl 06a saemeHma
newL, newH = partition(A, L, H, pivotFunc(A, L, H))
QSortInterval(L, newL - 1)
QSortInterval(newH + 1, H)
QSortInterval(@, len(A) - 1)

return A
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Puc. 1.5: Pabota «Quicksort» ¢ pasHbiMmn metTogamm Bbibopa ocu
Sorting (pivotFunc=pivotTrivial): [3, 1, 4, 5, 2, 6, 3, 7]
partition [3, 1, 4, 5, 2, 6, 3, 7] *3*-> [1, 2] [3, 3] [6, 5, 7, 4]
partition [1, 2] *1*-> [] [1] [2]
partition [6, 5, 7, 4] *6*-> [5, 4] [6] [7]
partition [5, 4] *5*-> [4] [5] []
Sorted: [1, 2, 3, 3, 4, 5, 6, 7]

Mnoxoit Habop AnA BbIGOpa OCbW NEpBOro 3JieMeHTa.

Sorting (pivotFunc=pivotTrivial): [1, 6, 2, 5, 3, 7, 4]
partition [1, 6, 2, 5, 3, 7, 4] *1*-> [] [1] [2, 5, 3, 7, 4, 6]
partition [2, 5, 3, 7, 4, 6] *2*-> [] [2] [3, 7, 4, 6, 5]
partition [3, 7, 4, 6, 5] *3*-> [] [3] [4, 6, 5, 7]

partition [4, 7] *4*-> [] [4] [5, 7, 6]

partition [5, 7, 6] *5*-> [] [5] [6, 7]

partition [6, 7] *6*-> [] [6] [7]

Sorted: [1, 2, 3, 4, 5, 6, 7]

NN O NN n
-
(V)]
-

3¢PpeKTUBHO COpTUpYyeTCA BEPOATHOCTHON OCbH.

Sorting (pivotFunc=pivotRandom): [1, 2, 3, 4, 5, 6, 7]
partition [1, 2, 3, 4, 5, 6, 7] *5*-> [1, 2, 3, 4] [5] [7, 6]
partition [1, 2, 3, 4] *2*-> [1] [2] [4, 3]

partition [4, 3] *4*-> [3] [4] []

partition [7, 6] *7*-> [6] [7] []

Sorted: [1, 2, 3, 4, 5, 6, 7]
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To

r1

()

3

T4

BxofiHas read-only neHTa
T T2 T3 Tn
Program Counter RAM—P rogram
0: LOAD 1
1:ADD 3
2:STORE 7
3: LOAD 77
4: STORE *77
5:JUMP 100
Y1 Y2 Ys Ya Ys Ye Y7 Ys

Ts

BbIxogHan write-only neHTa
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0777: LOAD 1
0778: STORE 17
0779: Ha4dano Tena uumkna

1035: LOAD 1

1036: ADD rl7

1037: STORE ri7

1038: KoHeu Tena uukna
1039: LOAD 78

1040: SUB 17

1041: JGTZ 0779

foriinrange( 1..78):
Teno uukna =

Puc. 1.8: MogenunposaHue umknos gna RAM

Anroputm 13 NepenosHEHNE NAaMATU N3-3a2 YMHOXKEHMA
Bxoa: HaTtypanbHoe t
R+ 2
forall: € 1..t do
R+ RXR
end for
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Anroputm 14 MpocToe BbluncneHne Ry

- Ro Ha RAM

Bxopg: HatypanbHble R, R
Bbixog: R; X Rs
R+ 0
forall: € 1..R, do
R+~ R+ R,
end for
return R




fnasa 2

AnnpoKcMmaumsa ¢ rapaHTUPOBAHHOMN TOUYHOCTbIO

2.1 Anroputmbl C OLLleHKaMU TOYHOCTU

Y

MpubnuxeHHble an20pUMMbI C OUEHKAMU MO4YHOCMU.
HaoHele anzopummoel 0a18 3a0a4 muna MNOKPbIMUSA
U ynakosKu. lMpubnuxceHHble an2opummesl Ha 2pagax.

OaHMM 13 06LIMX NOAX0A0B K peweHnto N P-TpyaHbIx 3a/ia4, KOTOPbIA aKTUBHO Pa3BMBaeTCA B HacTosLLlee

72
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Bpems, ABAETCA pa3paboTKa NPUBAMIKEHHbIX aITOPUTMOB C rapaHTUPOBAHHbIMKW OLLEHKaMM KayecTBa noay4ya-
€MOro peLleHus.

ToYHOCTb NPUBAUKEHHOTO a/IFOPUTMA XapPaKTEPUIYET MYysIbMUNAUKAMUBHAS OWUBKA, KOTOPan NOKa3blBaeT,
B KAKOE MAKCMManbHO BO3MOXKHOE YMNC/I0 Pa3 MOXKET OTINYATLCA NOlYyYEHHOE peLleHmne OT ONTUManbHOro (no
3HaYEeHWIO 334aHHON LeNieBo GYHKLNK).

Onpegenenue 2.1.1. Anecopumm Hasvieaemcs C-npubnuxiceHHbIM, ecau npu nto6bix UCXOOHbIX OOHHbLIX OH Ha-
xooum donycmumoe peuleHue co 3HadyeHuem yenesoli (hyHKUUU, omaudarowumcs om onmumyma He 6onee
yem 8 C pas.

3aMeTnMm, YTO MHOTAA TaKKe roBopAT 06 %-I‘IpM6J1VI)KeHHbIX aNropuTMax, NPUYEem CMbICN OTKNOHEHUs (6ob-
e NN MeHbLe eAMHULbI) 0ObIYHO ACEH U3 KOHTEKCTA U HaMpaBaeHUA ONTUMMU3aLMK (MaKCMMU3aLMK AN MU-
HUMM3aUUK). MynbTUNANMKATUBHAA OWIMOKA MOXKET HbiTb KOHCTAHTOW MM 3aBUCETb OT NAapPaMeTPOB BXOLHOM
3afaun. Hanbonee yaayuHble NpubANNKEHHbIE aATOPUTMbI MO3BOIAIOT 334aBaTb TOYHOCTb CBOEM paboTbl. B Ka-
YyecTBe NpMmepa NepevncInm NPUBINKEHHbIE aITOPUTMbI, KOTOPbIE Mbl PACCMOTPUM AaNee B 3TON KHUTE:

* 2-NPUBAUIKEHHbIN aNTOPUTM A1 33[1a4M O PHOK3aKe 13 pasgena 2.1.3.

3/2-NpUBANKEHHbIV aNTOPUTM AN METPUYECKOW 3a4a4M KOMMUBORXKEPA U3 pa3dena 2.1.4.

0, 878-NpMBNMIKEHHbIN anropuTm ANA 334344 O MaKCMMaNbHOM paspese B rpade us pasgena 4.4.2.

® 2-NPUBAMMKEHHDbIW aNTOPUTM A8 MUHMMANbHOTO BEPLUMHHOIO NOKPbLITUA M3 pasgena 2.1.2.

(1 + Inm)-NpUBAUNKEHHDBIV aNTOPUTM ANA 33a4M O NOKPbLITUM M3 pasgena 2.1.1.

* (1 + £)-NpubNMKEHHDBIV aNropuT™M ANA 334a4M O PIOK3aKe U3 pasgena 2.2.2.
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2.1.1 apgHble anroputmbl anAa «MOKPbITUA MHOXeECTB»

MHOXEeCTBaA . . . 2\ . - « . « .« . . . e e e
........ . 90O . . . . . . . .. ““ .
.. .“ ...... ‘ F

.U coo s &) .. aoHsele anzopummebl 014 3a0a4u O MOKPbLIMUU

L MOOMHOMECM8, /10KAbHbLIU an20pumm 014 8ep-
"""""" | INeMEHTH - HHO20 MOKPLIMUA.

OpHOM M3 NPOCTEMLLMX 3BPUCTUK, YAaCTO MPUMEHSAEMbIX NPU PeLleHMM Pa3INYHbIX 33434, ABNAETCA TaK Ha-
3blBaeMas aO0HAA 3BPUCTUKA. [11A HEKOTOPbIX 33434, HaNnpumep, AN5 334341 06 OCTOBHOM AepeBe MUHUMASb-
Horo Beca B rpade, 3Ta 3BPUCTMKA GAKTMUYECKM NO3BOAET HANTM ONTUMAJIbHOE pelueHune (CM. anroputm 9 «MST
Mpuma»). B 6onee TpyaHbIX CyYasx OHa NO3BONSAET NOyYaTb rAPAHTUPOBAHHbIE OLLEHKM TOYHOCTU NoNy4YaemMo-
o C ee NOMOLLbIO peLlleHus.

PaccMOTPUM ceituac }aaHyto 3BPUCTUKY ANA Knaccudeckon N P-TpyaHOM 3a4a4m — 3aa4mn O NOKPbITUN.

3agaua 10. «/Tokpbimue MHoxecmsa»'.
* MHoxecmeo X, | X| = m.
* Cemelicmeo noomHowecms {Sy, ..., Sy}, S; C X.
o X = U?ZlSj (MoKpsimue 2apaHMUPOBAHO).
Halimu muHuUmMasbHoe no MouwHOCMU MHOXecmaeo MoOMHOXecms, nokpelearowee X :
|J| — min,

JCA{1,2, ... ,n},
X:UJEJSJ

B aHr1053bI4HOM UTepaType — Set Cover.
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Yucno |.J| HasbiBaeTca pasmepom MUHUMANbHOTO MOKPbLITUSA.

M3BecTHO, 4TO 3aga4a o nokpbiTumM N P-nosHa. Mo 3Toi NpuyMHe TPyAHO HaAeATbCA Ha CylecTBOBaHME
NMONMHOMMANBHOIO aAFOPUTMA TOYHOTO e€e peLLeHUs.

PaccmoTpum anroputm 15, KoTopbIn AENCTBYET B COOTBETCTBMU C MPOCTEMLLEN KaAHOW 3BPUCTMKOM: «Ha
KaXX40M Luare BblI6MpaTb MaKCMMaibHO HEMOKPbITOE NOAMHOMXKECTBOY, T. €. MOAMHOXECTBO, COAEPIKALLEE MAK-
CMMaJIbHOE YMCNIO 3/IEMEHTOB, He MOKPbITbIX HAa NpeablayLWwmMx Wwarax. Janee mbl OLEHUM rapaHTUPYyEMYIO UM
TOYHOCTb.

Anroputm 15 *aaHbin anroputm A 3aga4m o NOKPbITUM

«Kaxkapbiv pa3 BbIbMpaTb MaKCMMAIbHO HEMOKPLITOE NOAMHOMXKECTBOY.

Ha pucyHKe cTonbLbl COOTBETCTBYIOT 3/1IEMEHTAaM MHOECTBa, CTPOKM — MOAMHOMKECTBAM. T. €. KaXKAbl rpa-
buryecknint 06BEKT € KOoOpAMHaATaMU X, y NPEeACTaBAAET NPUHALNENKHOCTb HEKOTOPOTO 3/1eEMEHTa & NOAMHOXKe-
cTBY y. MoKa3aHbl ¢pasbl paboTbl }KafHOMO aNITOPUTMA — TEMHbIM LLBETOM BblAeN€eHbl BbIbpaHHbIE anropuTMom
NoAMHOXecTBa.

MHoXeCTBa .

- DJ1IeMEeHTHI

Teopema 1. Anzopumm 15 2apaHmupyem moyHocmes 1 + In'm 014 3a0a4u 10 «Set Cover».

Jokaszamenscmeo. [lycTb,
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X} — 4YMCNO HEMOKPbITbIX 31EMEHTOB Nocae k-ro wara.

M =|J| — pasmep MMHMMaNbHOTO NOKPbLITUSA.

Tak Kak Ha ntobom ware k, X; HENOKPLITbIX 3N1EMEHTOB Mbl MOXKEM «HAKPbITb» MUHUMAIbHBIM MOKPbLITU-
em pasmepa M, npu sTom 0653aTenbHO ByAeT NOAMHOXKECTBO, KOTOPOE HAKPOeT % HEMOKPbITbIX 3/1EMEHTOB
(MHaue bygeT NnpoTUBOpPEUME — MUHUMAIbHOE MOKPbITUE HE CMOXKET HAaKpPbITb X, HEMOKPbLITbIX 3/IEMEHTOB, U,
cnenoBaTesibHO, U NOIHOE MHOMKECTBO TOXKE). 3HAUUT, ¥KafHbI aNropUTM Ha k-M LIare HAaKPoOeT He MmeHee %
HENOKPbITbIX 3/1IEMEHTOB, U NONYYNTCA

X
Xpsr < Xp — Wk = X,(1—1/M). (2.1)

X <m(1-— 1/M)k < mexp (—%) .

Haiigem Hanbonbluee ko, npu kotopom mexp (—452) > 1.

Torpa npu ky = ko + 1 BbinonHeHo X, < 1, 4To 03HAYaET, YTO BCE 31€MEHTbI MOKPbITLI. Mpu atom ky /M <
1+ In'm, 3HauUUT, paamep NOKPbITUA, MOCTPOEHHOTO ¥KaAHbIM aATOPUTMOM, MPEBOCXOANT MUHUMA/IbHOE He 60-
neeyem B 1 + Inm pas. [l

YnpaxkHeHue 2.1.1. [lokaxkuTe HepaBeHcTBO (2.1).

YnpaxHeHue 2.1.2. MNoctpoitte npumep, rae oueHka O(1 + Inm) MynbTUNAMKATUBHOW OWMBKM KagHOTO an-
ropuTMa A0CTUraeTcA No NopAAKy. YKaszaHMe: 4OCTAaTOYHO PacCMOTPETb CAy4Yal, KOrga pasmep MMHUMA/IbHOTO
nokpbitna M = 2.

YnpaxHeHue 2.1.3. MMocTpoiTe npumep, rae oueHka 1 + Inm gocturaetca acMMNTOTUYECKU.
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BcTpeyatoTca n apyrme oueHKM TOYHOCTM KaQHOTo anropmutma. JokasaHo, Hanpumep (cm. [ 1), uTo Mynb-
TUNANKATUBHAA OWMOKa }KagHOro aNIrOPUTMa He NPEBOCXOAUT

1 1 1
I+=4+-+ ...+ —.
2 3 m
ACMMNTOTUYECKM 3TO BblpaXKeHue KaK pa3 paBHO In m. bonee To4Han oueHKa noiyyeHa B | ], rae poka-

3aHO, YTO MY/ILTUMNJIMKATMBHAA OWMBKA KagHOro anroputma He npesocxoaut Inm — Inlnm + O(1).

Bo3HMKaeT 3aKOHHbIM BONPOC: @ HACKO/IbKO XOPOLLUM NOJIyYEHHble OLUEHKN? [LOCTUMKMMOCTb OLEHKM 03HaYa-
€T INLWb, YTO Mbl JOCTAaTOYHO TOYHO OLEHW/IM OLWMOKY }KaaHOro anroputma. OfHaKo BNOMHE BO3MOKHO Cylle-
CTBOBaHMWeE APYrux NOJIMHOMMA/bHbIX a/ITOPUTMOB C TYHLLIMMM OLeHKaMW. Bonpoc 3TOT Ha camom gene aBnaeTca
HEenpocTbIM, U TOIbKO OTHOCUTE/IbHO HEA,ABHO Ha HEro yAan0Ch AaTb YA0BAETBOPUTENbHbIN OTBET [ 1.

OKa3a/10Cb, 4TO NPY Pa3yMHbIX TEOPETUKO-CIOXKHOCTHBIX NPeANonoeHUax, a umeHHo NP ¢ DTIME (nOleloen))2,
HWKaKOM NOIMHOMMANbHbIN aATOPUTM A5 33434MN O MOKPLITUN HE MOXKET UMETb MY/NbTUMNIMKATUBHYHO OLINOKY
meHbLwe (1 — §) Inm pans noboro pukcmposaHHoro § > 0.

Bce aT0 ABNAeTCA cneacTBMeM Tak HasbiBaemon PCP-Teopembl U ee CBA3AMM C HEAMMPOKCUMUPYEMOCTbIO
(cm. Teopemy 37).

Ho, c Apyrow CTOpOHbI, CyLecTBYeT pAas KNaCCUYECKMX Pa3HOBUAHOCTEN 334a4M O NOKPbITUM C NYYLWNMMU
OLEeHKaMM annpoKcMmaunn. Hanpumep, «MakCMMMU3aUMOHHbBIWY BapuaHT 3agaum 10 «Set Cover».

3apava 11. «K-nokpsimue»
3adaHo:

* MHoxecmeo X, | X| = m.

2Cm. onpegenenus 6.2.4 Ha ctp. 259 u 6.1.7 Ha cTp. 250.
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 Cemelicmso noomHoxcecms { S, ..., S,}, S; C X.

Bbibpame makue k nodmHoxcecms, Ymobbl MOUWHOCMb Ux 06bedUHeHUS Bbl1a MAKCUMA/bHA:
| Ujes S| — max,

JCA{1,2, ... ,n},
|J| = k.

OKas3anochb, KafHblii aNTOPUTM AaET XOpoLUME pe3ynbTaThl U ANA 3TOW 3a4a4N.

Teopema 2. }KaoHsili anzopumm 15 aensemca (1 — 6_1)-I7pu6flu}+(6HHbIM aneopummom 0718 3a0a4yu 11 «K-
MoKpbimue».

Jokazamenscmeo. MycTb Y; 0603HAYaeT YNCNO NOKPLITLIX 3/1EMEHTOB NOC/E i-TO LIAra *KaAHOoro aNropnTma,
a M — ontumym B 3agaye o k-noKpbiTuK. CNpaBeaInBo CAeaytoLlee HePaBeHCTBO (CM. ynpaxkHeHue 2.1.1):

M-Y, M 1
Vi > Y, - yvi(1-1).
+1 =2 Y+ i k‘+ ( k‘)

Pelwas 3TO peKyppPeHTHOE HEPABEHCTBO, NOMYUYNM:
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YnpakHeHue 2.1.4. MoKaxKuTe, YTo OLEHKa TouHoCcTM 1 — e~ ana 3apaum o k-NOKPbITUM aCUMNTOTUYECKM A0-
CTUXMMA.

2.1.2 MpubnukeHHble anropuTMmbl aNa «BepLIMHHOro NOKPbLITUA»

(@)

HaodHbil u noKanbHeIl anzopummesl 0418 8epUIUHHO20 MOKPLIMUS.

PaCCMOTpVIM O4VH U3 BAPUAHTOB 3a4a41 O NOKPbLITUU Ha rpacbax.



80 I[7IABA 2. AMIMPOKCUMALMA C TAPAHTUPOBAHHOMW TOYHOCTbHO

OnpeaeneHue 2.1.2. «BepuwuHHOe NoKpsimue»>.
Ans HeopuenmuposaHHozo epapa G = (V, E') noomHoxecmeso eepwur V' C V' Hasvieaemcsa 6epuuHHbIM
noKpbimuem, ecau Kaxodoe pebpo u3 E codeprcum xomsa 661 00Hy sepuiuHy u3 V',

3agaua 12. «MuHuUMasbHOE 8epWUHHOE MOKpbImue»®,
JaH HeopueHmuposgaHHeili epagp G = (V, E) (MHoxwecmeso sepwuH V, mHoxecmeso pebep E). Halimu
8epWUHHOE MOKPbIMUe MUHUMAAbHOU MOUWHOCMU.

MNepBaa MHTYUTUBHAA MAea ANa peweHuns 3agaum 12 «Min Vertex Covering» — MCNOAb30BaTb *agHbIN an-
rOPUTM, BbIBUMPAIOLLMI HA KaXKAOM Luare BEPLINHY, UMEIOLLYIO HA 3TOM Ware Hanbosblliee YNCI0 HEMOKPbLITbIX
pebep (cm. anroputm 16).

HecmoTpsa Ha KMHTYUTUBHYIO Pa3yMHOCTb», OKa3a/10Cb, YTO 3TOT aITOPUTM He obecneyunBaeT AarKe KOHCTaHT-
HOWM TOYHOCTH.

Hanpumep, «nnoxum» gns sToro anroputma byaet rpad, o6pasoBaHHbIM ciegytowmm obpasom (cm. puc. 2.1):

e Beegem n BEpPLINH «NEPBOro YPOBHA» U1, ..., Up.

* Pasobbem BeplIMHbI NEPBOTO YPOBHA Ha | | HenepeceKatowwwxca nap, Aobasum |7 | BeplIMH BTOPOro
yposHa I3, ..., lfn/%, N COEQUHUM KaxKayto f,06aBNEHHYIO BEPLUMHY CO KCBOEN» NAapOoi BEPLUMH NEPBOro

YPOBHSA.

n 3 3
L4 ﬂ,06aBMM LgJ BepPLWMWH TpeTbero ypoBHA ll? .. 7l\_n/3j’ npnyem coeanHm KaxXayr n3 HUX Co BCemu Bep-
WMHaMn n3 OAHOVI N3 HenepeceKatoWwmXxca TPoeK BePLWNH NepBOro ypoBHA vy, ..., Un,.

3B aHrnos3sbiuHOM nuTepaTtype — Vertex Cover.
4B aHrnos3bIuHOMN AuTepaType — Min Vertex Covering.



2.1. AJIFOPUTMbI C OUEHKAMW TOYHOCTHU 81

e [lobaBMMm noc/ieaHIo0 (L%J) BEPWWUHY N — 1-TO YPOBHS, COEANHEHHYIO C . — 1 BEpLUMHOM NepBoro
YPOBHSA.

[ns BCcex BEPLIMH YPOBHSA k > 1 cTeneHb BepLUMHbI ByAeT pOBHO k, cTeNeHb BEPLUWH NEPBOro ypoBHSA byaeT
He bosblie n — 2 (cTeneHb n — 2 byAeT y BepPLUVH NepBOro YPOBHS, KOTOPbIE OKa3a/IMCb CBA3AaHHbIMKW CO BCEMM
BEPLUMHAMU BEPXHUX YPOBHEN).

N x0T 04EBULHBIM BEPLUMHHBIM MOKPbITUEM AN TAaKOro rpada ABNATCA BEPLUMHbI U, . . . , Uy, AATOPUTM 16
HAYHEeT «eCTb» BEPLUMHbI HAYMHAA C BEPXHUX YPOBHEW, NMPU 3TOM CTENEeHU BEPLUUH vy, ..., v, OYAYT yMeHb-
WaTbCA, TaK YTO B BEPLUMHHOE MOKPbITUE BOMAYT TONbKO BCE BEPLUMHDI [7, M HE BOMAET HW OAHa U3 Uy, ..., Up,.

PaboTa anropuTma Ha Takom rpade (ana n = 6) NnokasaHa Ha puc. 2.2.
MocunTaem f, YACNO BEPLUNH, BbIBPaHHbIX aITOPUTMOM 16, 1 CpaBHMM €ro € f* — ONTUManbHbIM pa3Mepom
BEPLIMHHOIO NOKPbITUA ANA 3Toro rpada:

fg:nZIH >nzl<2—1)=n:%—(n—2)>

= LI 5= N

n
> n/ ldac—n:n(lnn— In2—1)> f*(Inn—In2—1).
9 T

M xoTAa KafAHblIi anropuTm He cmor obecneynTb HUKAKOM KOHCTAaTHOM TOYHOCTU NpUBAMMKEHMA ANA 3a4a-
uyn 12 «Min Vertex Covering», OKa3anocb, YTO eCTb elle 60n1ee NPOCTON, He «KaAHblY, a CKOpee «JIEHUBbINY,
NIOKaNbHbIM anropmutm 17, KoTopbin ABnseTca 2-npubankeHHbIM. Anroputm 17 npocto gobasnseT 4na nepsoro
nonasLUeroca HeMmoKpbIToro pebpa obe ero BepLINHbI, UCKAOYAET NOKPbITblIE STUMK BepLUMHaMK pebpa, nocne
Yyero LMK NOBTOpPAETCA.

HecmoTpa Ha «BONMIOLLYIO HEONTUMANbHOCTLY — A06aBneHUe B BEPLUMHHOE NOKPbITUE ANA BbIOpAHHOrO
pebpa 0b6eunx BepLUMH, 3TOT aITOPUTM MOXKET rapaHTMPOBaTb KOHCTAHTHYIO TOYHOCTb, B YaCTHOCTU, Ha puc. 2.3

BUAHO, KaK OH BbIUTPbIBAET Yy XXaAHOIO a/ITOPUTMaA Ha «NJIOXUX» ANA XKaQHOro airopntma rpacbax.
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UTak, AOKa*xeM TOYHOCTb I'IpM6!lM)KEHVIFI.

Onpeaenenue 2.1.3. MapocoyemaHue® — nodmMHoxcecmeo pebep epagha, makoe, Ymo HUKaxkue 08a pebpa u3
3mo2o NoOMHoMecmea He UHYUGeHMHb! Kakol-nubo o0Hol sepuluHe.

Teopema 3. Aneopumm 17 eapaHmupyem mo4dyHocme 2 014 3a0ayu 12 «Min Vertex Covering».

Jokazamenscmeo. PaccmoTpum MHOXKecTBO E* «nonaslumxca anroputmy» pebep, BepLUnHbl KOTOPbIX A06aB-
nanuce B nokpbithe C'. 3To MHOXKeCTBO E* ABnseTca napocoyeTaHnem, T. e. Bce pebpa U3 Hero NonapHoO HECMeK-
Hbl, @ BEPLUMHbI 3TUX pebep 06pa3ytoT BEpIMHHOE NOKPbITHE. JTloboe BEPLIMHHOE NOKPbITUE, BKAKOYAA MUHU-
MasibHOE, [ONKHO COAEPKaTb NO KpalHel Mepe OA4HY BEPLIMHY ANA Kaxaoro pebpa us £*, nostomy OPT >
|E*|, rae OPT — 4ncno BepwmnH B MMHUMAanbHOM MOKPbITUK. YunTbiBas, uto |E*| = |C]/2, nonyvaem:

IC| <2-OPT.
0

C apyroi cTOpOHbI, Ha CAydYanHbIx rpadax anropnTm 17 HECKONbKO MPOUTPbIBAET «KagHOMY» anropmutmy 16
(cm. puc. 2.4). YuntbiBas, 4to 06a anroputma — ObICTPble, HA NPAKTUYECKUX 334a4aX MOXKHO 3anycKaTtb oba
anroputma, otbmpas ny4ywnii oTBeT.

YnpaxHeHue 2.1.5. HailgmTe npubAnNKEHHbIN aArOpPUTM C TOYHOCTbHO % AN1A HAXOXKAEHMA MaKCUMMabHOTO NoA-
MHOKeCTBa Ayr, He 06pasyoLLMX UMK, B OPUEHTUPOBAHHOM rpade.

YnpaxHeHue 2.1.6. Haligmte npnbANKEHHbIN aArTOPUTM C TOYHOCTbIO % ONA HaXxoXAeHWA MakcumanbHoro (no
BK/IIOYEHUIO) MapOCoYeTaHMA MAaKCUMabHOTO 06bema.

SMatching B aHTNOA3bIYHOMN UTEPATYpE.
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YnpakHeHue 2.1.7. Haiante npnbaAnNKEHHbIM aNIFOPUTM C TOYHOCTbIO % ONA HAXOXKAEHMA MAaKCUManbHOro (no
BK/IIOYEHMIO) NAPOCOYETaHUA MUHUMANbHOTO 06bema.

YnpaKHeHue 2.1.8. CTyaeHT npeanoxun gna 3agaum 12 «Min Vertex Covering» npubanKeHHbI anroputm c
TOYHOCTbIO %: HanTK B rpade AepeBo (MeToAoM MOUCKA B LUMPUHY), BbIKUHYTb M3 HEro IMCTbS, a OCTaBLueecA
06bsBUTbL BEPLUMHHBIM NOKpbITUEM. [1paB i OH? [lOKaXKUTe UAM ONPOBEPTHUTE.

YnpaxHeHue 2.1.9. CtyaeHT npeanoxun anda 3agaum 12 «Min Vertex Covering» npubanXKeHHbI aJiropuUTMm C
TOYHOCTbIO %: HaWTK B rpade AepeBo (MeToaoM MOoUCKa B IYyOUMHY), BbIKWHYTb M3 HEro INCTbS, a OCTaBLueecA
06bsABUTbL BEPLUMHHBIM NOKPbITUEM. [TpaB N OH? [lOKaXKUTE UNM ONPOBEPTHUTE.

NMOAMHOXKECTE

3afa4yn O NMOKpbITL /|  K-MOKpbITHE

BEPLUNHHOE TOKPbITU!

>KagHble anropuTMbl

B 3a/la4ax O MOKpPbIT (I+Inm

MNpub»XeHHbIE aIrOPUTMBI (1-1/e
C rapaHTUPOBAHHOW TOYHOCT ’
2

Puc. 2.5: Kapta-namaTtKka pasgenos 2.1.2n 2.1.1
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2.1.3 }KagHbiit anroputm ana «ProKk3aka»

HadHobil anzopumm 0014 3a0a4U O PHOK3AKe C 2apPAHMUPOBAHHOU moY-
Hocmelo 2.

KaK mMbl yXXe oTMeYanu, KaaHble 3BPUCTUKU ABAAIOTCA NPOCTEMLLMMMU U CaMbIMU MONYNAPHbIMU MEeToAaMM
PeLeHNs PasINYHbIX BbIYUCIUTENBHO TPYAHbIX 334a4. [TOCMOTPMM, UTO 3Ta IBPUCTMKA MOXKET AaTb ANA 33434
O pIOK3aKe.

PaccmoTpum cneaytoLyto 3agauy.

3apgava 13. «0-1 Prwok3ak (Knapsack)»

JaHol:
Cly ---,CpyCcj € N — «cmoumocmu» npeomemos;
ai, ...,an, a5 € N — «pasmepsi» unu «eeca»;

B € N — «pasmep proK3aKa».

Halimu makcumaneHoe 3Ha4yeHue f* yenesoli pyHKYuUU

n
f= E C;T; — max
i=1

C 02paHUYeHUeM Ha Pa3mep «PIOK3AKa»:

ZCL,’.’IZL’ S B7 x; € {0, 1}
=1
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CopeprkaTesibHO 3a4a4a O3HA4yaeT BbIbOp NpeaMeToB ¢ Haubosibluen CyMMapHOM CTOMMOCTbIO, YMELLLato-
LMXCA B PIOK3aK 3a4aHHOro pasamepa. ITa 3a43a4a YacTo BO3HMKAET Npu BbiIbOpe oNTMMasbHOrO yrnpaBaeHUA B
Pa3/INYHbIX SKOHOMMKO-GMHAHCOBBIX 06NacTAX (pacnpeaeneHune broaxKeTa oTaena No NPoOeKTam U T. 1n.).

PaccmoTpum, Kakoro pesynbrata MOXKHO A40OUTbCA, MCNO/b3YA, KaK B pa3gene 2.1.1, «xKagHblh noaxon».

MepBan naen, Kotopaa 06bIYHO BO3HMKAET NPU 3HAKOMCTBE C 3TOW 3a4a4en, 3TO BbIbBMpPaTb NpegmMmeTbl No
ybbIBaHMIO NX OTHOCUTE/NIbHOM CTOMMOCTU, MOMELLLAA B PHOK3aK BCe, YTO NomeLLaeTca (CcMm. anroputm 18).

K cokaneHuto, 0 KauecTBe 3BPUCTUKMU anropntma 18 HMYero xopoLlero yTBep»Ka4aTb HeNb3s.

Ynpa)kHeHue 2.1.10. [loKaxuTte, 4to AN Nt060oro uncna k£ MoKHO NpeacTaBUTb BXOAHOW Habop AaHHbIX, ANA
KOTOpbIX anropmutm 18 BbibepeT Habop, KOTopbIl B k pas Xy»Ke oNTUManAbHOrO.

MoHATHO, YTo Npobaema COCTOUT B TOM, YTO KMOJIbCTUBLUMCLY HA NePBbIA HEOONbLWON, HO KOTHOCUTENbHO
[OpOoron» npeamet, aAropUTM PUCKYET NPONYCTUTb 60/IbLLION U LLEHHbIM NpeamMeT U3 ONTMMaabHOro Habopa.

OKa3blBaeTcA, rapaHTMPOBAHHOE KauyecTBO PaboTbl 3TOM 3BPUCTUKM MOMKHO YNYYLLUTb, €C/IM NOC/IEe OKOHYa-
HWA ee PaboTbl CPaBHUTb CTOMMOCTb MOYYEHHOIO AOMNYCTUMOrO PeLleHMA C MaKCMMaibHbIM KO3bdULMEHTOM
Cmax W B COOTBETCTBMM C MaKCMMYMOM BblbpaTb TNMBO «KagHOEe pellieHne», 1Mbo oAnH NpeameT C MaKCMMaslb-
HOM CTOMMOCTbIO (Mbl CUMTAaEM, YTO Pa3mepbl BCEX NPEeAMETOB HE NPEBOCXOAAT Pa3mMep PHOK3aKa — B NPOTUB-
HOM C/ly4yae MX NPOCTO MOXKHO UCK/TIOYUTb U3 PAaCCMOTPEHMUSA).

MonyunTca Tak HasbiBaeMbli MOOUGPUUUPOBAHHbILU #aAOHbIU anzopumm (cm. anroputm 19 «Prok3ak-Kaa-
HbIM»), AR KOTOPOrO Y¥Ke MOXHO rapaHTMPOBaTb KAYeCTBO HAMAEHHOIO peLleHus.

Teopema 4. /114 3HaYeHUA peweHuA f, Nony4eHHo20 MoOUGUYUPOBAHHbIM HAOHLIM aa120pUMMOM 19 «ProK-
3aK-XaoHoblili», u onmMumaneHo20 3HaveHus f* 0aa 3ada4vu 13 «Knapsack» evinosnHaemcs

f*

> <fo
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Jlokazamenbcmeo. O603Ha4YMM Habop NpeaMeToB, BbIOPaHHbIX }KaAHbIM anroputMmom 19 «ProK3aK-*HKaaHblny,
yepes S;, a CTOMMOCTb 3TOro Habopa yepes ;. PaccmoTpum Habop S;, NONYHEHHbIN XKaJHbIM aNrTOPUTMOM,

KOTOPOMY paspelleHo (nocsie Toro, Kak plok3ak GyAeT 3anonHeH) B3ATb elue OAWUH NpeaMeT, U 0603HaYMM ero
croumoctb Cy = 37,5 ¢; (cm. puc. 2.6).

3ameTum, uto no onpeaenennio Cy < Cy + Cpqq. C Apyron ctoponsl, C; > f*. YT06bl ybeamnTbea B 3TOM,
3ameTmm, 4To Ntoboit npeameT (0603HaUMM ero MHAEKC Yepes p) U3 ONTUMAIbHOTO Habopa UK CoAepPIKUTCA
B Sy, NN €ro OTHOCUTE/IbHAA CTOMMOCTb He NPeBbILIaeT OTHOCUTE/IbHOM cToMMOCTH Ntoboro npeamera us S,

C C; . ~
L <2 Ve Sy.
Qap a;
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YgenbHaa cCTOMMOCTb
YaoenbHasi CTOMMOCTb

Bec Bec

g Sg

Puc. 2.6: Habopbl S, 1 S, B «<xKafIHOM» anropuTme 1A «ProK3aKa»

MpUHMUMan BO BHUMaHMWE, YTO CTOMMOCTb paBHa MN/IOLWAAM, U3 PUCYHKA 2.6 Mbl BUAUM, YTO BbiCOTa 1060ro
npeameTa BHe Habopa Sg He 60/blUe BbICOTbI NPeAMETOB B Habope gg. [OobasneHune 6onee «HU3KUX» NPSAMO-
Yro/IbHUKOB M3 ONTMMA/IbHOrO Habopa BMECTO KaKUX-1MBO NPsAMOYroNbHUKOB 13 5'9 MOMKET TO/IbKO YMEHbLIUTb
CYMMapHYyo naowaap, T. €. CTOMMOCTb. [oaTomy @g > f*. Otctopa cnepyert:

Cg+cmaz 2 ég 2 f*7
2fG = 2 max(0g7 Cmaas) Z Cg + Cmaz Z f*
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OTkyaa:

fa > f?
2.1.4 Anroputm Kpucropupeca

B 3TOM pasgene mbl BEpHEMCS K y>Ke M3BECTHOM Ham 3agade 4 «TSP» n paccMoTpuM Ans Hee ABa NPUBAMMKEH-
HbIX aAropuUTMa.
Ham noHano6aTca HekoTopble onpeaeneHus.

OnpeaeneHue 2.1.4. Jiineposbim nymem 8 2paghe HA3bI8AEMCA MPOU380/bHbIU Nyms, Npoxodauwuli Yyepes
Kaxcdoe pebpo epaga 8 moyHocmu 0OUH pas.

Onpepenenune 2.1.5. 3amkHymebili 3liaepos nyme Ha3bieaemcs 3lisneposbim 06Xo00m usu 3iineposbiM YUKAOM.
OnpegeneHue 2.1.6. 3iinepos epacgh — e2pagh, 8 Komopom cyusecmayem 3linepos 06xo0.
MpuBegem KpuUtTepuii annepoBocTn rpada.

Teopema 5. 3Jiinepos 06x00 8 epaghe cywyecmayem moza0a u mosbKo moada, Ko20a epag cesa3HbIl u ece e20
8epUWUHbI YemHoU cmerneHu.

Jokazamenscmeo. [LOKa3aTenbCcTBO AOCTAaTOYHOCTM YC/10BUA TeopeMbl ByaeT cnesfcTBUEM aHANN3a ANTOPUTMA
HaxoXaeHua anneposa nytu (anropmutm 20).

Heob6x04MMOCTb YyCNOBMA O4EBUAHA, TaK KaK €C/IM HEKOTOPAas BEPLUMHA v NOABAAETCA B 31N1€pOBOM 06xoae
k pas, To 3TO 03HayaeT, YTo CTeneHb 3TON BepLUUHbI B rpade coctasnset 2k. ]
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HaxoxaeHue annepoBa LMKaAa MOXKHO BbINOAHUTL 3PPEKTUBHO C MOMOLLbIO anroputma 20, OCHOBHaA naen
KOTOPOrO COAEPKMUTCA B NOCTPOEHWUN NPOU3BOJIbHbBIX 3aMKHYTbIX LMKNOB (€C/M Bbl OKAXKETECH B 3111€POBOM Fpa-
de n byaeTe MATU NPON3BOILHO NO ero pebpam, cxkuraa nx Nocae CBOEro NPOXoAa, TO PaHO UAM NO3LHO Bbl BEP-
HETEeCb B TOUYKY CTapTa) M 06bEAUHEHNMN TaKUX LIUKNOB B eAMHbIN 3inepos uukA. Myctb aav rpad G = (V) E),
roe V' — mHoXecTBO BepwuH rpada, £ — mHoxecTBo pebep rpada.

Nemma 6. CroxHocme anzopumma 20 «Ljukn 3inepa» ecmo O(|E)).

Jokazamenbcmeo. CnoxHocTb BHyTpeHHero umkna O(|E|), T.K. Ha Kaxaoi utepaumum yaansetcs no KpanuHe
mepe ogHo pebpo. O

Onpepgenenue 2.1.7. 3a0a4ya Kommueosaxcepa (3ada4ya 4 «TSP») Haszbieaemcsa mempuyecKoli, eciu 019 mam-
puybl paccmosHul 8bIMoHEHO HEPABEHCMBO MPEY20AbHUKA:

Vi, j, k dip < dij + djy.

3ameTuMm, YTO 34€eCb PAacCMaTPMBAETCA NOMHbIN rpad.

HeobxoaMmo 0TMeTUTb, YTO MeTpUYecKas 3adadya Kommusosskepa N P-nonHa. ITo Nerko AoKasaThb, 3ame-
TUB, YTO ecnu Beca pebep NonHOro rpada NPMHUMALOT TONIbKO ABa 3HAaYeHUA 1 1 2, To 3aAa4a ABNAETCA MeTpU-
4yecKkom. B cBoto ouepeap, NOCTPOEHME MUHUMANbHOTO 06X04a 346eCb SKBMBAIEHTHO OTBETY Ha BOMPOC: Cylle-
CTBYET /11 B rpade ¢ BepmMHamm ncxogHoro rpada n pebpamm, umerowmmm Bec 1, raMmmMnbTOHOB LUUKA?

[na 3Ton Bapuaunmn 3a4a4n MOXKHO NPeaNOKUTb Cneayowmi NpUbANNKEHHbIM anroputm 21 ¢ mynstMnam-
KaTMBHOWM TOYHOCTbIO 2.

Mpumep. B paccmoTpeHHOM B anroputme 21 « MeTpuyeckaa TSP» npumepe annepoB UMKA COCTABAAET Ce-
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AYIOLWNI MapLIpyT:

Vg —» VU1 —» Us —» Vg —» Us —» Vg —» Vg — Vg — V13 —
— V19 —> V13 —> Vg — V19 — V14 — V15 — V14 — V10 —
— V11 — V19 — V¢ — VU7 — Vg — Uy — VU3 —
— Vg —» Vg — V19 — Vg — U5 — V1 — Vp.

COOTBETCTBVI'OIJJ,VII‘;I emy B/IOXKEHHbIU TYP (raN\VI.ﬂbTOHOB LI,VIK}'I) TAKOB:
[U07 V1, Us, Vg, V9, Vg, V13, V12, V10, V14, V15, V11, V6, U7, U2, U3, UO]'

Teopema 6. Anzopumm 21 «Mempuyeckas TSP» Haxodum nyms, Komopsbili 0nUHHEee onMuUMasabHo20 He borsee
yem 8 084a pasa.

Jokazamenscmeo. [nvHa KpaTyalwero raMnibTOHOBA NYTU HE MeHblle pa3Mmepa MMHUMA/IbHOTO OCTOBHOTO
Aepesa. [1nvHa siineposa mapuwpyTta B (G paBHa yABOEHHOM AJIMHE MMHMMANbHOIO OCTOBHOIO AepeBsa (no no-
CTpoeHuto). Mo HepaBEHCTBY TPEYroNbHMKA NOYYEHHbIN TAMWUIBTOHOB LUMKA UMEET OIMHY, HE NPEeBOCXOAALLYHO
O/MHY 3inepoBa 06xoaa, T. €. yABOEHHY AJIMHY MMHMMA/IbHOTO OCTOBHOTO AepeBsa.

3TO M 03HaYaeT, YTo A/IMHA HAWAEHHOIO rAMUABTOHOBA LKA NPEBOCXOAMUT AIMHY KpaTyanLllero raMmabTo-
HOBa LMKNa He bonee Yyem B ABa pasa. L]

OZHaKO Ny4LWMM MO TOYHOCTU NOIMHOMMUABbHBIM NPUBNUMKEHHBIM aATOPUTMOM AN METPUYECKOW 33434n
KOMMMBOSAKepa ocTaeTcsa anroputm Kpuctodumaeca (anropmutm 22), npeanoKeHHbii um B 1976 r.

Onpeaenenue 2.1.8. CosepweHHOe napocoyemaHue® — napocoyemaHue, MOKPbIBAOUEE 8Ce 8EPLUIUHbI 2pa-

¢a.
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YnpakHeHue 2.1.11. Moyemy MHOKeCTBO BCEX BEPLUMH HEYETHOM CTENEHN B MMHUMaIbHOM OCTOBHOM AepeBe
T yeTHO?

OTmeTuMm, uTo anroputm 22 «Kpuctoouaec-TSP» aBnsetcs NOAMHOMUANbHbIM anropuTmom. LWar 1 moxer
6bITb BbiNoaHeH 3a Bpems O(n?), war 2 — 3a spema O(n?). LWarn 3—-5 BbINOAHAIOTCA 33 IMHEHOE BPeMS.

Teopema 7. Anzopumm 22 «Kpucmogpudec-TSP» HaxoOum 2amusnbmMOHO8 YUK/, 0/1UHA KOMOPO20 MpPesocxo-
oum 0auUHy ONMUMAnbLHO20 YUKa He 6onee yem 8 3 /2 pasa.

Lokazamenbcmeo. OTMETUM, YTO NOCTPOEHHbIN rpad G AEUCTBUTENbHO 3MEPOB (COracHo Teopeme 5), T.K.
Kak[as BeplUMHa, KOTopaa MMEET YETHYIO CTENEHb, MMEET Ty Xe cTeneHb, U nocne gobasneHua pebep napo-
coyeTaHua T, a cTeneHb Kaxaoin BeEpPLUMHbI HEYETHOW CTEMEHU YBE/IMYMBAETCA Ha eauHULy (13-3a gobaBneHus
pebpa napocoyeTaHuma). Kpome Toro, rpad cBszeH, T.K. COAEPKUT OCTOBHOE AEPEBO.

ONnHa pe3ynbTUpyowero raMmabTOHOBA UMKAa Py yooBneTBopAeT HEPaBeHCTBY

c(Py) < ¢(Pg) = c(Gg) = c(T) + ¢(M).
C Apyroii CTOPOHbI, ANA KpaTyaiiLLero raMmAb6TOHOBA LMKAA Pj; BbINOHEHO HEPABEHCTBO
c(T) < c(Pfy) < c(Pg).

nyctb iy, %9, ..., 12,;, — MHOECTBO BEPLUNH HEYETHOM cTeneHn B 1 B TOM NOpAAKE, B KAKOM OHM NOABAAIOTCA
B Pj;. PaccmoTpum ABa napocoyeTaHusa Ha 3TUX BEPLUMHAX:

My = {ir,io}, {13,491}, ..., {loam—1,%2m},
M2 = {’ig,ig}, {i4,i5}, ey {Z'Zm,il}‘

8Perfect matching B aHrN0A3bI4YHOW IUTEpPaTYpPE.
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M3 HepaBeHCTBa TPEYro/ibHMKA (JOKaXKMTe 3TO B KAYECTBE yNnpaxKHeHUs)

c(Pg) = c(My) + c(My).

Ho M — Kpatyaiiwee napocoyetanue, 3HauuT, c(My) > ¢(M), ¢(Msy) > ¢(M). Umeem

OKOoHYaTesibHO nmeem

o Pu) < ofT) + (M) < e(Py) + 5e(Ph) = Se(Pp).
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MyTb dvinepa

MapocoyeTaHune

OI'IpeJJ,eneHI/IFI CoBeplLueHHOe napoco4yeTaHmne

FaMmnbTOHa

LUnkn

dvinepa

AnropuTtm Kpuctodunpeca
D1NEepoB LUK

ANropuTMbI / metricTSP To4yHOCTM 2

*J Kpuctoduaeca, To4HOCTb 3/2

}:f MapocoyeTaHMe MUHUMabLHOrO Beca

3agau
{3 TSP meTpuyeckas

Puc. 2.7: KapTta-namaTKka pasgena 2.1.4
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2.2 AnnpoKcumauua € 3agaHHOMN TOYHOCTbIO

2.2.1 «PloK3aKk»: gMUHaMMU4YeCKoe nporpammumpoBaHue

y BapuaHmel anzopummoe OUHAMUYECKO20 [po2pamMmupo-
’D1 jH 8aHuUA 08 3a0a4u O pioK3ake. Anzopumm Hemxayszepa —
I YnemaHa.

B cuny BaXKHOCTU MeToAa AMHAMMNYECKOTO MPOrpaMMmNpPOBaHUA ANA NOCTPOEHUA 3GDEKTUBHbIX MPUBANKEH-
HbIX a/IOPUTMOB Mbl OCTaHOBMMCA Ha HEM HECKOJ/IbKO NOoAPOGHEE M MPOUNTIOCTPUPYEM ErO Ha NPUMepe cne-
aytowein N'P-nonHom 3agaun.

3apaua 14. «Cymma pa3mepos» («PHOK3aK-8bIMOAHUMOCMb»)
JlaHol:

ai, ...,an, a5 € N — «pazmepsi» unu «eeca»;
B € N — «pasmep prok3zaka».

Cywiecmeyem nu peweHue ypasHeHUs:

n

Zail’,’ = B, X; € {O, 1}

i=1
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0603Haunm yepes T MHOKECTBO HaCTUUHbIX CyMM » - | a;x; Ans Bcex 0/1 BeKTopos (x1, ..., x,) 1 Yyepes
T}, — MHOXEeCTBO BCEX YAaCTUYHbIX CYMM Zle a;;, KoTopble He npeBocxodat B (1 nonoKnum paBHOM HyO).

[ns Toro uTobbl pewmnTb 3a4a4y, 4OCTAaTOYHO NPOBEPUTL BKAtodeHne B € T'. Ecan oHO BbINONHEHO, TO OT-
BeT «[Ja», B NPOTUBHOM cnyvae — «HeT». MHOXeCTBO BCeX YaCTMUHbIX CYMM 1’ MoXKeT BbiTb NOCTPOEHO NyTem
npocmoTpa Bcex bynesbix (0/1) BeKTOpoB (T. e. «nonHbIM Nepe6opom» 2" BeKTOPOB). JMHaMU4ecKkoe Nporpam-
MWpPOBaHMe gaeT NceBA0N0MHOMMNA/bHBIN aATOPUTM, OCHOBAHHbLIN Ha PEKYPPEHTHOM COOTHOLLEHWUU

Tivr = T U{T) + a1},
rae {1} + a1} 0603HaYaET MHOXKECTBO BCEX YMCen BUAA
s+ agy1, s € Tg,

KOTOpble He npeBocxoasaT B.

OTmeTum, 4To 3TOT aJITOPUTM Ha CaMOM aene HaxXxoauT Bce pa3sinvyHble 3Ha4YeHMA YaCTUYHbIX CYMM U, TAKUM
o6pa30M, [aeT TOYHOoe pelleHume 3a4a4m. YUCcno Wwaros aaropnutma ectb Be/IMUYMHA O(?”LB), NMOCKOJ1bKY

1. 4nCNO UMKNOB PaBHO N;

2. pasmep Kaxporo mHoxectsa 1; He npeBocxoguT B.

Mpun HeboNbLINX 3HAYEHUAX B CHUXKEHME CnoXHOCTHK € 2" Ao Bn gaeTt oueBMAHbIM 3P PEKT, M 3TO XapaKTepPHO
AN MHOTUX NCEBAOMNO/IMHOMMANBbHbIX aAITOPUTMOB.

Tak Kak 3agaya 14 «Cymma pasmepos» N P-nonHa, paccumTbiBaTb Ha NOCTPOEHME AN HEe aAropuTma cy-
LWEeCTBEHHO NydLLero, Yem NceBaoNoOIMHOMUANBHBIN anropuTm 23 «Cymma pa3mepoB», He NPUXOAUTCA.
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YnpaxHeHue 2.2.1. PaccmoTpmm HEKoTopyo moanduKkaumio 3agaum 23 «Cymma pasmepoBy», paspeLlmm aaxe
oTpuLaTenbHble pasmepbl. PopmanbHO:

e [laHbl uensle uucna a;, Vi € [1...n], —n? < a; < n* muucno B.
e HaiiTn oTeT Ha «CyLiecTByeT M peweHue B 0—1 nepeMeHHbIX (71, ..., T, ) ypaBHEHUs Z?:l a;r; = B?».

CyLLEeCTBYET /I MOJIMHOMMA/IbHbBIN a/ITOPUTM A1 3TOMN 3a4a4n?

PaccmoTpum Tenepb BHelHe noxoxyto N P-nonHyto 3agady 13 «Knapsack» n npounnioctpupyem, Kak me-
TOA, AMHAMMUYECKOro NPOrpaMMmUPOBaHMA paboTaeT g Hee.

Kak 1 npexae, A0CTaToOYHO HalTK MHoxecTBo T}, Bcex nap (¢, A), rae ¢ — Npou3BObHAA CyMMa Ele CiT;
n A — COOTBETCTBYIOLLAA CYMMa Zle a;x; < B.

OnucaHHbIM Bblle cnocob NO3BONAET PEKYPCUBHO NMOCTPOUTb MHOXKeCTBO 1, 33 B f*n waros (HAaNnomHum,
yTo Yepes f* Mbl 0603HaYaEM CTOMMOCTb ONTUMaNbHOrO Habopa). ITo aHaNOTMYHO 3anonHeHuio 3a 1 waros 0/1
Tabaunupbl pasmepom B X f*, npeactaBaatoLLelt NPOCTPAHCTBO BCEBO3MOMXKHbIX A0ONYCTUMbIX (He 06A3aTeNIbHO
ONTUManbHbIX) pelweHmnit 3agaumn 13 «Knapsack».

OAHaKo YyMeHbLINTb Nepebop MOXKHO yunTbIBaA cneayrowmnii kKnroueson GakT: Ecau Ha k-m waze y Hac ume-
emcsl HECKO/IbKO YacmuyYHbIX peweHull ¢ 00uHaKkoeoli maccoli, HoO pasau4YyHol CMoUMOCMbIO, MO MOXHO 0718
Kaxc0ol Mmaccel ocmasume peuwleHus Aub ¢ MAKCUMAabHOU CMOUMOCMbIO, A eC/aIU eCMb HECKO/bKO Yacmuy-
HbIX peweHuli ¢ 00UHAKOB8OU CMOUMOCMbIO, HO PA3AUYHOU Maccoll, Mo MOMHO CMeso 8bIKUHYMb peleHUs
¢ 6onbweli maccoli. NMpu ntobom 13 ynomaAHYTbIX 4ENCTBMIA Mbl HE NOTEpPAEM ONTUMAaAbHOe pelleHune!

CoOTBETCTBEHHO, 3TO O3HAYaeT OTCYTCTBME HEOOXOAMMOCTU AepKaTb B MAaMATU BCE YACTUYHbIE peLleHus,
[O0CTaTOYHO Ha Ka*KkAoh utepaumm NoMHUTb He 6onblle, Yyem B Hanbonee «40POrMx» YaCTUYHbIX PeELIEeHUN,
nmbo He 6onblue, yem f* Hanbonee «NErknux» peleHunin.
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Anropntm 24 «Prok3ak-AnHIpor» NnoMHUT 0 Hanbonee «4OPOrnx» YaCTUYHbIX AOMYCTUMbIX PELLEHUAX U TEM
caMbiM J@aeT TOYHOe pelueHue 3aaaum 3a Bpemsa O(nB).
JencTBmutensHo,

1. 4MCcno UMKNIOB PaABHO N;

2. pa3smep MHOXKeCTBa OTOHBPAHHbIX YAaCTUYHbIX PELUEHUI He NPEeBOCXOAUT .

YnpakHeHue 2.2.2. ocTpoiTe anroputm gMHAMUYECKOro NporpammmpoBaHma ana 3agaum 13 «Knapsack»,
OCHOBaHHbIM Ha 0TH6ope Hanbonee «NErkMx» YaCTUYHbIX peweHnin. Kakosa byaeT ero BpemeHHasn COKHOCTb?

Taknum obpasom, ana HebonbLIMX 3HAYEHUIA NAPAMETPOB C1, ..., C, UIN B MOXHO NocTpouTb 3pdeKTmB-
HbI NCeBAONONMHOMMANBHBIN aNTOPUTM AN1A TOYHOTO peLleHna 3a43a4m O proK3ake. Ewe pas oTMeTUMm, 4To OH
He ABAAETCA NOSIMHOMMUANbHBIM. MpK pocTe 3HAYeHUM NapaMeTpoB ¢y, ..., C,, B apdpeKkTuBHOCTb 3TOrO anro-
pUTMa byaeT ymeHbLwaTbcA. Kpome 3TOro, CTOUT NOMHUTL M O MPOCTPAHCTBEHHOM CI0XKHOCTM aNIFOPUTMA — HaMm
Tpebyerca Q(B) uam Q(f*) namatv 4na XpaHeHWA YaCTUYHBIX PELIEHUA.

YnpaxkHeHue 2.2.3. lNpuaymaiTe BxoaHble Habopbl ana anroputma 24 «Prok3ak-AnHMpor», Ha KOTOpbIX OH
byaeT paboTaTb SKCNOHEHUMANbHOE BPEMS.

YnpaxHeHue 2.2.4. MNpunagymalite BXo4Hble Habopbl 414 aAropuTMa M3 yrnparkHeHMA 2.2.2, Ha KOTOPbIX OH byaeT
paboTaTb 3KCNOHEHLUMANbHOE BPEMA.

Y70 Ke genatb, ecAn napameTpbl ¢, ..., C, WKW B 3a4a4yn BENNKK HACTONbKO, YTO CNOXHOCTb anropuT-
Ma 24 «Prok3ak-AunMpor» (Mam anroputma M3 ynpaxkHeHus 2.2.2) He yKnagbiBaeTca B TpeboBaHMA TexHUYe-
CKOrO 3aZlaHus No BpeMeHu U/ Mam no NnamaTun?

MOoXHO opraHM30BaTh «pPa3yMHbIN» Nepebop, He NPMUBA3LIBAACH K OrPaHUYEHUIO BXOAHbIX NapamMmeTpoB TU-
na B nan max; c;, nepe4yncnan Tak HasblBaeMble OOMUHUPYHOWUE YaCTUYHbIe peLleHus.



98 I[7IABA 2. AMIMPOKCUMALMA C TAPAHTUPOBAHHOMW TOYHOCTbHO

Onpegenenue 2.2.1. Mlycmo S| u Sy donycmumsele NoOOMHOXecmaa npeomemos 014 3a0a4u 13 «Knapsack».
S| 0omuHupyem Haod Ss, ecnu:

e cmoumocmsb S bonsbwe cmoumocmu Ss,
e gec S| He bosnble seca Ss.

Habop 4OMUHMpPYOLWMX NOAMHOXKECTB eCTb Habop [Tapemo-onmumasbHbIX PELEHWN, T. €. TAKUX PeLLEHUN,
B KOTOPbIX HE/b3A YAY4YLNTb OAMH NapameTp (CTOMMOCTb) 6e3 yxyaleHua gpyroro napameTpa (yBennyeHusa
Beca).

Anroputm Hemxaysepa —YnbmaHa (anroputm 25 «Prok3ak Hemxaysepa—YnbmaHa»), aHaNorM4HO anroput-
My 24 «Prok3ak-AuHlpor», nopoxaaeT NOAMHOXKECTBa NoodyepeaHbiMm AobasieHnem npeameTos. ToNbKo BMme-
cTo Tabnuupbl (pa3mepa He bonee B) «kHanbonee A0pormx peeHnin» noaaepKMBaeTcsa CNUCOK A0MUHUPYOLMX
peLeHnin, ynopaaoveHHbIX No Bo3pacTaHuto Beca. [Npu gobaBneHMn Kaxkaoro npegmeTta NOPOXKAAETCA HOBbIN
CMUCOK, B KOTOPOM NOAMHOKECTBA TaKKe yrnopAa0U€eHbl Mo BECY N ABNAKOTCA AOMUHUPYHOLWMMM MO OTHOLIEHUIO
Apyr K apyry. OcTaeTca canTb 3TU ABa CNUCKA, Y43/IUB LOMUHUPYEMbIE NOAMHOMECTBA.

3ameTum, 4TO U anroputm 25 «PloKk3ak Hemxaysepa—YnbmaHa» OCTaeTcA B HanxyaLlwem caydyae SKCNoHeHUM-
ANbHbIM.

YnpakHeHue 2.2.5. Mpuaymarite BxogHble Habopbl Ana anroputma 25 «Pok3ak Hemxay3epa—YnbmaHa», Ha
KOTOpbIX OH ByaeT paboTaTb 3KCMNOHEHUMANbHOE BPEMS.

OfHaKO NpaKTUKA MCMOb30BAHMA NOKA3a/a, YTO Ha peanbHbIX AAHHbIX anroputm 25 «Pok3ak Hemxayse-
pa—-YnbmaHa» paboTaeT 4oCTaTO4HO xopoLwwo. O6bAcHeHUe sToMy byaeT aaHo B pasgene 3.5.

Ecnu ke Heo6X0AMMO 3aCTPaX0BaTLCA OT BO3SMOXKHbIX «MIOXUX» BXOAHbIX AaHHbIX, TO MOXHO UCNO/b30BaThb
naeto anroputma 24 «Proksak-AuHlpor» gna adppekTMBHOro npubankeHHoro pewweHmn 3agaun 13 «Knapsack»
c ntoboi Hanepeps, 3a,aHHOM TOYHOCTbIO (CM. pasgen. 2.2.2).
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YnpakHeHue 2.2.6. HeKkoTopasa TOprosas CeTb pelmnna yCKopuTb 06CnyKMBaHWE Ha Kaccax, Mo BO3MOXKHOCTH
MCKNIOYMB BO3HIO KaCCUMPOB C KonenKkamu. K coxaneHumto, NpocTo «NpoLaTb» NOKynaTenam «KoneeyHyt» 4acTb
CYMMbI MOKYMKW HENb3A — A1 KOHTPOMPYHOLLMX OPraHOB He0HX0AMMO, UTOObI 3aperncTPUPOBaHHbIE Ha Kacce
CYMMbI MO/IHOCTbIO COBNAZAMN C MNOYYEHHbIMU AeHbraMu.

K Kacce nokynatenb NoAxoAuT C KOP3MHOM TOBApOB, Kax4aA CTPOKA KOP3UHbI — TUN TOBApa, ero ueHa u
KONMYecTBO. Ha Kaxabll TOBAp, MOXKHO [aBaTb CKUAKY, HO TaKyto, YTOObI €ro LieHa He CTana HUXKe ero LeHbl B
pybnsx (1. e. ecnn ToBap ctouT 12 pybneit n 34 Konerkn, Henb3Aa COPOCUTb LEeHY HUXKe 12 pybnen).

3aza4a — HaWTK aNroOpUTM, KOTOPbIM YMEHbLUWUT LLeHbl BCEX TOBAPOB (MpK BbileyKazaHHOM OrpaHUYeHnn),
4yTObObl CyMMa BCEWN KOP3WUHbI CTasa LesbiM Yucaom pybnein ¢ o4HOM CTOPOHBLI, @ € ApYroi, 4Tobbl noTepun Ana
TOProBoW ceTu H6bINM MUHUMANBbHBIMM.

O4eBUOHO, YTO CyLLECTBYET TPUBMAIBHOE JOMNYCTUMOE peLlleHne — OKPYIINTb LieHbl BCEX TOBApPOB, HO Tpe-
byeTcA HAMTM UMEHHO peLleHne C MUHUMA/IbHbIMWU MNOTEPAMM.

Anroputm gonxeH pabotatb O6bICTPO, 38 IMHENHOE OT KO/IMYECTBA TOBAPOB BPeMA — 3TO A0/1KeH ObITb MrHO-
BEHHbI pacyeT Ha Kacce.

YnpaxkHeHue 2.2.7. DVS’ TeXHONOrMA NO3BONSET CHMXKATb HAaNpsAXKeHMe Ha npoueccope, U A06MBaTbCA SKOHO-
MWK INEKTPOIHEPTUM 33 CHET yBeIMYeHUA BpeMeHU BbIMONHEHNA 3a4a4N.

MycTb NpoLeccop NoAaepKUBaeT ABa ypoBHA HanpsaxkeHna — Uy, < Uy. EcTb Habop 13 n 3afau, Kaxaan us
KOTOPbIX MMEET SHEPrOEMKOCTb M BPEMSA BbINONHEHWSA A1 060UX PEXMMOB — T. €. Vi, aHeproemkoctu ¢’ u ¢t

n gautensHoctn tH n tl.

Hy»KHO BbINOMHWUTL BCE 33434M Ha O4HOM Npoueccope 3a Bpemsa He 6onee T', Npu 3TOM JOOUTHCA MUHU-
MafibHOro 3HepronoTpebaeHus.

’Dynamic Voltage Scaling
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2.2.2 [onHOCTbIO NOIMHOMMA/IbHAA NPUbANXKeHHana cxema gnAa « PloK3aka»

£-0MMUMasibHble aa20pUMMbl 018 3a0a4YU O PHOK3AKe C 8bl-
bupaemoli moYHOCMBbIO U 8peMeHeM 8bIMOMHEeHUS, MOAUHO-
MUQsIbHBIM 10 N U % (FPTAS — Fully Polynomial Time
Approximation Scheme).

OAHUM M3 06LLMX NOAXOA0B K pelleHUto nepebopHbIX 3a4a4 ABAAeTca pa3paboTka NPUBAMIKEHHbIX anro-
PUTMOB C rapaHTUPOBaHHbIMM OLLEHKaMM KayecTBa nosiydyaemoro peleHuna®(cm. onpegenenue 2.1.1 «C-npnb-
JINMKEHHbIM anropuTm»).

Ocobyto ponb cpeamn NpUbANNKEHHbIX aNTOPUTMOB UIPaOT T€, KOTOPbIE CNOCOOHbI HAXOANUTb PELLEeHUA C Nto-
6011, 3a4aHHON Kak napameTp, TOYHOCTbIO.

Onpegenenue 2.2.2. Asn2opumm ¢ myabmunaukamusHol owubkoli He 6onee (1 + ¢), ede € > (, Ha3bisaemcsa
£-0MMUMAsbHbLIM.

ToT e TePMUH £-0MMUMAbHOE UCNONb3yeTca AN 0603HaYeHMA AONYCTUMOrO pPeweHMa CO 3HaYeHMEM
Lenesoi GpyHKLMK, OTIMYAIOLLMMCA OT ONTUMYMa He 6onee Yem B (1 +¢) pa3 (Takum 0bpas3om, 3asaya, cToALasn
nepes c-oNTMMabHbIM a/ITOPUTMOM, COCTOUT B OTbICKAHUWN KaKoro-Anbo £-ONTUMaibHOro peLleHus).

Onpegenenue 2.2.3. [ToAHOCMbIO NOAUHOMUAALHOU annpoKcumayuoHHoli cxemoli (FPTAS) Hasbieaemcs npu-
bn1uxceHHbI an2o0pumm, 8 KOMoOpPOM yposeHb MOYHOCMU € 8bICMYNdem 8 KaYecmee Ho8020 rnapamempad, U asl-
20pUMM Haxooum £-0MMUMAsbHOE pelleHue 3a 8pemMs, 02PAHUYeHHOoEe MOAUHOMOM Oom 0s1UHbI 8X00a U 8esu-

YuHbl €1,

8HanoMHMM, 4TO aNTOPUTM, HE rapaHTUPYIOWMIA TOYHOCTb PELLIEHUS, OAHAKO NMPUMEHAEMbINA Ha NMPaKTUKE M3-3a XOPOLLUMX NPaKTK-
YeCKUX pe3ynbTaToB, MPUHATO Ha3blBaTb 3BPUCTUKOM (CM. onpeaeneHune 1.1.1).
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TonbKo 0AHO 06CTOATENBCTBO ABNAETCA NPENATCTBMEM A5 MOCTPOEHUA NONHOCTBIO NOJIMHOMMANLHOW an-
MPOKCMMALMOHHOWM cxembl gns 3aaaum 13 «Knapsack» metoaom AMHAMUYECKOro NPOrpaMmMMpPOBaHUA (CM. pas-
aen 2.2.1). 310 Hannumne «boNbLLINX» KO3IGOULMEHTOB B LieneBoin GpyHKUMN. [eNCcTBUTENbHO, KaK Mbl BUAENN
B pasgene 2.2.1, AMHAMMYECKOE NPOrPaMMUPOBaHME AAET TOYHbIN NCeBAONOMHOMMUANBbHBIA AaNFOPUTM AAA
3af,a4m o prok3ake co cnoxHocTtoto O(nB) uam O(nf*). Ecan f* He orpaHnyeHa cBepxy HUKaKMM NMOJMHOMOM
(To ectb umetoTcs 6onblwime KO3PPUUNEHTbI CTOUMOCTEN), TO 3TOT NCEBAONOJMHOMMA/IbHBIN anropuTm 26 He
ABNAETCA NONMHOMMANBHbIM.

Ho K cuyacTblo, cyliecTByeT obwuii metos (KOTOPbIN YCI0BHO MOXKHO Ha3BaTb MacwmabuposaHuem), nos-
BONAIOLWMNA NEPENTU K 3aga4e C HebonbwMmn KoadPuuneHTamm B LLeneBo GyHKLUK, ONTUMYM KOTOPOM He
CU/IbHO OT/IMYAETCA OT ONTUMYMa UCXOAHOM 33434N. 3a4aAMMCA BOMPOCOM: YTO NMPOU3OMUAET, ECIM Mbl OKPYT-
JIUM CTOMMOCTU Cq, ..., Cp, B3AB LENble YaCTU OT AeNIeHMA UX Ha HeKoTopbli napameTtp scale € Q un 3atem
[OMHOXMB CHOBA Ha scale (¢; = |¢;/scale] - scale)?

e 3aJayy MOXKHO peLlaTb, «0TMacWTabupoBaB» BCE CTOMMOCTHU ¢; Ha BEIMYUHY scale (T. e. noaenus, npuyem
6e3 noTtepb, T.K. BCE ¢; AENATCA Ha scale HaLeno), U 3TO He U3MEHUT ONTUMaNbHOro Habopa.

¢ Bpems paboTbl aIrOPMTMa AMHaMUUYECKOro MPOrpaMMmUpPOBaHMs C OTBOPOM Hanbonee «Nerknux» NoAMHO-
KecTs (anroputm 26) Gyaet orpannueHo O( =),

scale

e Beca a; Mbl HE MEHANU, 3HAUYUT, Nt060e AONYCTUMOE peLleHNEe KOKPYI/IEHHOMW» 3a4aumM ABASETCA TaKKe
O0NYCTUMbIM peLleHNEM UCXOAHOM 3a4aun.

* /3-3a noTepb «OKPYrAeHUA» ONTUMYM MONYYMUBLLENCA 334a4M MOXKET CTaTb MEHbLLE UCXOAHOW, T.K. Npea-
MEeTbl CTa/IN CTOUTb HECKO/IbKO «AeLIeBney.

OcTanocb MNOHATb, KaK CBA3aH BbIMIPbIW BO BPEMEHW pPaboTbl anroputMa C NoTepen TOYHOCTU peLleHus,
«CTOWT 1M UTPA CBEYY.
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NTaK, popmanbHO, NyCTb ANA KOKPYINEHHOM» 3a[a4K:
¢; — cToMMmoOcCTH, ¢; = |¢;/scale] - scale;
Z; — MOKa3bIBaEeT BKNIOUEHWE NPeMeTa B ONTUMA/bHbI Habop «OKpyrneHHon» 3agaun, T; € {0,1};
X — MOKa3blBaeT BKAOYEHME NPesMeTa B ONTUMAabHbI Habop ncxoagHoi 3agaum, = € {0,1};
o rs n ~ ~
[ — onTumym «okpyrneHHol» 3agaun, f = > " | G

MoCMOTPUM, HACKONBKO MOKET DbITb XyXKe «ONTUMYM» OKPYI/IEHHOM 3a4a4u f Mo CPAaBHEHMIO C ONTUMYMOM
MCXOLHOM 3agaum [,

MakcmanbHaa abcontoTHAA NOrPeLHOCTb M3-3a KOKPYI/IEHUA» TONbKO OAHOIO j-ro NpegMeTa, BXOAALLErO
B ONTMMaNbHbIM Habop AN1A UCXOAHOM 3a4a4mM, CTPOro MeHbLLe scale.

Nmeem
n n n
= E CiZy > E Gl > E (¢; — scale)x} > f* —n - scale.
=1 i=1 i=1

3ameTum, AN CTOMMOCTU «PIOK3aKa» Npu NoACTaHOBKE T; B UCXOAHYIO 3a/,a4y BbINO/HACTCA: Yor L GT >
S Gl = f NO3TOMY Aasblle B 3TOM pa3zesie Mbl 6yaem Mcnoib3osaTb f KaK HUXHIOKO OLeHKY anmnpoKcK-
MaLLMKN NCXOAHOM 3aaun.

T. €. NO/Nly4aeM HepaBeHCTBO AN1A abCONOTHOM NOrPELIHOCTH:

f*— f <n-scale.

Ecnm notpebosatb, 4TO6bI abCONOTHAA NOTPELIHOCTL HE NPEBOCXOANNA T f TO annpoKcMmaums byaer
£-0NTUMaNbHbIM peLleHneM:
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€ f*

a 1—|—5f*: (1+¢e)

f>r

YT06bI MAaKCMMA/IbHO OrPaHUYUTL BPEMSA PaboTbl aNnNpPOKCMMUPYIOLLEro afropuTma O(i), Mbl JOMKHbI

scale
MaKCMMM3UPOBaATb NapameTp scale. Mpwn 3TOM ANA COXPaHEHMA £-ONTUMaNbHOCTM HaAo cobnoaaTh orpaHuYe-
Hue scale < n(Elc-a)' OpHako npobnema cocToMT B TOM, YTO B MOMEHT MacLUTabMpoBaHUA BENIMYMHA ONTUMYMaA
f* Hem3BecTHa, M HEMOHATHO, KaK BbIOPaTb ONTMMaNbHbIN Ko3pPUUMeHT scale .

Ho MOYHO yCUIUTb OrpaHUYeHne Ha scale, PacCMaTPUBAA BMECTO f* HUMKHIOK OLEHKY onTUMyma [

_ £fw
scale = max {1, —n(l e } . (2.2)

Torpa Bce BblWEN3N0KEeHHble COObpaXKeHUA 0 TOYHOCTU «OTMACLUITAaOMPOBAHHOIO» peLLleHMA COXPaHAT CUAy.
Takum obpasom, CTOMT 3a4a4a BbIGOPaA HUMKHEN OLEHKHM [, KOTOPYIO, C OfHOW CTOPOHbI, MOXHO HaWTh 6bICTPO,
a C Apyroi — enatenbHo, YTobbl OHa Bblna Kak MOXKHO BaMKe K f*, T.K. 3TO AaCT BO3MOMXKHOCTb YBENUYUTD
KO3bOUUMEHT scale, U TEM CaMbIM CUJIbHEE YMEHbWWNTb KO3ODULUMNEHTbI C1, ..., C, U BPEMS BbINONHEHMA an-
ropuTma.

O6wan cxema npeacrasneHa B anroputme 27, rae dyHKumnm «KnapsackFPTAS» Ha Bxog, Kpome 06blYHbIX Na-
pPaMeTpOB PtOK3aKa M TOYHOCTU annpPOKCMMaLMKM €, NepesatoT GYHKLMIO, UCNONb3YEeMYIO AN NONYYEHUA HUXK-
Hel OUEHKN CTOMMOCTM PeLIEHMA.

OcTanocb HanTn Takme GyHKLMKU. Hanpumep, MOXKHO paccmMoTpeTb TPMBUANbHYIO annpokeumaunio « Max ItemCost»:

fib = Cmax = Maxc;.
3

Nonyunm pyHKuMo « KnapsackF' PT AS yrazrtemCost® B anroputme 27.
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CnoxkHocTb « Knapsack F'PT ASyjazrtemcost» OYHET:

O nf -0 <TL : ncmax) -0 n CZZJ(ZTZMC _
scale scale nhS

_0 (n3(1+5)> _0 (n_3) |
€ €

MOXHO N1 yAydLWwnTb 3Ty oueHKY? OTBET HA 3TOT BOMPOC NOJIOKUTENEH. [1/1A 3TOr0 pacCMOTPUM MeHee Ha-
MBHYIO annpoKCUMaLMIO BeIMUYUHDI f*. BcnomHUM anroputm 19 «Prok3ak-*KagHbln» 13 pasagena 2.1.3.

[na 3HaYeHuA pelwenuns fg, NONYYeHHOTro MOANPUUMPOBAHHBIM KAAHbIM aATOPUTMOM A/1A 33434M O PHOK-
3aKe, U ONTMMasIbHOTO 3HaYeHus f* BbiNonHsAeTcA f? < fe < f~.

Takum 06pa3om, Mbl nonydyaem 6onee TOUHYHO HUXKHIOK OUEHKY fi, Ana f*, KoTopas, Kak npasuao, 6bonblue
TPUBMANBbHOM OLUEHKMU Cppprr- MTOCMOTPUM, MOMOMKET /1M 3TO HAM YAYYLINTL BEPXHIOKO OLEHKY BPEMEHM BbINOAHE-

HWA aropnTMma.

2
Teopema 8. Anzopumm « KnapsackF PT ASknapsackGreedy® UMeem caoxcHocms O <”?>

Jokazamenscmeo. Wcnonb3ya HepaseHcTBo f < f* < 2f5 mn (2.2), nonyyaem OUEHKY CNOKHOCTM aNropuTma

o(e) =0 (5L ) o () = (%)

n(l+e)
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FPTAS pna <Prok3aka \

C-npubnn>xeHHbI anropu

onpep,eneHw[ €-OMTUMAJIbHBIN anropw

\

\_ FPTAS

MaCLLITa6I/IpOBaHVh OLIEHKa OMTUMYN

MoanpuumMpoBaHHbI
YKaZHbIA anropuTM

105

XaaHbivi Habo,

Cmax

scale « ... )a

ANHaMNn4yecKoe rnporpaMmmMmmpoBatr

&

FPTAS: cnoxxHocTb O(n?/¢

Cmax

Puc. 2.8: KapTta-namaTtka pasgena 2.2.2
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Anroputm 16 aaHbli anroputm aNs BEPLUMHHOIO NOKPbLITUA

def greedyVertexCovering(G): Cj/////il\\\\\tj
C

= set()
while G.number_of_edges() > 0: # yuksa caoxHocmu O([E[)
nodeMaxDegree, maxDegree = None, None o o O——C
for n in G.nodes():  # yukna caoxHocmu O([V]) o

if not maxDegree or G.degree(n) > maxDegree:
nodeMaxDegree = n
maxDegree = G.degree(n) C)~\\\\\(j
C.add(nodeMaxDegree)
for e in G.edges(nodeMaxDegree): (©) (©) (©)
G.remove_edge(*e) #ydansem nokpeimsie pebpa

o (& o [©) [©) [©)
return C
O—C
® 3aKpalleHHble BepLUMHbI COCTABAAIOT BEPLUMHHOE MOKPbITUE O O © < O © <
[©) [©) [©)

o [yHKTMPOM MOKa3aHbl NOKPbITbIE (yAaneHHble) pebpa. (j\\\\\\i) C)\\\\\\i) o &
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16

Puc. 2.1: «Mnoxoi» rpad ANA KagHOro anropuTMa BepPLUMHHOIO NOKPbLITUA
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+ — pa3mep BEpPLUMHHOIO MOKPbLITUA ANA XaJHOro anroputma 16.
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+ — pa3mep BEpPLUMHHOIO MOKPbLITUA ANA XaJHOro anroputma 16.
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Anroputm 17 «JleHMBbIN» anroputm ana sagaum 12 «Min Vertex Covering»

def lazyVertexCovering(G):
C = set()
while G.number of edges() > 0:

#nepBoe nonaBueeca pebpo
(u, v) = G.edges()[@]

C.add(u)

C.add(v)

for e in G.edges(u):
G.remove_edge(*e) o ‘

for e in G.edges(v): o o
G.remove_edge(*e)

return C @

e 3aKpalleHHble BepLlINHblI COCTaBAAIOT BEPLUNH-
HOe NOoKpbITHe . D &) @

e [YHKTUPOM MOKa3aHbl NOKPbITbie (yAaneHHbIe)
pebpa.
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Anroputm 18 HaaHbin anroputm anda 3agaum 13 «Knapsack»
OTcopTupoBaThb NpeameTbl B NopaaKe ybbiBaHuaA o,
A0 Z
foralli € {1..n} do

if A+ a; < Bthen
A+ A+aq;
else
end if
end for
return {1, ..., x,}
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Anroputm 19 «MogndUUMPOBAHHbIN KagHbli» Ana « Proksaka»

def knapsack greedy(T, B):
T.sort(key=profitableness)
Cmax = Cg = Ag = 0
for ¢, a in T:

if a <= B:
Cmax = max(c, Cmax)
# ecnu neszem 6 pwK3aK
if Ag + a <= B:
# 6epem npedmem (c,a)
Ag = Ag + a
Cg = Cg + c
#Bvlbupaem, 4ymo 60nbuwe
return max(Cg, Cmax)

Bec pwksaka B= 10 kr
BxoaHo# maccuB T <= [(3, 6), (4, 3), (5, 2), (6, 5), (7, 5), (8, 1)]
OTcopTupoBaHHeid T => [(8, 1), (5, 2), (7, 5), (4, 3), (6, 5), (3, 6)]
Bepem npegmet: <= ($8 , 1 kr)
Bepem npegmeT: <= ($5 , 2 Kkr)
Bepem npeameT: <= ($7 , 5 Kkr)
Cg=$20 nnn Cmax=$8 ?

HabpaH plokK3ak cToumocTblo $20

Bec pwk3aka B= 100 kr
BxogHo# maccuB T <= [(1l@, 1), (170, 1e0), (50, 40), (40, 20)]
OTcopTupoBaHHeid T => [(10, 1), (40, 20), (170, 100), (50, 40)]
<= ($10 , 1 «r)
<= ($40 , 20 kr)
Bepem npegmeT: <= ($50 , 40 Kkr)
Cg=$100 unn Cmax=$170 ?
HabpaH pwk3ak cToMmocTbl $170

Bepem npegmeT:

bepem npeamet:
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Anroputm 20 ANropuUTM HaxoXaeHusa dMneposa LMKNa
def EulerCircuit(G):
if not EulerCircuitExists(G):
return None

# lNepBas nonaBuasca — 6 3!
EP = [ G.nodes()[@] ]
while G.number_of edges() > 0:

for i, v in enumerate(EP):
# Kyda 6bl dobaBumb yukn?
if G.degree(EP[i]) > O:
break

while G.degree(v) > 0:
#noka He 6 «mynuke»
w = G.neighbors(v)[9]
G.remove_edge(v, w)
i+=1
EP.insert(i, w)

vV =W # u noBmopsem 6ce c w

return EP
[0] +0 :<12340>->[0,1, 2,3, 4, 0]
[0, 1, 2, 3, 4, 8] +1:<41>->[0,1, 4, 1, 2, 3, 4, 0]
[, 1, 4, 1, 2, 3, 4, 8] +3 : <53 > ->[0, 1, 4, 1, 2, 3, 5, 3, 4, 0]
[e) 1, 4, 1, 21 3) 5, 3) 4, 0]
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Anroputm 21 MNpocToit aAropuTm Ans peLleHns MeTPUYECKON 3a4a4M KOMMMBOAXKEPaA

1.

2.

HaiiTn mrHnmanbHoe octoBHoe AepeBo 1’ ¢ maTpuLeit Becos [d;;| (pebpa n3 MST BblAeneHbl KUPHbIM).
MocTtpouTb anepos rpad G v annepos obxon B GG, npoaybanposas Bce pebpa aepesa 1.

N3 alinepoBa maplupyTa (06x04a) raMUALTOHOB LMK/ CTPOUTCA NyTEM NOCNEA0BaTE/IbHOMO BblYepPKMUBaAHUSA
BEPLUNH, BCTPETUBLLIMXCA paHee.

S
‘M\vfm;‘
NN

Q7 YU
BINK

X 1 5
DA
O
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Anroputm 22 Anroputm Kpuctodpumaeca gna metpumyeckoit TSP

Bxoa: m X n matpuua [dij] ans rpada G — noctaHoBKa 3agaun 4 «TSP» cornacHo onpegenenuio 2.1.7 «Mer-
puyeckasa TSP».

BbIxog: ramunbToHOB UMKA Py ana rpada G.

1. Haiit muHumanbHoe octosHoe aepeso T (ans Becos [d;;]).

2. Boblgenutb mHokectBo NN (T') Bcex BepIIMH HeueTHo cTenenn B T 1 HalTK KpaTyaiiluee coBeplieHHoe napocodetaHne M B nonHom rpade G ¢ mHoskectsom sepnt N (T7).

3. Moctpouts siinepos rpad G i € MHOMecTBOM BepwikH {v1, ..., Uy } M MHOXecTBOM pebep 1" U M.

4. Haittu siinepos obxog Pr 8 Gg.

5. MocTpouTb ramunsToHOB UMKA P 13 Pr nocnepoBaTeibHbIM BblY€PKUBAHUEM NOCELLEHHbBIX BEPLUMH.

g | ¢ g a &

o By Qv Ve
“ B RV & Wy
S TREL VSR i
( ARFIATRHEK)
PR
VYA s W VANV
G S N
Q 1>
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Anroputm 23 Cymma pa3mepos

def KnapsackSat(A, B):

T = [0]
for a in A:
news = []
for x in T:
new = X + a
if (new <= B and
new not in T):
news .append(new)
T =T + news

if B in T:

print ”Solution exists”
else:

print ”No solution”

A=10[1, 3, 4, 7, 6] B
+1 --> [0, 1]

+3 -->[0, 1, 3, 4]
+4 --> [0, 1, 3, 4,
+7 --> [0, 1, 3, 4,
+6 --> [0, 1, 3, 4,

Solution exists

[2, 4, 6, 8] B =
--> [0, 2]

--> [0, 2, 4, 6]
--> [0, 2, 4, 6,
--> [0, 2, 4, 6,
No solution

+ + + + >
L I N NN

9

8]
8]

10

8]
8, 10]
8, 10, 6, 9]
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Anroputm 24 «PIOK3aK»: AMHAMUYECKOE NPOrpaMmMpoBaHme

def knapsack_dynprog(items, B):
# Bec [ camelli dopoz2oli Habop
T = {0: ItemSet()}

(CTOVé'\élgCTb):[E 3 25 5 1],329

MpeaomeTbl 347576 708

for item in items: # [lo Bcem npedmemam Sols item | news
news = []
for sol in T.values(): # no Bcem yacmu4HbIM 0;% g [g]
testme = sol + item # HoBwili kaHOudam
if testme.weight‘<= B and.( 0;%’3;g % %’%]
testme.weight not in T
i : . . . . 2 2
or testme.cost > T[testme.weight].cost): 0_%,3_2'4_%'7_% 2 3’%’3]
news.append(testme) # nodxodum!
0:%,3:%,4'%,5:%,7:%,8:%,9:% % %,%%]
for sol in news: # pezucmpupyem HoBbix .0 2.6 3 £.2 5 9.9 8 11 5
T[sol.weight] _ ,S)O]. pupy 0: h 3: §,4 1’ 5.5,6 6’ 7: 7,8 §,9 9 4 []
.0 2.6 4.3 €£.2 .5 9.9 .8 11 1
r\esult - ItemSet() 0- 6, 3- g' 4- Z' 5. g, 6. 6' 7. ?, 8. g,g ? g []
for sol in T.values(): # uwem camoe
if sol.cost > result.cost: # Oopozoe peweHue

.11
result = sol OnTumanbHoe pelleHue: 5

return result, len(T)
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Anroputm 25 «Piok3ak» Hemxaysepa —YnbmaHa u3 | ]

def KnapsackNemhauserUllman(items, B):
pareto = [ItemSet()] # [llapemo-onmumansHeie no Becy
for item in items:
news = []
for solution in pareto:
if solution.weight + item.weight <= B:
news.append(solution + item)
mergedItemSet = merge_item sets(pareto, news)

pareto = mergedItemSet
return pareto[-1], len(pareto)

CTOMMOCTb 6 3 2 3 6
Mpeametsl (=—p5—=—):[3, 1, £, 5, 51, B =10

pareto

=]
m
g
v

mergeditemSet
0 6
12,5
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Anroputm 26 «POK3aK» C OTOOPOM «JIETKUX» peLleHni
def knapsack_dynprog_lightest(items, B):
T = {0: ItemSet()} # UeHa -> camweili nezkull Habop

for item in items: # Lukn no Bcem npedmemam
newT = []
for sol in T.values(): # no Bcem Yacmu4HbIM
test = sol + item # gopmupyem HOBbIli Habop
if test.weight <= B and (test.cost not in T
or test.weight < T[test.cost].weight):
newT.append(test) # nodxodum!

for sol in newT: # peaucmpupyem
T[sol.cost] = sol # HOBble peuweHUs
return T[max(T.keys())] # Bo3B8pauaem camoe dopozoe

CTOMMOCTb,,. 6 3 2 5 5 1 _
Mpeametel (=—Fc=—): (3, . 5/ 5 =5/ 3 L.B=9

T item | newT
.0 6 6
0.0 5 [3]
O:%,G:g i [%;g]
.0 9.9 3.3 .6 2 25 8
0:5,9:+7,3:54,6: 2 = (£, 2 5]
.0 5.2 3.35.5¢.6g.89.9 5 5 11
0: 5,20 5,3: 5,5 9,6:5,85,97 6 s 9!
O:%,Z:%,S:%,S: %,6: g, :2, :3,11:%1 g [

"0 5.2 3.3 £.5 ¢.6 g.8 .9 q1q. 11 1 1
0:5,2:£,3:5,5: 4,60 5,8 5,9 7,11 = 5 [£]

OnTumanbHoe pelleHue: %
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Anroputm 27 PTAS gna ptoKsaka

def knapsack fptas(items, B, epsilon, lower bound):
# Boulyucsnaem HUXHKIK OYeHKY cmoumocmu
F_1b = lower bound(items, B)

# napamemp OKpyaneHus scale
scale = epsilon * F_1lb / len(items) / (1 + epsilon)

# Habop C OKpyaaeHHbIMU CMOUMOCMAMU
Ds = [Item(item.cost/scale, item.weight) for item in items]

knapset, indices = knapsack _dynprog lightest(Ds, B)
ApproxCost = sum(items[i].cost for i in indices)




Mhasa 3

BepoATHOCTHbIN aHaAnU3 AeTePMUHUPOBAHHbDIX
anropuTMoB

3.1 CnoXXHOCTb U NOIMHOMUNANBHOCTb B CpeaHem

Cpeaun noaxonos K pelweHnio N P-TpyaHbIX 3334 MOXKHO BblAenTb [1Ba OCHOBHbIX. [1epBblit 3aKkntoyaeTca
B MOCTPOEHUMN NPUBANNKEHHBIX aNTOPUTMOB C rapaHTUPOBAHHbIMK OLEHKaMM TOYHOCTU NOJTYYaeMOro peLleHns
(3TOT Noaxon, y»ke 6blN PacCMOTPEH HaMU B rNaBe 2), a BTOPO — B OTKa3e OT aHa/1M3a CI0XKHOCTU aNropuUTMoB
MO HaMXyALEeMy CIy4ato U Mepexoae K aHaNn3y CN0KHOCTU B cpeaHeM. HacTonlan rnasa NnocBAWEHA U3YYEHUIO
BTOPOro noaxoaa (aHanmsy CNOKHOCTU B CPEAHEM).

MN3BeCTHO, 4TO BONBLIMHCTBO 33434 AUCKPETHON onTuMm3aummn asnsetca N P-TPyaHbIM, U ONA HUX CyLie-
CTBOBaHWE MNOAMHOMMA/bHbIX a/ITOPUTMOB Ma/IOBEPOATHO. HECMOTPA Ha 3TO, A8 MHOTUX UCXOAHbIX AaHHbIX

122
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(BxomoB) TakMe 3a4a4mM H6bIBAOT JIETKO pa3peLllmbl Ha NpaKTUKe. [leno B TOM, YTO BCA TPYAHOCTb 3a43a4M MOXKET
3aK/to4aTbCA B HEHONbLWIOM NOAMHOXKECTBE BXOA0B. Mpobaema HaxoXKAeHUA TaKUX BXOA4,0B BaXKHa A/1A IKcrnepu-
MEHTaNbHOM OLEHKN 3DDEKTUBHOCTM aNTOPUTMOB U B TO KE BPEMS UTPaeT 3aMeTHYI0 PO/ib B MaTeEMaTUUYECKOM
Kpuntorpadumm. KoHuenumus CNoKHOCTU B CpeaHeM ANA Takux 3a4ay npeacrasnsercs bonee afAeKBaTHOM, YeMm
KOHLLENUMA C0XKHOCTU B XyALLIEM C/yvae.

NmeeTca elwe ogHo coobparkeHune B NONb3y Nepexoaa OT aHa/M3a No XyALWweMy Cy4ato K aHan3y C/IOKHOCTH
B cpeaHemM. OHO COCTOUT B TOM, YTO HEKOTOPbIE MPAKTUYECKU 3PEKTUBHBIE a/ITOPUTMbI He ABNAOTCA 3 PeK-
TUBHbIMM NPU aHanu3e no xyglemy cayyato. Moxanyin, Hanbonee M3BECTHbIM NPUMEPOM TaKOro anropuTma
ABNAETCA CUMMNJIEKC-METOZ, PELEHUA 33434 IMHENHONO NPOrPaMMMPOBAHMA, KOTOPbIN, He ABAAACL NOAUHOMMU-
aNbHbIM aIFOPUTMOM, NOPa3NUTENbHO XOPOLLO 3apeKoMeHA0Ban ceba Npu peLleHnn NpakTUYecKMx 3a4au.

Taknum obpasom, ecTecTBeHHbIE NONbITKM 0cNabutb TpeboBaHMs B onpeaeneHnmn adPekTMBHOCTU NPUBENN
K MOHATUIO C/IOXKHOCTM B cpegHem (average case complexity), noa Kotopbim, rpybo roBops, NOHMMaETCA maTte-
MaTUYecKoe OXugaHue BpemeHun paboTbl anroputma npu 3a4aHHOM BEPOATHOCTHOM pacnpeaeneHnn Ha uc-
XOAHbIX AaHHbIX. C cepeamHbl 80-x roAoB Havyana Pa3BMBATLCA TEOPUA CIOKHOCTU B CPEAHEM, B HEKOTOPOM
CMbIC/Ie aHaNorM4YHasA TEOPUK NONIMHOMMaNbHOMN ceogumoctu ana N P-TpyaHbix 3agay. Kpome Toro, ana paga
NP-nonHsix 3a4a4 yaanocb NoCTPOUTb NOSIMHOMUA/IbHbIE B CPEAHEM anropuUTmbl. OHaKO AOCTUrHYTbIE 34eCh
ycrnexu oka3asincb ropaszo CKPOMHee pe3y/ibTaToOB B TEOPUM C/I0KHOCTM NPU aHAIN3E MO XyALeMy C/lyyato.

B nocneaHee Bpemsa nonyyeH psag MHTEPECHbIX Pe3y/bTaToB 415 33434 TUMA PIOK3aKa C KOHCTAHTHbIM YuC-
JIOM OrpaHUYeHu, BBEAEHO HOBOE MOHATUE KCIAXKEHHOM CNAOXKHOCTU» (smoothed complexity) n pnokasaHo,
YTO HEKOTOPble BAPMAHTbI CUMMNEKC-METOAA UMEHT NONMHOMMAIbHYIO CIAXKEHHYHO CI0XKHOCTb. MoCTpOeHb!
NpUMBAUKEHHbIE MONMHOMMANbHbIE B CPEAHEM ANTOPUTMbI HAXOXKAEHUA MAaKCMMANbHOM KAMKK B rpade c ra-
PAHTUPYEMbIMM OLLEHKAMM TOYHOCTH, CYLLLECTBEHHO IYYLIMMM aHANOTMYHBIX OLLEHOK AR XYALLEro cay4as.

Mepeiaem K KOHKPeTM3aLUMmM cCkazaHHOro Bbiwe. NycTb ANA 4aHHOro anroputma A spems ero paboTbl Ha BXO-
fe I o6o3HauvaeTca yepes T4 ([). NMycTb TakKe 419 KaXKA0ro HaTypanbHOTO 1 3a4,aH0 pacnpeaeneHne BeposaTHO-



124 I[7IABA 3. BEPOATHOCTHbIV AHA/IN3 AETEPMWUHWPOBAHHbIX AZITOPUTMOB

cTelt Ha Bxoaax I AnvHbl n, o6o3Havaemoe P, (). MockonbKy 1" ABnAeTcA CNy4aiiHOM BEIMUUHOM, ECTECTBEHHbBIM
Ka)keTcs onpeaenvTb cpeHee Bpems paboTbl anroputma A Kak maTemaTMyeckoe oxKunaaHue sBpemeHn paboTbl
anroputma E,, T4 Ha BXoAax ANWNHbI .

Onpepenenune 3.1.1. «[lonuHomuanbHsIl 8 cpedHem (MOYHO)»
Anzopumm A Ha3bI8aeMCcsA NOAUHOMUAAbHLIM 8 CPeOHeM, ec/u cpedHee speMs e20 pabomel 02PAHUYEHO
MoAUHOMOM Om O/1UHbI 8X00a, M. €.
3C > 0: E, T4 = O(n).

OfOHaKo B TeOpPeTUYECKUX paboTax, Kacarowmxca TEOPUN CBOAMMOCTU U C/IOMKHOCTU B CPeAHEM, NOANHO-
MWANbHOCTb B CpeAHEM NPUHATO onpeaenatb no-gpyromy. NpuunHa coctouT B TOM, YTO NPpUBEAEHHOE Bbllle
onpeaeneHne CANLWKOM YyBCTBUTENbHO: M3meHeHue T Ha 1'% (TUnuYHaa oueHKa NpY CUMYAALMMN O4HOM BbIYUC-
NINTENbHOM MOAENN Ha APYroi) MOXKET MPUBECTU K TOMY, YTO a/IF0PUTM, NOIMHOMMUA/bHbLIN B CPeHEM, CKaXKeM,
Ha mogenn RAM, He ABnAeTCA NOAMHOMMUAJIbHBLIM B CpeaHeM Ha MmallnHe TblopuHra.

YnpaxHenue 3.1.1. MNpuseaute npumep dyHKUMn T4 (Bpemenmn paboTbl HeKoToporo anroputma A) n pacnpe-
[eNeHnn UCXOAHbIX AaHHbIX P, (1), ana kotopbix 14 ABnseTcA noAMHoMUanbHol B cpegHem (E, Ty = O(nc)),
aT3 — Her.

3Ty CUTyauMIo HeNb3s NPU3HaTb YA0BAETBOPUTENIbHOM, NOCKObKY HUYEro nogobHOro He NPOUCXOANT NpuU
aHanuM3e CN0XKHOCTM MO XyALeMy Cy4Yato: onpeaeneHne noNMHOMKUAIbHOTO a/IdPUTMa He 3aBUCUT OT BbibpaH-
HOM MOJENMN BbIYNCIEHWNA.

MosTomy B TeopeTnyecknx paboTtax, KacatoLnxcs TEOPUM CBOANMOCTU U C/IOXKHOCTU B CPEAHEM, UCMO/b3YHOT
06bIYHO Apyroe onpeaeneHue.

Onpepgenenue 3.1.2. «[loauHOMUGAbHGIU 8 CpeOHEM»
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Asi20pumm Ha3b18aeMCA NOAUHOMUAbHbIM 8 CpedHeM, ec/u 0718 spemeHuU pabomei anzopumma 1’ 8binosn-
Haemcs:

Je>0: E,T° = O(n).

Tem He meHee, B UCCNEA0BAHUMN CNOMKHOCTM B CPEAHEM KOHKPETHbIX aropUTMOB 0BbIMHO MCNOb3yeTCA
onpeaenexue 3.1.1 «MonMHOMMUANbHBIN B cpegHem (TOYHO)» € YKa3aHMEeM KOHKPETHOW BblYUCIUTENbHOW MO-
Aenun, ANA KoTopoi NpoBoauTcA aHann3 (06blYHO 3TO MaLLWHbI C MPOM3BOAbHbLIM AOCTYNOM K Namatn — RAM).
Mbl B cneaytowmx pasgenax Takke byaem cnenosaTb 3TOMy OnpeaeneHuio.

3.2 3apaya ynakoBKMU

E I Anzopumm OUHAMUYECKO20 MPo2pamMmMupo8aHuUsa 058 3a0a4u yrnakosKu Mnoo-
MHoXcecma. oAUHOMUGIbHOCMb GA20PUMMA «8 CPEOHEM .

3apaua 15. «Ynakoska» (Packing)
JaHo KoHeyHoe MHoxecmeso L u3 m 3nemeHmMos u cucmema e2o noomHoxecms Sy, ..., S,. Tpebyemcsa
Halmu MAaKcuMasnbHyH Mo Yucay NnoOMHOXecmes nodcucmemy MornapHoO HernepeceKkarwuxca noOMHOXecms.

Mpyn peannsauum 1 aHann3e aaropmuTMOB ropasgo yaobHel dopmanmsoBaTb NpeacTaBieHNe OTHOWEHUN
MeXKAY 3NeMEeHTaMM U NOAMHOXKECTBAMM B BUAE MAaTPULbl MHUUAEHTHOCTM.
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OnpepeneHnue 3.2.1. llycmeo

L=A{l, ...,l,} — m-anemeHmHoe MHOM#ecmMao;
{S1, ..., Sn} — cemelicmso nodmHoxecms L;
Toeda

* dnemeHm l; u nodmMHoxecmso S; UHYUdeHmHsl, ecau l; € S;.

* Mampuyeii unyudeHmHocmu Hasvieaemcs {0,1}-mampuya A = (a;;) pasmepom m X n, 018 Komopoli:

a;; = 1 < anemeHm l; u noOmMHoxecmeo S; UHYUGeHMHsI.

Takum obpasom, 3agava 15 «Packing» 6yget akBuBaneHTHa cneaytoweit 0—1 uenoYMcieHHoM NMHeNHOM
nporpamme:

n
E xj — max,
J=1

z; € {0,1} Vi:1<j<n, (3.1)
Zaijxjgl Vi:1<i<m.
7j=1

B 3TOM LEeNoYMCNEHHON NNHEMHOM Nporpamme 7. CTONOLOB M NEPEMEHHbIX L1, ..., T, COOTBETCTBYIOT NO4-
MHoOXecTBam Sy, ...,.S, U UX BKAOYEHUIO B pelueHune, a 0—1-maTtpuua nHungeHtHoct A = (a;;) pasmepa
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™M X N ONUCbIBAET COCTaB KaXAoro nogmHoxkectsa (cm. onpeaenenume 3.2.1 «MHUMAEHTHOCTbY»). Taknum obpa-
30M, M CTPOK-OFpaHMYEHN, COOTBETCTBYHOLWMX m NpeaMeTam, 04eBUAHbIM 06pa3oM BbipaXKatoT orpaHuyeHme
Ha NoONapHyl HenepecekaemocCTb BblOPaHHbIX NOAMHOMECTB HM MO OAHOMY MpeameTy, a uenesas QyHKUMA
paBHa YMC/y TaKUX NOAMHOMKECTB.

3ameTum, 4YTo B NIMTepaType «YNaKoBKON NOAMHOMECTB» Ha3blBaeTcA MHOraa n bonee obLLan NOCTaHOBKA
unn,raecy, ...,c,nby, ..., b, — NPON3BONbHbLIE MONOKUTE/NbHbIE Lie/ble YACNA:

ZC]'ZIZ']' — max,
j=1
Vi:1<j<n z;€{0,1},

n
j=1

M3BecTHO, uTO 33aa4a 15 «Packing» NP-nonHa [ ].

TpuBmnanbHbIh meTog, peweHns 3agaum 15 «Packing» — nonHbin nepebop sBcex N = 2™ HabopoB NnogMHO-
YKeCTB C NPOBEPKOM HA COBMECTHOCTb 1 BbIbOpOM Habopa, coaepKaLlero HanbonbLlee YUCI0 NOSMHOMKECTB.

Bonee nepcnekTUBHbLIA NOAXOA — OrpaHUYMTL Nepebop Mo AONYCTUMbIM PELIEeHUAM 3aZa4vn, NPUMEHMUB
MeTOoZ, AMHAMNYECKOro NPorpamMmmMmmnpoBaHms.

O603HaunMm Yepes X ; MHOXKeCTBO BCeX A0NYCTUMbIX 6y/1IeBbIX BEKTOPOB A/1A CUCTEMbI C 1. — j HYN€BbIMM NO-
CneHMMM KOMNOHEHTaMM M Yepes e; — BEKTOP Pa3MEePHOCTU 72 C @ANHNYHOW j-I KOMMNOHEHTON U OCTaNbHbIMM
HYN€BbIMW KOMMOHeHTamu. Torga MOXHO CTPOMTb MHOXECTBO A0MYCTUMbIX PeLleHNIA X ; Ha OCHOBE MHOXecTBa

Xj_1, NbITaAcb A06aBUTb BEKTOP €; KO BCEM AOMYCTUMbIM peleHnam us X;_;. bonee popmanbHO 3T0 onncaHo
B anropmutme 28.
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[[0101]
[101 0]

[6110]] --> 3x4-matrix A
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column(@)+< [0 © © @], [0 © O]>

=> [0 1 0]+[0 0 0]=[6 1 0] => [1 0]
column(1l)+< [@ © © @], [0 © ©]>

=> [10 1]+[@ @ 0]=[1 @ 1] => [O 0]
column(1l)+< [1 @ @ @], [0 1 0]>

=>[101]+[0 1 0]=[11 1] => [1 0]
column(2)+< [0 © @ 0], [0 © @]>

=> [0 11]+[@0 @ 0]=[0 1 1] => [0 0]
column(3)+< [0 © © 0], [0 © ©]>

=> [1 @ 0]+[6 @ 8]=[1 @ 8] => [0 1]
column(3)+< [1 @ @ 0], [0 1 0]>

=> [1 @ 0]+[6 1 0]=[1 1 0] => [1 1]
column(3)+< [@ @ 1 0], [0 1 1]>

=> [100]+[6 1 1]=[11 1] => [0 1]
BbibpaH Habop [1 1 © @] pasmepom 2

Puc. 3.1: Pabota anroputma 28 «Ynakoska-AuHMpor»

HeTpyaHo y6eamuTbes, YTo CNOKHOCTb anroputma 28 «Ynakoska-AuuMpor» coctasnset O((m + n)n|X,|).
OenctButensHo, BHewHUid umkn — O(n), BHYTpeHHun — O(]X,|), npoBepka Ha gonycTMMocTb U fobasneHve
HoBoro pewenua — O(m + n).

TakMm 06pa3om, C/I0XKHOCTb aNrOpPUTMa CyLLLECTBEHHO 3aBUCUT OT Pa3MepPa MHOMKECTBA A0MYCTUMbIX pelle-
HWUIA, BO3HWKAIOLLMX NPU BbINOJHEHUM ANTOPUTMA.

YnpaxHeHue 3.2.1. Kakue BxogHble AaHHble ansa anroputma 28 «YnakoBKa-AuHlpor» 3acTtasaT ero pabotatb
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3KCMOHEeHUManbHo gonro? A kakne — 3a O(n?)?

Ho MOKHO MOKa3aTb, YTO anropuT™ 28 «Ynakoska-AuHIpor» MoxeT 6biTb NOAMHOMMANbHLIM B CpegHem’,
T. €. paboTaTb 3G PEKTUBHO Ha CNYYaMHbIX BXOAHbIX AaHHbIX.

Teopema 9. Tycme a;; 8 (3.1) AAAMCA HE3ABUCUMbIMU C/1Y4AUHBIMU 8AUYUHAMU, NPUHUMAIOUUMU 3HAYe-
Husa {0, 1}, npuyem ebinonHaemcs:

P{a;; =1} = p,

Pl{a;; =0} =1 —p, (3.2)
J

mp2 > |nn.

Toeda anzopumm 28 «Ynakoeka-LuHllpoz» a6a5emcs NoAUHOMUAbHbIM 8 CPEOHEM.

Jokaszamenscmeo. MaTemaTuyeckoe oxuaaHue BpemeHu pabotbl anroputma ectb O(nmE|X,|). Noatomy

[ON1A [OKa3aTeNbCTBa Teopembl 9 0CTaTOUYHO ByAEeT OLLEHUTL CBEPXY MaTeMaTUYECKOE OXKMaaHne pasmepa MHO-
»ectBa X,,. Nyctb k& > 0,

—k

T — BeKTop c k eauHuuamm (Ha nomumax {ji, ..., jx}) un — k Hynamu;
Pri — BEPOATHOCTb BbINOAHEHMWA i-F0 HepaBeHCTBa ANA TF;
P, — BEpPOATHOCTb TOTO, YTO ZTF — AONYCTUMOE peLueHue.

YnpaxHenue 3.2.2. Yemy 6yaeT pasHbl T, pi; v P npu k = 0?

Mpuuem B 6onee cTporom BapuaHTe, B cmbicie onpegenerus 3.1.1 «MoAMHOMMaNbHbLIN B cpegHem (TOUHO)».
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CHayana oueHUM CBepXY Pi;:

pkizp{i%xﬁ-k)él}ﬂ Y ay<lp=

J=1 je{in, i}

=P Z aij:O +P Z aij:]- =

ge{it, ik} J€{i1, --dk}
=(1=p)+kp(l—p)" ' =1=p) ' Q+pk-1)<
SA=p) T Lp) T = (1P e,

Tenepb OLEHUM COBCTBEHHO BEPOATHOCTb NONaAaHUa TF B 4ONYCTUMbIe pelleHuA:

m m
2 (e _ 2(k—
pe = [ ps < [0 = e,
=1 =1

YnpaxHenue 3.2.3. [lokawute, uto E | X,,| = > (}) Py

CnepoBaTtenbHO, Mbl MOYEM OLLEHUTb MaTeMATUYECKOE OXNAAHME MOLLLHOCTHU Xn cnegyrowmm 06pa30M:
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n

E‘X"|:Z(Z> szl—i-Z(Z) PkSl—l—n—FZ(Z) Pr <
k=1 k=2

k=0

<l4+n+ anefme(kfl) <l4n+ Zeklnnfme(kfl) _
k=2 k=2

—14n+ nze(kfl)(lnnfmpz).
k=2

Mpu ycnosum mp? > Inn B NocnefHel CyMMe Kaxablii YaeH He npesocxogmT 1. 31o u o3Havaer, uto E[ X, |

O(n?). E

HekoTopble aKkcnepMmeHTaAbHble pe3ynbTaTbl NoBeAeHUsA anroputma 28 «YnakosKa-OuHIpor» Ha cayyai-
HbIX AaHHbIX, MOXXHO YBUAETb HAa PUCYHKe 3.2.
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0.0 VW\(YYXXXXXXXxXXXX I | ] ]
0 50 100 150 200 250 300 350

D 1
T
]

time (bad,random)
S =N W ke Ot

je)
Ut
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B 3aKnt0ueHMEe OTMETUM, YTO U3 MOJIYYEHHbIX Pe3yNbTaToB BbITEKAET He TO/IbKO NOIMHOMMA/bHbIN B cpea-
HEM anropuTm gns 3agaum 15 «Packing», HO M NOAMHOMMANBHBIV B CPEAHEM aNropuTm ans 6onee TpygHOM
3a/la4uM NoAcYeTa YMCa LLebIX TOYEK B MHOTOrPaHHUKe, 3alaHHOM orpaHuyeHmnamm (3.1).

N NMOAMHOXECTB, M 3/IEMEHTOB

YnakoBka MNOAMHOXeCTB
MaTpuua MHUMAEHTHOCTU 3apava P: MNJI0OTHOCTb-BEPOATHOCTb a,.j.=1

LUIN-nocTaHoBKa mp?>In n

Ananus

Packing: MOJIMHOMUASIbHbLIV B cpegHem asropu OueHKa Yymcna fonyCTUMbIX PeLIeHNUI

NP-nonHa /1y —/

v lMosvHoMunasneH B cpegHe

JlonycTUMbIX peLleHni ‘ AvHamunyeckoe nporpaMMnpoBaHune

Bcex HabopoB MOAMHOXKECTB !

Puc. 3.3: Kapta-namaTka pasaena 3.2.0

3.3 BbinoaHumocTtb KHO

Pa3gen ocHoBaH Ha paboTe [ 1.
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3agaua 16. «BbinosHumocme/SAT»%. [laHo 6ysie6cKoe 8bipaXeHue, A8AAWEeCs KOHbIOHKMUBHOU HOPMasb-
Holi gpopmoli (KHD):

CNF = \ C;, (3.3)
i=1
20e C; — anemeHmMapHsie OU3bIOHKYUU 8Uda

VAV A (3.4)

J1 Jk
1<k<n,o0;€{0,1} a' =zua’=(—a).
Cywecmsyem nu (bynesckuii) Habop nepemeHHbiIx x ;, obpawarouwuii smy gpopmy 6 1 (m. e. 8 «MicmuHy»)?

3apaue 16 «SAT» Bbinana YecTb 6bITb NEPBOI 3a4a4el, AN KOTOpoii bbina yctaHosneHa N P-noaHoTa (cm. pas-
nen 6.2). N xota N'P-nonHoTa 3agaum, no cyTu, onpegenset «nepebopHocTb» N06oro anroputma ans ee pe-
weHuna3, ogHu Bnapl nepebopa MoryT BbITb NEPCNEKTUBHEE APYTUX.

MNTaK, Kak MOXHO OpraHM30BaTb peLleHNe 3TOM 3a434n?

CambIM npocTbiM pelueHnem byaet nepebop Bcex BxoaHblx Habopos = = {xy, ..., x,}, noka CNF(x) He
CTaHeT paBHa eguHuue. OgHaKo B xyawem caydae, Hanpumep, ecam CNF HeBbiNnosHMMA, Hago nepebpatb 2"
Habopos .

[na HeKkoTopbIx popmyn 3TOT nepebop MOMKHO COKPATUTb, ec/iv obecneynTb NoAcYeT pa3mepa MHOXKECTBA
HEBbINONHUMBIX HabopoB — | Xy|, rae Xy = {z : CNF(z) = 0}. C N F HeBbINoNHMMA TOTAa U TO/IbKO TOTAQ,
korga | Xo| = 2".

OcTaeTcs BOMpoc: Kak noacuntath | X,| 6onee apdekTnsHO, Hexenn nepebopom z?

Beegem (MAM HANOMHMM) HECKO/IbKO 0603HaYeHUA.

2B aHrnos3bI4HOM NiMTepaType — Satisfiability nam npocrto SAT.
3Pasymeertca, npu runotese P # NP
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Onpepenenune 3.3.1. /lumepan — kaxooe exoxoeHue nepemeHHol x; (Uunu ee ompuyaHus) e ckobkry. Hanpu-
mep, 0n5 (x1 V T3) A (T1 V x3) numepanamu 6ydym xq, Tz, T1, T3.

[na HekoToporo nogmHoxectsa U3 k ckobok S = {C},, ..., C}, } mblo6o3Haumm yepes Litg BCe AuTEpansl
S, 1.e. Bce autepansl lit € {x;, T;}, Bxopawme B S.

PaccmoTpum HekoTopyto KH® (o603Haunm ee C'N F'(x)). Ha Kakmx Habopax oHa paBHa Hynto? O4YeBUAHO,
ecam CNF(z) = 0, To ofHa UK HECKONbKO CKOBOK-An3bloHKUmMiA Cj(x) = 0.

Bosbmem HekoTopoe nogmHokectso S = {C},, ..., C}, } u3 k ckobok v 3aaAnMmca BONpocom: Koraa Bce
cKo6Kw B S 6yayT paBHbl Hynto? O603HaUMM 3TO yTBepPKAEHME Npeaukatom Zg(x) = 1 1 packpoem onpegene-
Hue:

k

Zs(x) = /\@ = AV it - N it

=1 litEC]'i lite Litg

T.e. Zg 3aBUCUT TONbKO OT MHOXECTBA NnTepanoB Litg U HE 3aBUCUT OT pacnpeseneHumsa N1MTepanos no oT-
OeNbHbIM CKOBKaM. A An1A MHOXKecTBa S BO3MOXHbI ABa BapMaHTa. MHOXecTBO .S MOXeT bbITb:

3aBucumoe — Ji: autepansl z; € Litg u T; € Liltg. B atom cnyvae Zs =0, T.e. |z : Zg(x) = 1| = 0 — Her
BbINONHAOLWMX Z g HAOOPOB.

He3aBucumoe — Fi:x; € Litg uT; € Lits. Toraa ecTb BbiNOAHALLWME Zg HaBOPbI =, NPUYEM KaxaasA ne-
pemeHHan u3 Lits MOXeT BXOAUTb MO0 B NONOKUTE/IbHOM CTENEHU U UMETb 3HaYeHue «0», nnbo B OT-
puULaTeNbHOM CTENEHN U UMETb 3Ha4YeHue «1». T.e. ecm T3 € Litg, To x5 = 1, a ecnn x; € Litg, TO
x7 = 0. [1na ocTanbHbIX NEPEMEHHbIX, HE BXOAAWMX B Litg, 3HAYEHNE MOXKET bbiTb N06bIM. [o3TOMY
|z : Zg(z) = 1| = 2n~IFits],
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WUtak, ecrm dx : CNF(x) = 0, To cywecTsyeT HeKoTopoe Hesasucumoe S. [lns nogcyeta pasmepa MHO-
’KecTBa 06HyNAoWMX Habopos | X| NocTponm Bce HE3aBUCUMbIE MHOXECTBA M NPOCYMMUPYEM ANSA KaXKA0ro
HE3aBMCMMOrO MHOMECTBA S YMCNO «OBHYAAOWMX» Habopos 27 [Fitsl

Puc. 3.4: «O6Hynatowme» Habopbl s TpexckobouyHon KHP

PasymeeTca, HanpAMy0 CYMMUPOBaTb He/b3s, T.K. KOOHyAAWME» HAbOPbl PAa3/IMYHbIX MHOMECTB nepe-
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ceKkatoTcs. Hanpumep, paccmoTpum TpexckobouHyto (ckobku C, Cs, C'3) KHD, y KoTopoit Bce Habopbl CKOBOK
{C1}, {Ca}, {Cs}, {Ch, Co}, {C4, Cs}, {Cs, Cs}, {C4, Cy, Cs} aBnAtoTca He3aBUCMMbIMUK. Toraa MHOMKECTBO
«0bHynAWMX» Habopos {z : Z(c,} = 1} BKAOYaeT B ceba MHOxecTBO {7 : Z(¢, ¢y} = 1}, KOTOpOE BKIOYaET
B ceb1, B CBOIO OYepeab, MHOXECTBO { : Z(c, cy.cq} = 1}

Kak pas ans noacyeta MOLLHOCTM 06beAMHEHNA NEPECEKAOLUXCA MHOMKECTB U NPUMEHAETCA KOMBUHATOP-
Han GOPMyna BKAIOUEHNI-UCKIIOUEHWI?, yTBEPIKAAIOLLASA, YTO A1 KOHEUYHbIX MHOXeCTB A, ..., A, MOwWHOCTb
Nx 06bEANHEHNS MOXKHO NOoACUYUTaTL NO dopmysie

n

U =Y 14— 3 jana+
=1

=1 1,7 11<g

+ > JAINANAl— (=)™ A NN Ay

1,5,k 1 i<j<k
B Hawem cnyyae A; 0603HauaeT MHOXeCTBO HabopOB, ANA KOTOPbIX i-A CKOBbKa C; paBHa HyJIO, MOSTOMY
- m
| Xo| = [ UL, A4l

Hdanee yaobHo pa3buTb Bce HE3aBUCUMbIE MHOXECTBA Ha «k-cnou» Ni: He3aBUCUMble MHOXEeCTBa C k CKob-
Kamu, M OpraHM30BaTb CYMMUPOBAHNE BKAOUYEHNN-UCKAHOUYEHMUI MO STUM CNOAM:

m
_ k—1 n—|Litg|
Xo = (-1t 3T g
k=1 SEN}
4BapV|aHTZ «d)opmyna BK/IIOYEHUA-UCK/TIOYEHUAY», B aHII0A3bIYHOM nntepatype — «inclusion-exclusion principle» UAn «sieve

principle».
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OcTanocb NOHATb, KaK NOCTPOUTL BCE HE3aBUCUMble MHOXECTBA CKOBOK. OKa3anoch, UX TakKe yao6Ho cTpo-
WTb «NOCNONHOY», nonyyaa N1 u3 Nj; NONbITKOM «06aBUTb» Kaxayto CKOBbKy Cj K KaXAoMy MHOxecTBy U3 N,

cnepyowmm obpasom:
forallC; € {Cy, ...,C,,} do
forall S € N, do
Litsl — Litg
forall /it € C; do
if lit ¢ Litg then
Litg < Litg U lit
else
oTbpacbisaem 3asucumoe C; + S.
end if
end for
end for
end for
B mHOXecTBO /N7 Mbl 3anuncbiBaem BCe OAMHOYHbIE CKOOKM, ABNAOLWMECA HE3aBUCMMbIMM MHOMECTBaMM. 3a-
METUM, 4TO HENOCPeACTBEHHO AnsA noacyeTta | Xy| HeT Heo6XoAMMOCTU XPaHUTb BCE HE3aBUCUMbIE MHOMKECTBA,
[0CTAaTOYHO XpaHWUTb TekyLee Ny (1 Bblumcnsemoe Ny 1), U CyMMUPOBATL OLEHKY | X | no popmyne BKtOUEHMA-
MCKNOYEHWN OAHOBPEMEHHO C nocTpoeHnem Ny .
Taknum o6pasom, mbl Noay4aem anropmutm 29.

Nemma 7. CaoxcHocmeo anzopumma 29 8 Hauxyowem cayqae:

O(m*n - m]?x|Nk|).

Jlokazamesnbcmeo. [eACcTBUTENbHO:
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* umkn no «cnoam» — O(m);
* UMKA No ckobkam — O(m);
* LMKA NO HE3aBUCMMbIM MHOXecTBaM U3 k ckobok — O(Ny).

* LMKN MO NnTepanam B CKObKe (MpoBepka He3aBUCMMOCTM MHOXecTBa S = (' + t) BHecCeT MHOXUTeNb

O(n);
O6was Tpygoemkocts — O(m?n - maxy | Ng|). O

BuaHo, 4To, KaK 1 B C/ly4ae ¢ ApYyrMmun aaroputMamm AMHaMUYECKoro NporpaMmmpoBaHus, Bpemsa paboTbl
aNropuTMa onpeaenseTca pasMmepoM MHOXKECTBA YaCTUYHbIX peLleHul (B AaHHOM cnydae Ny ). ByacTHoCTH, OHO
MOMET 6bITb IKCMOHEHLUMANbHbIM.

YnpaxHeHue 3.3.1. Kakue BxogHble AaHHble 419 anropMTtMma 29 3actaBaAT ero pabotaTb SKCNOHEHLWaNbHO A0N-
ro?

C Apyrow CTOPOHbI, HA MHOTUX BXO4AaX 3TOT anropmutm paboTaeT apdpeKTusHO.
VYnpaxHeHue 3.3.2. Ha KakuX BXOAHbBIX A@HHbIX 3TOT anroputm byaet pabortate O(m)?

[NA OLEHKM NPAaKTUYHOCTU aNropMTMa Nonpobyem BBECTM HEKOTOPOE BEPOATHOCTHOE pacnpeaeneHume BXoa-
HbIX AAHHbIX U OLUEHUTb C/IOXKHOCTb aIfTOPUTMa B CPeAHEM.

Teopema 10. [lycmb 014 Ka#Ooli CKOBKU 8epOAMHOCMb MOAB/AEHUSA KaxOol u3 n nepemeHHbix (unu ee ompu-
YaHUsA) pasHa p, npu4yem
np2 > Ilnm.

Toeda aszeopumm 29 aenaemcsa noaUuHOMUGIbHbIM 8 C,OeaHE’M.
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Jokazamenscmeo. [ina AokasaTenbcTBa A4OCTaTOYHO ByAeT OLEHNUTb CBEPXY MaTeMaTUYeckoe oxuganHue | Ny|.
NycTb Sx, — HEKOTOPOE MHOMKECTBO CKOBOK, |Sk| = k.
BepOATHOCTb TOO, YTO BHYTPU OAHOMN CKOBKM T; «HEe BCTPETUTCA» ¢ —x; paBHa 1 — p?. BepoatHocTb p;(Sy),
YTO T; U3BEKUT BCTPEYUN C —; B KaXKA0M U3 k CKOBOK S paBHa

. B N
Pi(Sk) = (1 —p°)~.

0603HauMM uepes p;(.S),) BEPOATHOCTL TOTO, UTO B S), HET OJHOBPEMEHHO T; U —;.

37a BePOATHOCTH P;(.Sy ), 0O4EBUAHO He BonbLIe BEPOATHOCTH ji; (.S ), 6O B NOCAEAHEM Cyyae paspeluaeTca

T; BCTPETUTLCA C —x;, €CAN OHU ByayT B pa3HbIX CKOBKax (MOCKONbKY Mbl OLEHUBAEM AONONAHEHMA COBLITUM, TO
OONONHEHME K 6osiee y3KOMY COBLITUIO U laeT BEPXHIOKO OLEHKY), Mo3ToMy

N
pi(Sk) < (1 —p7)~.
Tenepb OLLEHMM BEPOATHOCTb TOTO, YTO S, — HE3aBMCUMOE MHOXeCTBO, 0603HaumB ee Yepes P(S):

P(Sy) = ﬁpi<5k) < (1 —p*).

BnaHo, 4TO 3Ta BEPOATHOCTb 3aBUCUT TOJIbKO OT pa3mepa MHOXKecTBa Sk, nosTomy ganblie 6yp,eM 0603Ha-

yaTb ee yepes P(k).
Ternepb MOXHO OLEHUTb MaTeMaTUYECKOe OXKuaaHne maxy | Ny|:

Emax | Nl < > (C’Z)P(@ <y (ﬂ'j)(l - P <

< Z m" exp{—np’k} < Z exp{k(Inm —np*)} <
=1

NE
i
3

>
Il
—_

k=1
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YnpaxHeHue 3.3.3. [JoKaxuTte, 4To

Emax|Ni| <) (TZ) P(k).
k=1

CKobKWM

JlnTepant
OnpegeneHu:

He3aBucumbie
MHO>XeCcTBa ckobo

MoacyeT "HyneBbIX" BXOO0B
Yyepes He3aBUCUMble MHOXECT

SAT: NoONMHOMMANbHBI
B CPeAHEM aJIroOpUTM

OnHaMnyeckoe nporpaMmmMmpoBaHme:
reHepauunsa BCeX HE3aBNCNMbIX MHO>XE(

lNosmHomuasieH B cpeaHeMm rpu np2>ﬂ

Puc. 3.5: Kapta-namaTKa pasgena 3.3.0

3.4 To4yHOCTb aNropuTMma ANA NOYTU BCEX BXOA0B

Xoms YenoeeKa, Ucnonb3you,e2o #aoHbIl an20pUMM, MOXCHO 3ACMABUMb CU/IbHO OWUBUMbLCA NPU NPUHAMUU
CAOMCHBIX peweHull (Hanpumep, npu peweHuu N P-mpydHsix 300a4), 8 MUNUYHOM Cay4ae OH 0BbIYHO 8bIUPbI-
saem. 3mom roymu ¢uaoco@cKuli meszuc byoem Hamu rpousNoCMpPUPOBAH HA Npumepe ¥a0Ho20 anzopum-
Ma 0717 3a0a4U 0 MOKPbIMUU.
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B paHHOM pasaene mbl PaCCMOTPUM HEKOTOpoe oc/labsieHne aHann3a C0XKHOCTM B cpeaHemM. ITo ocnab-
JIeHUE NPOUCXOAMNT B ABYX HANPaBAEHUAX: BO-MEPBbIX, Mbl PACCMATPUBAEM HE TO/IbKO TOYHbIE aNrOPUTMbI, HO
N NPUBIMMKEHHbIE, @ BO-BTOPbIX, aHa/IM3 CIOXKHOCTU B CPeAHEM 3aMEHAETCA Ha aHaNWU3 ANA «NOYTU BCEX» UC-
XOAOHbIX AAHHbIX.

PaHee Mbl 40Ka3a/iu, YTo 414 33434M O MOKPbLITUM XKaZHbI anroputm (cm. pasgen 2.1.1) B xyawem cayyae
rapaHTUPYET HaxOXKAeHMe NOKPbLITUA, Pa3MepP KOTOPOro NPEBOCXOAMUT pa3mep MUHUMANbHOTO MOKPbITUA He 60-
Nee yem B norapupmmnyeckoe ymcno pas (no m). Hawa uenb ceiyac — NokasaTb, YTO ANA KTUMUYHbBIX» AaHHbIX (B
OT/INYME OT XyALLEro cay4yasn, CM. ynparkHeHue 2.1.2) 3To oTHOLeHMe 6/1M3KO K eAMHULE, T. €. pa3Mmep NOKPbITUA,
HaNAEHHOTO ¥agHbIM a/ITOPUTMOM, NMOYTU PAaBEH Pa3MepPy MUHUMANbHOTO MOKPbITUA.

KaKk 1 B npeablaywem pasgene, Mbl byaem ncnonb3osatb GOPMYIMPOBKY 3a434M O NOKPbLITUM Ha A3blKe
(0, 1)-maTtpuL, ¥ LENOYUCNEHHDBIX IMHENHBIX NPOrPamMM:

cX — min,
Ax > b, (3.5)
VJ X € {O, 1}
B aTOlM LEeNoYNCNeHHOMN IMHEMHOW Nporpamme n CToOLOB-NMEePEMEHHbIX X1, ..., XL, COOTBETCTBYIOT No4-
MHO)KecTBam S, ...,.5, U UX BKIOYEHUIO B pelleHne-NoKpbiThue. Matpuua A TakKe ABAsaeTca mMaTpuuen uH-

UMAOEHTHOCTH, @ BEKTOPbI CTOMMOCTM U OFPAHUYEHUIA — TaKXKe BEKTOPbl PAa3MEPHOCTM 1 U 1M COOTBETCTBEHHO,
COCTOSAILLME NONHOCTbIO U3 eAUHUL,

TakMm 06pasom, m CTPOK-OrpaHMYEHUN, COOTBETCTBYHOLWMX M NpeaMmeTam, o4eBnAHbIM 06pa3om Bbiparka-
0T OrpaHMYeHmne Ha obA3aTesIbHOe BKAOYEHME npegmeTa XoTs bbl B 04HO M3 NOKPbIBAOLWMX NOAMHOXKECTB, a
uenesan GyHKLMA paBHA YNCAY TAKUX MOAMHOMKECTB.

Kak u B pasgene 3.2, npegnonoxkum, uto A = (a;;) — cnyyaitHaa (0,1)-maTpuua, Takas, 4To ANA BCeX i, j
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BbIMNOJIHEHO

Mycte Rg = Zﬁc’, rae Zg — BennunHa NoKpbITUA, HaWAEHHOro aaHbiM anaroputmom, a M — BennumHa
MWHMMANbHOIO NOKPbITUA. Hall OCHOBHOM pe3ynbTaT 3aK/0YaeTcA B cieaytolei Teopeme.

Teopema 11. lycme sepoamHocme 0 < p < 1 ¢pukcuposaHa, u nycme 014 3ada4u (3.5) co cayyaliHoli mam-
puueli A, onpedeneHHoli 8biwie, 8blMosHEHbI caedyoujue Ycaoeus:

Inn

Vy >0 — =0, npun — oo, (3.6)
mY
In
RLLL — 0, npun — oo. (3.7)
n

Toz20a 014 nwbo20 puKkcuposaHHoz0 € > ()
P{Rc <1+¢e} — 1lnpun — cc.

3ameTMM, YTO YCI0BUA TeopeMbl TPebYIoT, YToBbl MaTpuLa A He Bbl1a «3KCNOHEHLMANbHO BbITAHYTOM» NO
BbICOTE UM WNPUHE. B YacTHOCTK, AN1A «NPOMNOPLMOHAIbHBIX» MATPUL,, Y KOTOPbLIX M. = cn, TAe ¢ — HeKoTopasn
KOHCTaHTa, U KHECU/IbHO MePEKOLEHHbIX MAaTpULY, Y KoTopbix m = O(n¢), ycnosusa (3.6) u (3.7) Teopembi 11
BbIMO/IHEHbI aBTOMATUYECKM.

Jokazamenbcmeo. CHayana AOKaXKEM HUXKHIOK OLEHKY pa3mepa MUHMMANbHOIO NOKPbLITUA.
Myctb X — cnyyanHas BenMYMHa, paBHaa YMCAY NOKPLITUIN pa3mepa

lo=10(0) = =[(1 =6)Inm/In(1 —p)],
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Toraa

EX = (Z) P(ly),

rae P(ly) — BEPOATHOCTb TOTO, YTO PpUKCUMPOBAHHbIE [y CTONBLOB ABAAIOTCA NOKPbITeM A. HeTpyaHO yBuAeTb
(ybeanTtecnb, 4TO 3TO AEMCTBUTENBHO HETPYAHO!), uTo

P(lp) = (1 — (1 —p)*)™ < exp{—m(1 —p)"}.

Wcnonb3ya HepaseHctso () < n*, nonyyaem

INEX <lylnn—m(1l—p)h <

Inm Inm
- |nn— —(1=0)1l-p)———7 <
S Tini=p) nn mexp{ ( ) In( p>|n(1—p)}—
<—In—m|nn—mm_lm5<—ln—mlnn—m5.
~ In(1-p) ~ In(1-p)

Mposepum, 4To gns ntoboro pukemposaHHoro 0 < o < 1 npu ycnosusx (3.6) nocneaHee BbipaykeHue cTpe-
MUTCS K —00 NPU 1, CTPEMSALLEMCA K BECKOHEYHOCTU. [JeCTBUTENBbHO, NONOXKMB ¥ = §/2 B ycnosum 3.6, nony-
4num Tpebyemoe, T.K. In m pacteT megneHHee, yem m®/2.

Takum 06pa3om, BEpPOATHOCTb TOTO, YTO HET NOKPbITUA pasmepa [y B cayyaiiHol (0, 1)-maTtpuue, cTpemutes
K 1, NOCKO/IbKY COrnacHO nepBoMy HepaBeHCTBY YebbllweBsa®:

P{IX>1} <EX —0.

*MHorga ynoMuHaeTcs Kak HepageHcmao Mapkosa.



3.4. TOYHOCTb AJ/IFOPUTMA A/i1A NOYTU BCEX BXOLOB 145

NocnepHee osHavaert, uyto P{M > [y} — 1.

Tenepb AOKaXKeEM BEPXHIOK OLLEHKY pa3Mepa NOKPbITUSA, MOCTPOEHHOTO *KaAHbIM aArOPUTMOM.
Mcnonb3yem cneaytouyto M3BECTHYO emmy [ ] 0 BepoATHOCTM HONbLWINX YKNOHEHUIN AN CYMM He3a-
BMCUMbIX C/Ty4aiiHbIX BENYUH.

Nemma 8. Mycmos Y — cymma n He3asucumeix cay4aliHbiX 8e1UMUH, KAXOAA U3 KOMOPbLIX MPUHUMAem 3Ha4YeHue
1 c eeposmHocmeto p u 0 c sepoamHocmeto 1 — p. Toeda

P{[Y' — np| > dnp} < 2exp{—(5?/3)np}.

Mo 3Toi NIemMMme BEPOATHOCTb TOTO, YTO HEKOTOPaA GUKCMPOBaHHAA CTPOKA COAePHKUT MeHee Yem (1 — §)pn
eanHuL, (nn 6onee Yem (1 + 0)pn eAMHUL) OLEHMBAETCA CBEPXY TaK:

szzd S 2 eXp{_(62/3)np}7

M MaTEMATUYECKOE OXKMUAAHME YMCNA TaKUX CTPOK He npesocxoguT m Py,,. Torga npu n — oo, No YCA0BUIO
(3.7) nonyyaem

M Pyeq < 2exp{Inm — (6%/3)np} = 2exp{lnm — O(1)n} — 0.

M3 P{X > 1} < EX — nepBoro HepaBeHcTBa YebbiweBa CefyeT, YTO BEPOATHOCTb COBBITUA «KaKaas
CTpOKa cofepKuUT He meHee (1 — &)pn eanHULY» cTpemuTea K 1.

Tenepb Mbl MOXeM MOYTM AOCNOBHO MOBTOPUTbL MONYYEHNE BEPXHEN OLEHKM pasmepa NOKPbITUA, NOCTPO-
€HHOTO »KaZHbIM aITOPUTMOM, B XyALIEM Cay4ae.

Myctb N; — 4MCNO HENOKPDBITLIX CTPOK NOC/E ¢-ro Wara XaAHoro anroputma. NoacumTbiBan HAMKHIOK OLLEHKY
yncna eauHUL, B nogmaTtpuue, o6pasoBaHHON HEMOKPbITbIMK CTpoKamu (INV;_1), n Aenas BbIBOZ O CyLLECTBOBA-
HWUK cToNbUA B 3TON NOAMATPULE C YNCIOM €4MHUL, HE MEHee CpeHero, MMmeem:
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Ne1(1=96
Ny — - l(n )pn_

< No(1—(1=0)p)' =m(l—(1-5)p).

N

IN

MepBoe HEPABEHCTBO MOJIYYAETCA OLLEHKOM CHM3Y CYMMAPHOro YMcaa eauvHul, B nogmatpuue us N;_; Heno-
KPbITbIX CTPOK (310 IV;_1 (1 — §)pn) v BbIBOAOM, UTO HallaeTca cTonbel, coaepKalumii He MeHee CpefHero Yucna
eauHuy, (pasHoro M)

Haliaem makcumanbHoe t, Npy KOTOPOM ellle eCTb HEMOKPbITbIA 3/IEMEHT:

m(l— (1—8)p) > 1.

Monyunm
Inm+tin(l —(1—4)p) >0,
nnm
< _ Inm
— In(1—-(1-4)p)

OTctoga nonyyaeTcs BEPXHAS OLEHKA MOLLHOCTM «¥KaZHOro NOKpbITUA» (Lo = t + 1) B TMNUYHOM cayyae:

Inm
P(Za<1-—
(Ze < In(1 —p(1—9))
KoMBUHMpPYA 3TO HEPABEHCTBO C HUMKHEN OLLEHKOM, MOXXHO NOAYYUTb, YTO AN NHO6Oro GUKCUPOBAHHOTO
€ > 0 1 goctatoyHo 60AbLIMX N

) — 1.

P(R0§1+8)—>1.
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OeicTBuUTENbHO,
In(1 —p(1—=14¢)) >In(1l—p),
n ana ntoboro € > 0 cywectsyeT > 0, Takoe, 4TO

In(1—p)
~ (1=46)In(1—p(1—9))

A

Rg +o(1) < (1—-8)""+o0(1) <1+e.

3.5 «PlOK3aK»: NOIMHOMMANBHOCTb B cCpeaHeMmM

y [MonuHOMUAAbLHOCMb «8 CPEOHEM» A20PpUMMA OUHAMUYECKO20 Mpo-
’DDTHTDDH epammuposaHua Hemxaysepa—YnbmaHa 014 3a0a04uU O pPHOK3aKe

([BVO3]).

UTak, paccmoTpmm ele pas 3agadvy 13 «Knapsack». Kak mbl Buaenu B pasgene 2.2.1, ans 3agaum 13 «Knap-
sack» cywectsyeT anropntm 25 «Prok3ak Hemxay3epa—YnbmaHa», nogaeprkMBatoLLmin B npouecce csoem pabo-
Tbl MHOYKECTBO NapeTo-ONTUMAabHbIX UK, KaK MHOTAA rOBOPAT, GOMUHUPYOWUX peweHui (onpegenenue 2.2.1 «MapeTo-
PIOK3aK»). CNOXHOCTb 3Toro anroputma — O(n - |ParetoSolutions|), T. €. HaNpPAMYtO 3aBUCKUT OT KOHEYHOTO pas-
Mepa MHOXeCTBa AOMUHUPYIOLWMX pelleHnid Ana AAaHHOIo BXOAHOIO ploK3aka. M XoTA MOXHO NOKasaTb, YTO
CYLLLECTBYIOT TaKMe BXOAHble HAbopbI, 415 KOTOPbIX Pa3MepP MHOMECTBA JOMUHUPYIOLLMX pelleHnin byaeTt skcno-
HEeHLMaNAbHbIM MO 1 (YyNparkHeHue 2.2.5), s NpakTUYECKUX LEeNen MHTEPECHO NPOaHAIM3MPOBaTb, HACKO/bKO
«4aCTO» BCTPEYAOTCA TaKMe NaoXme BXOAHbIe Habopbl, BO3MOXKHO /1N OXKMAATb OT 3TOrO a/ITOPMUTMA NOIMHOMMU-
aNbHOro BpemeHu paboTbl «B cpegHeMy.
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OkKaszanocb, cnpaBegamea c/egylolan Teopema, 40Ka3aTeIbCTBO KOTOpOVI N COCTaB/IAET BCe coaeprKaHune
3TOro pasgena.

Teopema 12. [lycmeo

a; — «8eca», MPoU380sbHbIE MOA0HUMESbHbIE YUCAA;

¢; — «cmoumocmu», He3asucumele Cry4aliHble 8eaUYUHbI, PasHOMepHO pacrpedenerHsie Ha [0, 1];
q = max |ParetoSolutions| — 4uca0 0oMuHUpyoujux noOMHOXecma 015 8cex n NPeodmemaos.

Toeoa

CHavana BBeZleM HEKOTOPbIE OnpeaeneHus.

Nycte m = 2", Sy, ..., S, — NOAMHOXecTBa [n| B nopaaKe HeybblBaHUA BeCOB (ec/1M Beca paBHbl, TO B NO-
pAAKe BO3pacTaHMA CTOMMOCTH). Cpasy 3amemum, Ymo seca y . s, i MHO}cecme S), 8 HAWeM paccmompeHuu
He 803HUKaom.

Onsa dukevposaHHoM u € [2 ... m| n nepemeHHoi k € [1 ... u) onpegenum:

Plus;,, — npeameTtbl B S, KOTOPbIX HET B .S};
Minus, — npeametbl B Sy, KOTOPbIX HET B .S,;
A; — cymma ctoumocTen npeameTtos B Plusy;

A, — cymma cToumocTeii npeameTtos B Minusy;
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A, — MWHUMaNbHaA Pa3HOCTb A; — A, , no Bcem k MeHbLMM 1; YCNOBHO rOBOPA, 3TO «MaKCMManbHoe npe-
MMYLLECTBO B CTOMMOCTM» HaZ, BCEMM NMpeablayLLMMM NOAMHOXKECTBAMMU S, ..., Sy_1.

Nnun, bonee popmanbHo:

gA A>Oi
Plus, = Sy \ Sk, 5 A>OI 0 12
. 0 =}
Minusy = Si\ Su, 0 4
v
+ E S
Ak‘ = Ci, P A>0
1€ Plusy, 8
b3
Ak = E Ci, g
1€ Minusy t
A, = 1<mk|2 A;j - A;;- BCE HabopbI B NOPAAKE BO3pacTaHNA BECOB >
S u

Cnepyioulee yTBep»KAaeHue cneayeT Hanpsamyto U3 aTux onpeaeneHuii nonpegeneduns 2.2.1 «MNapeto-prok3ak»:
Nemma 9. Vu > 2, S,, — OOMUHUpYyouwee MHOXecmso moa2oa U mosabKo moada, kozoa A, > 0.

YunTbIBasA, YTO CTOMMOCTb CaMOr0 MOCAEAHEr0 MHOMXECTBa S,, OrpaHMYeHa No KpanHen mepe n, TO UHTY-
UTUBHO Y€ MOXHO YTBEPXAaTb, YTO Yem 6onblie B cpeaHem byaeT npupoct ctoumoctn A, > 0 Ana Kax-
[0ro AomMmuHuMpylowero Habopa u, TeM MeHblle B cpeaHem ByaeT pa3mep BCErO MHOMECTBa NapeTo-peLleHnit
ParetoSolutions.

[anee mbl nocnenoBaTeNbHO:
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1. oUueHUM BEepPOATHOCTb «HEBNAroNPUATHLIXY C TOUYKM 3PEHUA MUHUMU3aAUMKU pasmepa ParetoSolutions
cobbITUI, TaKKX, Kak Hebonblioi npupocT A, > 0 A1 HOBOrO AOMUHUPYIOLLLETO NOAMHOMECTBA;

2. on pegenmm matematTnuyeckoe oxXxmnagaHme npnpocta CTOMMOCTH Au >0 ANnA HOBOro JOMMHUpyrouiero noa-

MHOXeCTBa u,

3. nony4ynum mart. oxxuaaHue pasmepa ParetoSolutions n, cnegoBaTenibHO, MaTeEMaTUYECKOE OXKUAAHME Bpe-

MeHM paboTbl aAropuTMa.

WTaK, paccmoTpum HekoTopoe u, nyctb S, = [1,

MeLWaeT nepeHymepoBaTb npegmeTbl B UCXOAHOM Ha6ope).

Torpa:

V1<k<u Plus; C[I,

[na HekoToporo napameTtpa 0 < £ < 1 onpegenum cneaytowme cobbITUA C LOCTAaTOYHO «TOBOPALLMMMY

Ha3BaHUAMMU:

MapeToHabop
JAenstaMana
9neMEHTMaI1j
3nemeHTHeManj

BHabopeHeManbi

OueHnm BEPOATHOCTb TOro, YTO B AOMUNHUNPYIOWEM NOAMHOXKECTBE €CTb 3/IEMEHT C «MaJIon» CTOMMOCTbIO.

.yt Minusg C [t +1,

{A, >0}
{A, <%}
{ej <e}

Snewentiian; = {Cj > €}

t
mj:l SnemenTHeMan ;

..., t] (370 TONbKO BOMpOC yA06CTBAa — Ham HUYEro He
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JNlemma 10. P(BHaéopeHeMaﬂb/’HapemoHaéop) S ne.
Hokazamenscmeo. Vj < tun0 < e < 1 nmeem 4na HEKOTOPOTO T:
Plc; <elVk:Af >Ap)=P(c;<ele;>a) <
P(cj < ele; > =) npuz > ¢<: 0
0 = e 1 < - — — <e
~ |z <e = 5(11_;”) — ’3(11_;) -
P(BHa6opeHeManbl ﬂapeToHaGop) - P(U;:13HGMEHTManj ﬂapeToHaGop) S
t
S Z P(3I‘IeMEHTMaI’Ij ﬂapeToHaéop) S t-e S ne.
Jj=1
[

Tenepb OLLEHUM BEPOATHOCTb TOTO, YTO MPUPOCT CTOMMOCTU SOMUHUPYIOLLETO NOAMHOMKECTBA ByAeT «man»,
MPW YCNOBMU, YTO B HABOpE HET «ManbiX» NPeLMETOB.

JNlemma 11. P(ﬂenbmaMana|/‘lapemoHa§op VAN BHaﬁopeHeManb/) S ne.

Jokazamenbcmeo. OueHUM P (naperottasop) MPY aNPUOPHOCTU COBLITUM (Npu ycnosum): «Vjc; € [0, 1]», «atasoperemans» (1,
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cneposartenbHo, « A > ex):

P ( MapeTtoHabop | BHa60peHeManb|) -

=P (VEA, <AF,Vi>t ¢;€(0,1]) =
1
= ———P(VEA, <(1—e)Af,Vi>teel0,1—¢]) <

(L—e)m
1
= WP(WAQ <SAf -3 Vj>tee0,1—¢]) <
1
S m P (m’BHa%peHeManm) .

3pecb 6b1a1 MCNO/Ib30BaH U3BECTHbIM GaKT M3 reomeTpun: ob6bem nonuTona (Bbinykaok obnactn, 3agaBaemon
CUCTEMOW HEepaBEHCTB B (1 — t)-MepHOM MPOCTPAHCTBE), KYMEHbLIEHHOTO» B 1 — £ pas, MeHbLUEe UCXO4HOTO
B (1 — &)™ . A BEPOATHOCTb KakK pa3s v Bbipaxkanacb yepes obbem nonutona!

C ApYron CTOPOHbI, Fensraviana C MaperoHabop, U

P(,CleanaMana|I'lapeToHa60p /\ BHa6opeHeManbl) -

P (,ﬂeanaMana | BHaﬁopeHeManbl)

>(1—e)"'">(1-e)">1-ne.

P(I‘IaperoHaGop‘BHaGopeHeManbl)
O
Janee Ham noHazobuTcA HeboNbLIAA TEXHUYECKAA 1eMMa U3 TEOPUN BEPOATHOCTEN.

JNlemma 12.
P(A|B) =P(A|BNC)-P(C|B)+P(A|BNC)-P(C|B).
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Jokazamenscmeo. PaccmoTpum nepeceveHune cobbitnin A, B, C, roe «pa3pe3aHHble» YacTn 0603HauyeHbl ., ,
z, W:

cobbrme C

W

cobbme B
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Mcnonb3ya cooTHoWweHne
P(ANB)
P(A|IB) = ———=
(AIB) = =5 57
noay4Ynm

P(A|IBNC)-P(C|B)+P(AIBNC)-P(C|B) =
Y Y+ z n T r+w
S y4+z r4ytrztw 4w rtytztw
r+y

=— 77 _p(A4B).
rT+yt+z+w

[l
Terlepb Mbl FTOTOBbI OLLEHUTb BEPOATHOCTb Ma/1oro NPUpPoCcTa CTOMMOCTUN JOMUHUPYIOLWEro NOAMHOXKECTBa:
JNlemma 13. P(,qenbmaMaﬂa|ﬂapemoHaéop) S 2ne.

Jokazamenbcmao. OueHUM P (nensramana|naperotasop ), UICMONB3YA Nemmbl 10, 11, 12:

P(D,eanaMana ﬂapeToHaﬁop) —

— P(,CleanaMana|l'lapeToHa60p ﬂ BHa6opeHeManbl> N P(BHa6opeHeManbl|I'IapeToHa60p)

+ P(,D,eanaMana‘l‘lapeToHafSop ﬂ BHaﬁopeHeManbl) . P(BHaﬁopeHeManbl|I'IapeToHa60p)
S P(,D,eanaMana|I‘IapeToHa60p ﬂ BHaGopeHeManbl) + P(BHaGopeHeManbl|I'IapeToHa60p)

< ne + ne = 2ne.

]
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Ay>0

4 \

P(Elmaﬂbrifx) ’< e \\

\\\ P(A < 8‘ ﬁMaﬂbe/’I) < ne
/

/
\ /

P(A[B)\=P(AIBNC)- ...

N/
P(A < #) <2ne

|
\
\j
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Tenepb Mbl FOTOBbI NEPENTU K AOKA3aTeIbCTBY CaMOM TeopeMbl. Bosbmem ¢ = % Torga

E(Au’Au > O) 2 (,El,eanaMana‘l'lapeToHa6op) ==

— (1 - P(,D,eanaMana|I'IapeToHaSop)

> 1—2ne)=—"-
> ) In?

0603HauYMM MaTeMaTUYeCKoe OXuaaHue cToumocTun S, yepes C,,. S,, — 3TO MHOMKECTBO MAaKCUMabHOrO
BeCa M CTOMMOCTHU, CoAepKallee BCe NpeameThl.

C 0HOW CTOPOHHbI,

Cpn=n-E(¢;) = g

C Apyroi CTOPOHbI, yUYMUTbIBAA, YTO CTOMMOCTb NYyCTOro Habopa S| paBHa HY/O, CTOMMOCTb .S, MOXHO NoJ-
cYUTaTb, Kak Zue{z ) A0 A, M

m 1 m
P(A E(A,A, > P(A :
uz:; w > 0)E(A,| >0)_27n2;(u>0)

OTKyaa nonyyaem

S

(\]

N
w

ZPA > 0) —27n2-§:—n.
u=2

Tenepb Mbl MOXEM BblPa3nUTb MaTEMATUYECKOE OXNOaHUNE pa3mMmepa MHOXKeCTBa AOMUHNPYIOLW KX peUJEHMl‘;IZ

- 2
E(g) = 1+ ) P(A, > 0) < 1+ 2 n® = O(n).

u=2
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BcnomuHas, 4To CNOXKHOCTb aNropmTMa paBHa O(nq), nosiy4aem nNOJIMHOMMANBLHOCTb anroputma 25 «Prok-
3aK Hemxay3sepa—YnbmaHa» B cpefHem, pa3ymeeTca, Ha Cy4alHbIX BXOAHbIX AAaHHbIX C ONMCAHHbIM B Havane
pasgena pacnpeaeneHuem.

HanomHMMm cBA3b Mexay YTBEPKAEHUAMM (1lemMamun n Teopemamm) pasgena 3.5 Ha puc. 3.6.

Cnepyet oTMeTUTb, 4TO B paborte [ ] AOKa3aHa NOAMHOMMANBLHOCTL B CPeAHEM He TO/IbKO AR PaBHO-
MEPHOro, HO U ANA APYTUX TUMNOB BEPOATHOCTHbIX pacnpeaeneHnin MCXO4HbIX AaHHbIX B 3a4a4e O PrOK3aKe.

HeKoTopble aKkcnepMMeHTaibHble pe3ynbTaTbl NoBeaeHUA anroputma 25 «PoK3ak Hemxaysepa—YnbmaHa»
Ha C/ly4aliHbIX AAHHbIX, MOXHO YBMAETb Ha pucyHke 3.7. MpeactasneHo Bpema (nokasatenb time) pabotobl an-
roputma 25 «Pok3ak Hemxaysepa—YibMaHa» U MaKCMManbHbIA pa3smep MHOMKECTBA YaCTUUYHbIX peleHnit (no-
KasaTesb ParetoS) B 3aBUCMMOCTU OT 1. — YWUCNA NPEAMETOB A5 PHOK3aKa.
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Anroputm 28 «YnakoBKa»: guHamMmmn4yeckoe nporpammmpoBaHune
def PackingDynP(A):

m, n = A.shape
X=[( zeros(n, int), #peweHue
zeros(m, int), #nokpeimue
0 )] #ipasmep nokpeimus
for j in xrange(n):
Sj = get_column(j)
for sol, cov, size in X[:]:
newcov = cov+Sj
if max(newcov) <= 1:
newsol = copy(sol)
newsol[j] = 1
X.append( (
newsol,
newcov,
size + 1) )

return get_optimal set(X)

PaboTa anroputma nokasaHa Ha puc. 3.2.
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Anroputm 29 [InHamun4yeckoe nporpammmpoBaHme ana «SAT»

def SatDynP(cnf):
size = 0 #cyemyuk BeinoaHsaAwwux KHO® HabopoB
n = cnf.numVariables() #u4ucsno nepemeHHbix 6 KHO
T = {cnf.getEmptySetOfClauses(): SetOfLiterals([])}
for k, dummy in enumerate(cnf): # yuka no cnoam

S = {} # HOBbIli cnoli He3aBucumbix MHOXecmB
for j, C in enumerate(cnf): # yukn no ckobkam
for t in T: # yukn no HezaBucumeim mHOxecmBam
if j not in t: # ecnu ckobku B8 mHoxecmBe Hem
s=t+3 # 0obabnaem eé Kk mHoxecmBy
if s not in S: #6 cnoe S Hem makoz2o mHoxecBa?
lit = copy(T[t]) #Hacnedyem numepansl uz t
for x in C: # 0nAa kaxdozo numepana 6 C
ok = -x not in lit # x coBmecmeHn c dpyaumu?
if not ok:
break
lit.add(x)
if ok and len(lit) > len(T[t]):
S[s] = 1lit # 0a, s — He3aBucumoe

size += 2**(n - len(lit)) * (-1)**k
T=5

return size

CNF = (z9 Va3 VT1) A (23 VT3) A (z1 VT3) A (21 V xo V 2q)

k size T
0 0 :{3
1 12 {Co}:i{xg, @3, 71}, {Cg}:{wy,®g, 24}, {C1}: {23, T2} {Co}: {wy, @3}
2 1 {C2,C3}:{zy, w3, 2q,T3}
3 11
end 11
11 < 2% 5 KHO BbinoAHMM.
CNF = (23 V@3) A (21 VT3) A (T3 V Fq) A (w9 V 23)
Kk size T
0 0 :{3
1 8 {Co}:{x3,@a}, {C3}:{xa, 23}, {C1}: {w1,T3},{Ca}:{Z3. 71}
2 8
3 8
end 8

8 = 23 — KH® HesbInoAHUMa,
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hasa 4

BEpOf-ITHOCTHbIe dJIfOPpUTMbl U UX aHA/NTIU3

4.1 BepoATHOCTHAA NPOBEpPKa TOXKAECTB

OAMH 13 nepBbiX NPUMEPOB BEPOATHOCTHbLIX aAropuTMoB, 6onee 3pPeKTUBHbIX, YEM AETEPMUHUPOBAHHDIE,
6bin NpegnoxkeH GpeliBangom ANsA 3a4a4M NPoBEPKN maTpudyHoro paseHctBa AB = C' (cm. [ 1.

OBbIYHbIN 4ETEPMUHMUPOBAHHbIN aNTOPUTM 3aKNHOYAETCA B MEPEMHOMKEHMM MaTpuL, A n B u cpaBHeHUu pe-
synbtata ¢ C. CI0XHOCTb Takoro anroputma ectb O(n3) npu MCNONb30BaHUM CTaHAAPTHOIO aArOPUTMa YMHO-
KeHua matpuy, pasmepa n X n u O(n*37%) npu ncnonb3osaHUmM Nyylwero U3 U3BECTHBIX BbICTPbIX aIFOPUTMOB
MaTPUYHOTO YMHOXeHUA [ ].

BepoATHOCTHbIN anroputm dpeiiBanga ans 3Tol 3agadum umeet cnoxHocTb O(n?) n 3aknoyaeTcs B yMHO-
KEHUW NIEBOI M NPaBOW YacTel Ha ClyyaiiHbli bynes BekTop X = (z1, ..., T,) C NOCNEAYIOLUM CPAaBHEHUEM
NoJIyYeHHbIX BeKTOpoB. AnropuTm BbigaeT oteeT, uTto AB = (', echm ABx = C'z, v ABNsSieTcA airOPUTMOM C 04-

161
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HOCTOPOHHEM OLWMNBKON, T. €. OlIMbaeTCA TONIbKO A1A Cly4aeB HEPABEHCTBA — JIErKO BUAETb, YTO €C/IN aITOPUTM
coobLLaeT, YTO TOXKAECTBO He BbINOAHEHO, To Beerga AB # C.
Mpwu sTom A B Bbluncnsetcs Kak A(Bx), uto n o6ecneunBaeT oLeHKy CnoxHocTv anroputma O(n?).
Cnepnytowasn Teopema obecneynmBaeT KOPPEKTHOCTb ANTOPUTMA.

Teopema 13. [Tlycme A, B, u C' — n X n Mampuybl, 31emMeHmMbl KOMopbIX MPUHAGAEHAM HEKOMOPOMY 00
F, npuyem AB # C. To20a 0515 sekmopa x, 8bI6paHHO20 cryyaliHo u pagHomepHo uz {0, 1}",

P{ABx = Cz} <1/2.

Hokazamenscmeo. MNyctb D = AB — C'. Mbl 3Haem, 4To [D — He NOAHOCTbO HyNeBan MaTpu1La U XOTUM OLie-
HUTb BEPOATHOCTb Toro, 4to DX = (. be3 orpaHMyYeHnsa 0bLWHOCTU MOMKHO CYMTaTb, YTO HEHYNEBbIE 3/IEMEHTDI
MMeOTCA B MepBOM CTPOKE M OHUM pacnonaratoTca nepes HynesbiMu. MNycTb d — BEKTOP, paBHbI NEPBON CTPOKE
MaTpuubl D, n npeanonoXunm, 4to nepsble k anemeHToB B d — HeHynesble. imeem

P{Dx = 0} < P{d"x = 0}.

Ho d”x = 0 Torga 1 TonbKo Toraa, Koraa

k
- Zi:Q diw;
T = —===__
dy
[na Kaxpgoro Bbibopa o, ..., T, NPaBas YacCTb 3TOr0 PaBeHCTBa GUKCUMPOBAHA M PaBHa HEKOTOPOMY 3/1EMEHTY

v nons F. BepoATHOCTb TOro, YTO 'y PaBHO v, HE NPEBOCXOAUT %, MOCKONbKY X1 PAaBHOMEPHO pacnpeseseHo
Ha AaByxanemeHTHom MHoxecTse {0, 1}, a BepoaTHocTb cobbitna dXx = 0 1mbo pasHa %, €Ccnun NpaBasn 4YacTb
npuHagnexut mHoxectsy {0, 1}, ninbo paBHa HyNtO B NPOTUBHOM C/yyae. ]
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Knaccnyecknum nprmepom 3agaun, rae BepOATHOCTHbIE aATOPUTMbI TPAANLMOHHO YCMELWHO NPUMEHAIOTCA,
ABNAETCA 3a43a4a NPOBEPKMN TOXKAECTB A1 MHOTO4Y/1IeHa OT MHOTUX NepeMeHHbIX.

3apava 17. lIposepums 05 3a0aHHo20 roauHoma P(xy, ..., x,)eeinonHeHue moxdecmea P(xy, ..., x,)
0.

Cnepaytowan nemma (cm. | 1), no cyTn, onucbiBaeT BEPOATHOCTHbIN anropuTm MoHTe—Kapio c oaHocTo-
POHHEN OWMOKON.

Nemma 14. lycmo Q(z1, ..., x,) — MHO2047€H OM MHO2UX repemeHHbIx cmeneHu d Had noaem F' u nycme
S C F — npou3ssonbHoe noOmHoxecmso. Ecaury, ...,r, 8616paHbI CAy4aliHO, HE3a8UCUMO U paBHOMEPHO U3
S, mo

d

P(Q(r1, -..,mn) =0|Q(x1, ...,x,) #£0) < m
Jokaszamenscmeo. 10 MHAYKUUK MO N.
BasucHbIii cnyyait n = 1 BKAOYAET NOAMHOMBI OT O4HOM NepemeHHoM (1) cteneHm d. MOCKONbKY Kaxaplii
TaKol NONIMHOM UMeeT He 6onee d KopHel, BePOATHOCTb TOro, uto (Q(r1) = 0 He NnpeBoCXoAUT ‘%'.
MycTb TeNepb NPeAnoNoKeHne MHAYKLMN BEPHO A1 BCEX MOJIMHOMOB, 3aBUCALLMX OT He bonee n — 1 ne-
PEMEHHOMN.

PaccmoTpum noanHom Q(z1, ..., T,) U PasnoxKUM ero no nepemeHHom x:

k
Q(xla axn):ZxZIQz(x% -~~7xn)7
=0

roe k < d — Hanbonbluasa cteneHb 1 B ().
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Mpeanonaras, uto (Q 3aBUcUT OT T, UMmeem k > 0, n koadduumenT npu %, Qr(z2, ..., T,) He paBeH TOX-
OEeCTBEHHO HyNt0. PaccmoTpum ABe BO3MOXKHOCTU.

Nepsasa — Qk(r2, ...,7,) = 0. 3ameTnm, 4To cTeneHb )y, He NpeBocxoauT d — k, U NO NPeAnONOKEHMNIO
WMHAYKLUMU BEPOATHOCTb 3TOr0 CObbITUA HE NPEBOCXOANT (d‘;f).
Bropasa — Qi (72, ...,7r,) # 0. PaccmMoTpum cnefyiowwnii NOAMHOM OT OAHOW NepemeHHOM:

k

q(x1) = Q(z1, 79,73, -..,Ty) = ZQZ‘(TQ, T

=0

MonnHom ¢(z1) MMeeT cTeneHb k 1 He paBeH TOXAECTBEHHO HY/IIO, T.K. KoabduumeHT npn 2% ectb Q1 (1, ..., 7T5).
BasoBbIl cnyyan MHAYKUWM A3ET, YTO BEPOATHOCTb CObbITHA

q(r1) = Q(ri,ra, ...,1m) =0

HE npesBocxoaunT ‘—];| .

Mbl iOKa3ann ABa HEPaABEHCTBaA:

d—Fk
P{Qk(r% v arn> = O} S |T>
k
P{Q(Tl,”f’g, cee 7rn> = O’ Qk(/rQ) cee ,Tn> 7é O} S ﬁ
Wcnonb3ays pesynbTaT ynpaxHeHus 4.1.1, mbl nonyyaem, YTo BEPOATHOCTb cobbITuA (11,72, ..., 7,) = 0 He

NPEeBOCXOAUT CyMMbl BYX BeposaTHocTel (d — k)/|S| v k/|S|, uTo paet B cymme xenaemoe d/|S|.
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YnpaxHeHue 4.1.1. MMoKaxkute, 4to Ana nobbix ABYX cobbiTnin F, Fs,

P{E,} < P{E\| E;} + P{E,}.

YnpaxHeHue 4.1.2. imeeTca nxn MaTpuua A, s1eMeHTamMm1 KOTOPOI ABNAIOTCA IMHENHbIe GYHKUMN f;;(x) = a;;x + b;j.

Mpuaymaiite anroputm MoHTe-Kapno ¢ 0o4HOCTOPOHHEN OWNBKOM ANA MPOBEPKM 3TOM MaTPULLbl HA BbIPOXK-
AeHHocTb (det A = 0).

OOHOM U3 MHOTOYMCAEHHbIX 0bnacTel, rae WUPOKO NPUMEHSIIOTCA BEPOATHOCTHbIE a/IFOPUTMbI, ABAAKOT-
€A MapannesnbHble U pacnpeaenieHHble BblYUCAeHUA. IghheKmusHbIM rnapasnensHoim anroputmom (unm NC-
as120pUMMOM) Ha3bIBAETCA a/IFOPUTM, KOTOPbIM Ha MHoronpoueccopHo RAM (Tak HasbiBaemon PRAM) ¢ unc-
JIOM NPOLECCOpPOB, He NPEBOCXOAALLMM HEKOTOPOro NOIMHOMA OT A/IMHbI BXOA4a, 3aBepLuaeT paboTy 3a Bpems,
OrpaHNYeHHOE NOJIMHOMOM OT NorapMdpma ANNHbI BXoAa.

MocTtpoeHne 3¢ dEKTUBHOrO AETEePMUHUPOBAHHOIO NapannenbHoro aaroputma (NC-anroputma) ans Ha-
XOXAEHUA MaKCUMa/IbHOTO NMapoCoYeTaHMA B ABYA0/1IbHOM rpade ABAAETCA O4HOMN U3 OCHOBHbIX OTKPbITbIX MPO-
61em B TEOPUM NapanieNbHbIX aArOpPUTMOB. Y4an0Cb, 0AHAKO, MOCTPOUTb 3G EKTUBHBIN NAapanienbHbI BEpO-
ATHOCTHbIW a/ITOPUTM HaXOXKAEHMA MAaKCMMaNbHOro MapocoyeTaHUA B ABYAONbHOM rpade (Tak HasbiBaeMbli
RNC-anroputm) [ ]. Mpumepbl NpUMeHeHMA BEPOATHOCTHbIX a/IFOPUTMOB A5 NOCTPOEHUA IPDEKTUBHbIX
napanienbHbIX U pacnpeseneHHbIX aIfoPUTMOB PacCMaTpPUBalOTCA B pasgene 4.3.
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4.2 BepoATHOCTHble MeToAbl
B NepeyncamnTenbHbIX 3aga4ax

B AaHHOM pa3gene Mbl PACCMOTPUM NEPEUYNCNTENbHBIE 33434N U U3YYUM, KaK BEPOATHOCTHbIE METOAbl MOTYyT
6bITb NPMMEHEHDI ANA PeLleHMA TaKnX 3a4ay.

ANropuTm gns pelleHuA NepeyncamTe/IbHOM 334341 NOAYyYaeT Ha BXOA, KOHKPETHbIE BXOAHbIE AaHHble pac-
CMaTpMBaemol 3a4a4m (Hanpumep, rpad) 1 B KauecTBe BbIX0Aa BblAAET HEOTPULATENBHOE LieNI0e, ABAAOLLEeecs
YMCNOM peLleHn 3a4a4m (Hanpumep, YNC0 FAMUABTOHOBbIX LMKNOB B rpade UM YMCI0 COBEPLLEHHbIX Napo-
COYeTaHuM).

NMycTb Z — HeKkoTOpas nepeyncauTenbHas 3adava, | — Bxog 3agaun. MNyctb ganee #(1) o6o3HavaeT uncno
Pa3/IYHbIX pelleHnit gaa exoda | 3agaum Z.

Onpepgenenue 4.2.1. [lycmeo

Z — nepequcnumesnbHaAa 300a4a.

I —ex0d0naZ,n=|I|

#(1) — yucno pasznuyHeix peweHuli 015 8xo0a I 3ad0ayu Z.

e >0 — napamemp moyHocmu.

Beposam+ocmHelil anzopumm A(l,c) — noauHomMuanbHas paHOOMU3UPOBAHHAA AMMPOKCUMAYUOHHAS
cxema, ecsu 8pems e2o0 pabomel 02pAHUYEHO MOAUHOMOM Oom n, U

PI(L—e)#(I) < A(l,e) < (1+e)#(1)] >

>
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Onpepenenne 4.2.2. [1oAHOCMbIO NOAUHOMUAALHOU paHOOMU3UPOBAHHOU annpoKcumayuoHHoli cxemoli (FPRAS)
Ha3bI8aeMCcA NMoAUHOMUAbHAA PAHOOMU3UPOBAHHAA ANMMPOKCUMAUUOHHAA cxemMd, 8pemMs pabomesl Komopoli
02paHuYyeHo noauHomom omn u 1/e.

Onpegenenune 4.2.3. lNoaHOCMbIO NOAUHOMUAALHOU PAHOOMU3UPOBAHHOU annpoKcumayuoHHoli cxemoli ¢ na-
pamempamu (<, 9) (uau kpamko (g, 0)-FPR.AS) dna nepeyucanumensHoli 3a0a4u Z Ha3bI8aemcs M0AHOCMbHO
MOAUHOMUGAAbHAA PAHOOMU3UPOBAHHAA ANMPOKCUMAUUOHHAA CXemMa, Komopas Ha Kaxdom exode I ebivyucnsa-
em e-annpokcumayuto 011 #(1) ¢ seposmHocmeto He meHee 1 — § 3a epems, nonuHomuasasHoe om n, 1/
ulogl/s.

PaccmoTpum Tenepb O4HY NePeYncnnTeNbHyo 3a4a4y.

3apaval8. f(z1, ...,z,) = C1V ...VC,, — 6ynesa popmysna 8 du3bloHKMUBHOU HopmaneHol popme (AHSD),
20e kax0asA ckobka C; ecmb KOHBIOHKYUA Ly N\ ... A\ Ly, k; numepanos (cm. onpedeneHue 3.3.1 «/lumepan»).

Habop v = (vy, ...,v,) — ebinoauaowuli 0na f, ecau f(vy, ..., v,) = L.

Halimu yucno ebinoaHaowux Habopos 014 0aHHol AH®.
Myctb

V' — MHOecTBO BCex ABOUYHbIX HA6OPOB ANMHbI M.

(G — MHOecCTBO BbINO/HAKOLMX HabOpPOB.

PaccMOTPVM anropuTM, OCHOBaHHbII Ha CTaHAAPTHOM MeToze MoHTe-Kap/o, 1 MOKaxeMm, YTO OH He ABNA-
etca (¢,6)-FPR.AS pna stol 3apaum.

1. Nposeaem N He3aBUCUMbIX UCMbITAaHUN:
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* BblbUpaeTca cnyyanmHo v € V' (B COOTBETCTBUM C PaBHOMEPHbIM pacnpeaeneHnem);

161

e y; = f(v;). 3ameTum, uto P{y; = 1} = v

O603HaYMM 3Ty BEPOATHOCTb Yepes p.

o N
2. PaccmMOTpMM CyMMY HE3aBUCHUMBbIX Cly4aiiHbIX BeMunH Y = > " ;. B kauecTBe annpokcumaumu |G|
BO3bMEM Be/IMYNHY

~ Y
G==—|V|
N
YnpaxkHeHue 4.2.1. loyemy y; He3aBMCMMbIE CNyYaliHble BENNYUHDBI?

Bocnonb3yemcs cneaytouiein 1eMmon.

Nemma 15. Mycmeo x4, ..., x, — He3asucumele cay4yaliHble 8enu4UHbl, MaxKue, Ymo x; NPUHUMAOmM 3Ha4yeHUs
0,L,uP{z; =1} =p, P{lr; =0} =1—p. To2daona X = >  x; u0nanobozo () < § < 1, 8binonHeHo
HepaseHCcmMe0

P{|X —EX|>§EX} < 2exp{—(0*/3)EX}.

[10Ka3aTenbCTBO IEMMbl U3/10XKEHO B [ ].
OueHMM BEPOATHOCTb TOrO, YTO anMPOKCMMaLLMA XOPOoLLan:

P{(1-2)|G| <G < (1+e)|G]} =

—e(1 -9 <y <o) -

—P{(1—-c)Np<Y < (1+)Np}.
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NpumeHAA HepaBeHCTBA U3 IEMMbI, MOJyYaeMm:
P{(1—-2)|G| <G <(1+¢)|G|} >1—2exp{—(c /3)Np}.

MoTpebyem, UTobbI 3Ta BEPOATHOCTb XOPOLIEN annNpPoKCcMMmauum boina > 1 — §, Toraa noayYnum

N
2exp{—6 3 p} <0,

2 N
S<exp{€3p},

13 2
N>—-——lIn-.
pe2 o

Moyemy nonyYeHHas OLLEHKA He CTO/b Xopowa? MoToMy YTO p MOXKET BbITb 3KCMOHEHLMANbHO Mano (Hanpu-
Mep, ecan GyHKUMA paBHa 1 avb B OAHOM TOYKE), U TOrAa YUC/I0o Tpebyembix Wwaros 6yaeT sKCNoOHeHUManbHO
BE/INKO.

MoKarkeM, KaK MCNONb30BaTb 3TOT XKe METOA He HanpPAMYI0, @ NOC/1e HEKOTOPON MoandUKaumMm 33434 ([ 1.

PaccmoTpum 6onee obuyyto (Mo cpaBHEHUIO € 3aZa4elt 0 YMCAe BbIMOMHAKLWNX HABOPOB) 3aaauy.

3apaua 19. Mlycme V' — KoHeYHoe MHoxecmao, u umeemcsa m e2o noomHoxecms Hq, ..., H,, C V, yooene-
MeopAWUX CAEO0YHUWUM YCA08UAM:

1. Vi |H;| sblqucaumo 3a nonuHomuasnsHoe spems.

2. Vi 803MOMHO 8bI6pame cay4aliHo u pasHoMepHo 3nemeHm u3 H;.
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?
3. Yv € V 3a nonuHomuansHoe spems npogepsemo «v € H;».

Paccmompum obveduHeHue H = H; U ... U H,,. Hado oyeHums e20 mowjHocme |H |.

CBA3b C UCXOAHOW 3aaa4en 18:
«V'»: 6a3oBoe MHOXecTBO V' COCTOMT U3 BCex A BOMYHbIX HABOPOB AJ/IMHbI 7.
«H»: H; ={v eV :C;(v) =1}, T.e. coctout us scex Habopos, Ha KoTopbix ckobka C; paBHa 1 (BbinonHeHa).

Ycnosue (1): MycTtb r; — ymcno nutepanos 8 C;, Toraa:

Ycnosue (2): CnyuyaiHas BbibopKa anemeHTa us H; — 3apumKcmpoBaTtb nepemeHHble 13 C;, a OCTasbHble nepe-
MEHHble BblbpaTb cayyYamHo.

Ycnosue (3): Bblumcauts C;(v), T. e. NpoBepKa, YTo HekoTopoe v € V' npuHaanexut H;, 3KBUBaNeHTHO Npo-
BEpPKe BbIMNOJIHUMOCTN CKOOKM (KOHBIOHKLWM) Ha AaHHOM Habope.

Npaen, no3sonatolLas NpeanoxKntb Ana paccmaTpmusaemont 3agaun FPRAS, npocta. Mbl onpegenvm ot-
HOCUTEeNbHO HEBObLIOM YHMBEPCYM, MOAMHOMXKECTBOM KoToporo byaetr H = Hy U ... U H,,. YHnsepcym U
obpasyeTca n3 Touek H, npuyem Touka 6epeTca ¢ KPaTHOCTbO, PAaBHOM YMCY MHOXKeCTB H;, KOTOPbIM OHa Npu-
Hagnexut. Torga

m 1 m 1
U = Hz > |H|l > — Hz — [7’
| ‘ ;:1:| ‘—l ’—mz§:1| ‘ m‘ ’
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DNF = (.Tg'fz;‘fl)\/(l’l'33'4)\/(.%4'?2)\/(1'3'334‘52)\/(3’)3‘52)

B MEPEYNC/TNTE/IbHbIX 3AJAYAX

Ty T T3 T4 Cl 02 Cg C4 C5 ,ﬂ,HcD
1 0 0 O

0O 1 0 o0

1 1 0 O . .
O 0 1 o m . U 1
1 0 1 O . | 1
O 1 1 o m 1
1 1 1 O . .
0O 0 0 1 . | 1
1 0 0 1 B [ 1
O 1 0 1 . .
1 1 0 1 ] . 1
O 0 1 1 " 0 [ 1
1 0 1 1 B 0 0O 0O 1
o 1 1 1 . .
1 1 1 1 | 1

Mo BepTMKanu — GUHapHbIe Habopbl v.

U = {(v,1)| v € H;}, anemeHTbl COOTBETCTBYIOT KBafpaTukam Ha pucyHke. |U| = > " |H;| > |H]|.

cov(v) = {(v,4)| (v,i) € U} (KBapapaTUKu Ha cTpouke v), cov(v) < m.

U = Uyegcov(v), U] =>" . |cov(v)].

171
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n K U MOXKHO NPUMEHATb CTaHAapTHbIN anroputm MoHTe-Kapno.

KoHKpeTHO ana Hawei 3agaun 18 « DNF#» onpeaenenma n unntoctpauma mHoxects U n H noKasaHbl Ha
puc. 4.1. Hawa uenb Tenepb 3akNtovaeTca B oueHke mowHoctn G C U, ana yero mbl npumeHsaem metog, MoHTe-
Kapno kK mHoxecTBy U':

1. Bbibupaem cnyyaiiHo 1 paBHomepHo u = (v, 1) € U:

(a) Bbibepem 7, 1 < i < m c BEPOATHOCTbIO ] __Hil ;
|U| Zi:l ‘Hz‘

(b) BbIBUMpaeTcs cnyyaliHO M paBHOMEpPHO v € H.

2. y; = 1npuv € G, nHave y; = 0.
3.V = sz\il Yi-
4. G = X|U|.
Teopema 14. Memod MoHme-Kapsio daem (e, 9)-FPR.AS 0aa oyeHku |G| npu ycnosuu

3m 2
N> —In-.
g2 )
Bpemsa nonuHomuansHo rno N.

Jokazamenscmeo. Bbibop cnyyaliHoro anemeHTa (v, 1) U3 U npoucxoauT pasHomepHo u3 U — ansa fokasa-
TeNbCTBA AOCTAaTOYHO MEPEMHOXKUTb COOTBETCTBYIOLME BEPOATHOCTY.

?
Mposepka (v,4) € G — noanHomuanbHa: Vj < i : Cj(v) = 0.
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M3 nony4YeHHbIX paHee OLEHOK O YMC/Ie UCMbITaHUIN CTaHAapPTHOro metogda MoHTe-Kap/io umeem

13, 2
N> ——In-.
pe? ¢
C Apyroi CTOpPOHbI
Gl 1
U] = leov(v)] <Y m<mlH| =m|G|=p=1— > —.
veH veH | | m
I'IonyqaeM, YTO AOCTAaTO4YHOE YNC/0 MUCNbITaHN:
3m 2
N>""InZ
ez

Takum 06pa3om, OMUCaHHbIV MeToZ annpoKkcumaumm aaert (&, 0)-FPR.AS pna oueHKU yucna BbINONHSALO-
wmx Habopos ans noboit AHO.
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PRAS

Onpepnenenn:/ FPRAS
\_ &, 6-FPRAS

J Ons mHoXecTBa Bcex Haboy

MopcyeT Yncna
BbIMOJIHAOLLNX
Habopos ansa [OH(

MmeTon MoHTe-Kap)
{ V" [ns BbI6OpKU G 13

Puc. 4.2: Kapta-namaTka pasaena 4.2.0

4.3 BepoOATHOCTHblIE MeToAbl
B NapannenbHbIX BbIYUCNEHUAX

4.3.1 MaKcMmanbHOe Mo BKAOYEHUIO He3aBUCUMOE MHOXeCTBO B rpade
Mop,enu napannenbHbIX BblYUCNAECHUM

B nuTepatype npm onMcaHMun NapanienbHbIX aJIFOPUTMOB Yalle BCErO MCNO/b3YIOTCA Napas/ieibHble MaLINHbI
C NPOM3BOAbHbIM A0CTYNOM K NamaATu — PRAM (Parallel Random Access Machine).

Bnarogaps abcTparMpoBaHMo OT MHOIMX crneundruyeckmx 0cobeHHOCTEN NapanneNbHbIX apXUTEKTYP, MO-
nenb PRAM nossonaeT fOCTaTOMHO NPOCTO PeanM30BbIBaTb NapaanenbHble aArOPUTMbl, HE OTBIEKAACH HA TeX-
HUYeCKMe AeTann, BO3HUKaLWme npu paboTe ¢ peanbHbIMU NapannenbHbIMU apXUTEKTYPaMM.
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PRAM cocTouT U3 p naeHTu4Hbix RAM(noapobHee o mogenn RAM HanucaHo B pasgene 1.2.1), HasbiBaeMbix

B NAPA/IJIE/IBHbBIX BbIYNC/IEHUAX

npoueccopamu, umerowmx obLyto namaTb (cm. puc. 4.3).

Mpoueccopbl paboTatoT CUHXPOHHO, U KaXKAbIN U3 HUX MOXKET NepenmncbiBaTb B CBOM CYMMATOP COAEPHKMUMOE
nobol Avenkn namatn. KomaHabl 04HOALPECHbIE, TOKAIBHOW MaMATU AaHHbIX HET, 32 UCKNIOYEHMEM OAHOTO
CymMmmaTopa B Kaxaom npoueccope. Kaxaplit npoueccop paboTaeT no cBoei nporpamme, XpaHUMOM B cneum-
aNbHOM NoKanbHOM NamaTn. B PRAM nmeeTca ogHa obLuana 4s1a BCEX MPOLECCOPOB BXOAHAN /IEHTA, U KaxKAabli

npoueccop Mmeet CBOKO BbIXOAHYIO NNIEHTY.

PRAM

Nporpamma

N
R

| a3fensgemas HeorpaHWYeHHas NamaThb.

Puc. 4.3: PRAM — Parallel Random Access Machine

BbluncneHue npon3soanTcA CMHXPOHHO BCEMMU NnpoLeccopamun, Ha4nHaA C HepBOVI KOMaHAbl. BbluncneHue
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3aKaHYMBAETCA NOC/Ae TOro, KaK KaxAbli Npoueccop 3aBepLlimT cBoto paboTy (BbINOAHUT KomaHay HALT). Pe-
3y/IbTaTOM BblYMCNEHUNA cuMTaeTcA Habop 13 p NnocnefoBaTeIbHOCTEN YNCEN HA BbIXOAHbIX IEHTaX.

Mpoueccopbl MOTYT MUCATb B NAaMATb M YNTATb U3 NAaMATU HE3aBMCUMO ApYr OT Apyra. OrpaHuyeHnem ABAA-
€TCA N1LWb BO3MOXHOCTb NNUCATb UM YMTaATb U3 OHOM AYENKN ONA HECKONbKUX NpoLeccopoB. PasanyaioT Tpu
TMna PRAM B 3aBUCMMOCTU OT TOTO, YTO NPOMUCXOANT, KOr4a HECKO/IbKO NPOLLECCOPOB OA4HOBPEMEHHO obpalla-
IOTCS K O4HOM fAYelike NamaTU:

EREW PRAM: exclusive read/exclusive write — camas cnabaa mogenb, NpoLeccopbl MOryT YATaTb OAHOBPEMEH-
HO TONbKO U3 Pa3HbIX AYEEK M NMUCaTb B Pa3Hble AYENKM NAMATH.

CREW PRAM: concurrent read/exclusive write — HeCKO/NIbKMM MpoLLeccopam paspellaeTca oAHOBpeMeHHoe
YTeHWe U3 OA4HOM AYEMKN NaMATU, HO 3aNpPeLLAETCA O4HOBPEMEHHAA 3aNnCb B O4HY AYENKY NAMATH.

CRCW PRAM: concurrent read/concurrent write — Hanbonee cunbHaa MoAeNb, pa3peLlaeTca KaKk napannesb-
HO€ CYMUTbIBAHNE N3 O4HON AYENKN HECKONBbKMMM NPOLLECCOPaMM, TaK M NapannesbHasa 3anmcb HECKO/b-
KMMM NpoLeccopammn B ogHy AYenKy. MNpn 3Tom B 3aBMCMMOCTM OT paspelleHna KoHGAMKTa No 3anucu
B AYENKY BblaenatoT cnegytowme tunobl CRCW PRAM:

WEAK CRCW PRAM — HeCKONbKO NPoLeccopoB MOryT 3aNUCbIBaTb B OAHY AYENKY TONbKO uncno 0.

COMMON CRCW PRAM — HeCKONbKO NpOLECcCOpoB MOFYT 3anucCbiBaTh B 0A4HY AYENKY TONbKO OAMHa-
KOBOE 4Mcno, obuee ans BCeEX NPOLLECCOPOB.

ARBITRARY CRCW PRAM — HeCKO/MbKO NPOLLECCOPOB MOTYT 3aNMCbIBaTb B O4HY AYENKY pasHble YMcha,
a COAEPKUMOE AYENKM CTAHOBUTCA O4HUM U3 3TUX YMUCEN, HO HE M3BECTHO KAaKUM.

PRIORITY CRCW PRAM — pe3y/nbTaToOM 3anuncu B A4EnKy ABNAETCA 3Ha4YeHWe, NOCTyNMBLIee OT npouec-
copa ¢ 601bWMM HOMEPOM.
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STRONG CRCW PRAM — pe3ynbTaTOM 3anncK B AYEKY ABNAETCA MAaKCMMAIbHOE 3HAYeHMe, NOCTyNnmB-
Lee OT NPOoLeCcCOopOoB.

3ameTum, 4TO NpU peanunsaumm aaropuTMOoB 1A BblllenepevyncaeHHbix mogene PRAM Ha peanbHbIX KOM-
nbloTepax, NPMUXOANTCA MCNOAb30BATb PA3/IMYHbIE NPOrPaMMHbIE AW annapaTHble MexaHM3mbl obecneyeHun
CUHXPOHM3aLMMN, TAKNE, KaK pa3ndyHble BUAbl cemagopos (semaphors, mutexes).

M xoTa Ha nepBbI B3rNA4 CAMOMN NPOCTON ANA peannsaumnm MoxeT nokasatbea mogens CRCW PRAM, otme-
TMM, YTO 3TO He TaK — Be/lb 3TO TOJIbKO Ka*KETCS, YTO €C/IN K NamMATU MOXKHO NOAY4YnUTb A0CTYN 6€3 orpaHnYeHunn,
TO CMHXPOHM3aUMA K He TpebyeTtca. A ana peanusauumm, Hambonee NpPocTol oKasbiBaeTca moaens EREW PRAM,
KOTOopan npeAnosaraeT, No CyTWU, TONIbKO NocieaoBaTeNbHy0 06paboTKy pasaensiemblx AaHHbIX.

[asaiite nosHakomumca ¢ EREW PRAM-anropntmom ana ogHom 13 3agad Ha rpadax.

EREW PRAM-anropvUtm ans NOMCKa MaKCUMAJIbHOro He3aBUCMMOTO MHOXKecTBa B rpade

CHavana gagvm napy onpeaeneHui.

Onpegenenue 4.3.1. [Tycme G = (V, E') — HeopueHmuposaHHsili epag ¢ n 8epwuHamu u m pebpamu.
ModmHomecmeo gepwiuH I C V Hazvisaemcsa He3asucumobim 8 (G, ecsu HUKakoe pebpo u3 I He cooepxcum
0b6e c80UX KOHEYHbIX 8epUIUHbI 8 1.

Onpepgenenue 4.3.2. He3zasucumoe MHO¥ecmso I Ha36180€MCA MAKCUMAbHLIM MO 8KAKOYEHUIO', €C/1U OHO
He codepxcumcsA 8 Kayecmae cobcmeeHH020 NoOMHOXecmaa 8 Opy2omM He3asucuMom noomHoxecmse 8 (5.

3afiaya HaxoKAEHWUA MaKCUMAsIbHOTO MO MOLLLHOCTM He3aBUCMMOro mHoxectsa N P-TpyaHa.
OfHaKo ANA HAaXOXAEHUA MAKCUMMaIbHOTO MO BK/IIOYEHUIO HE33aBUCMMOTO MHOXEeCTBa CyLLeCTBYeT TPUBK-
a/bHbIN NocnefoBaTebHbIN anroputm 30 ¢ BpemMeHHOW cnoHocTbio O(n).

B aHrnonAsbiuHOM AanTepatype — Maximal Independent Set.
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Anroputm 30 Anroputm MIS-Greedy

def greedyMIS(G):

I = set([])

while G.number_of_nodes() > 0: # yuka O(n)

n = G.nodes()[9]

I.add(n)

for s in G.neighbors(n):

G.remove _node(s)
G.remove_node(n)

return I

# 0obabnaem nepByn
# nonaBuytca BepuuHy
# ydanaem cocedel

# U ucxoOHyw BepuiuHy
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Nemma 16. KadHeil anzopumm 30 8bi0aem MAKCUMAIbHOE M0 BKAYEHUK HE3a8UCUMOE MHOXEeCmMao U ume-
em cnoxHocme O(n) npu ycaosuu, Ymo epacg Ha 8xo0 nodaemcs 8 8ude CruCKa CMEHHOCMU.

Mpobnema 3akNo4aeTCA B TOM, YTOObI NOCTPOUTL 3G DEKTUBHbBIN NapannenbHbI aITOPUTM /15 3TOM 3a4a4u.

Onpepenenue 4.3.3. [lycme S — nodMHoxecmeo sepuwiuH, 06o3Ha4um yepes I'(S) mHoxecmeo sepwuH co-
ceoHux c S.

HedopmanbHo, ngea napannenbHoOro anroputma gaa noncka MIS, npeanoxeHHoro B [ ], coctonT B TOM,
YTO Ha KaXK4OoM UTepaLMm HaXOAUTCA HE3aBUCMMOE MHOXKECTBO S, KOTopoe f06aBNAETCA K y»Ke NOCTPOEHHOMY
I,a SUT(S) yaansetca us rpada.

YT106bI YMCNO UTEPALMIA BbINO HEOBONBLLUMM, HE3AaBUCMMOE MHOXECTBO S AO0/IKHO BbITb TaKUM, 4YTObbI S U
['(S) 6b1n0 6onbwNM.

Hanpsmyto aToro gobutbca TpyaHo, HO Mbl Aobusaemca Toro ke apdeKTa, AOKa3bIBas, YTO YMcno pebep,
MHUMAeHTHbIX S U I'(S), coctaBnseT 3HauMTeNbHYO 4010 OcTatowumxcs pebep.

[na peannsauunm sTo naeu mol Bbibnpaem 6onbluoe cnyyariHoe MHoxecTBo BeplwmH R C V. ManosepoAT-
HO, YTo IR 6yaeT He3aBMUCMMbIM, HO, C APYFrOii CTOPOHbI, UMEeTCA HEMHOro pebep, 06a KOHL,A KOTOPbIX NPUHAA-
nexart R. Qns nonyyeHUAa HE3aBUCMMOIO MHOXKECTBA M3 12 Mbl pacCMOTPUM TaKkue pebpa M yaanmMm KOHUEBbIe
BEPLUNHbI C MEHbLLEN CTENEHbIO.

ITa naen peannsosaHa B anroputme 31 (BepoATHOCTHbIM NapannesnbHblii anroputm Jlybu HaxoXaeHNA MaK-
CUMa/IbHOTO MO BK/IKOYEHMIO HE3aBUCMMOTO MHOXeCTBa B rpade). NpeanonaraeTcs, YTo KaXKA0W BEPLUMHE U KaxK-
Zfomy pebpy npunucaH ceoii npoueccop. Taknum obpasom, Tpebyemoe uncio npoueccopos ectb O(n+m). Yepes
d(v) o603HauaeTcs cTeneHb BEPLIUHBI v B rpade, T. e. YNCI0 MHLMAEHTHBIX el pebep.

YnpaxHeHue 4.3.1. MMoKaXKnTe, UTO KaxKaas UTepaLma anropuTMa MoKeT BbiTb peanvsoBaHa 3a Bpemsa O(logn)
Ha mozenn EREW PRAM c (n 4+ m) npoueccopamu.
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Anroputm 31 Anroputm «Parallel MIS»
Bxog: Tpad G = (V, E).
I+ 0
while V # () do
forall v € V (napannensHo) do
if d(v) = 0 then
V+—V\{v} I+ ITu{v}
else
marked(v) < 1 ¢ BepoaTHOCTbIO %@)
end if
end for
for all (u,v) € F (napannensHo) do
if marked(v) A marked(u) then
marked(v) < 0 (d(v) < d(u))
end if
end for
forallv € V (napannensHo) do
if marked(v) then
S+ SuU{v}
end if
end for
V «+ V\ (SUT(S)) {n Bce nHumaeHTHbIE pebpa ns E}
I+ IuUuS
end while
Bbixog: MakcmanbHoe-Hesasucumoe I C V.

Llenb AanbHeiwero aHaAM3a NoKasaTb, YTO C/lydaiiHas NomeTKa BepLiMH obecneynsaeT MaTemaTuyecKoe
oXxupaarue uncna ntepaumii O(logn).
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Onpepenenune 4.3.4. BepwuHa v € V Hazbisaemcs xopouleli, ec/iu oHa umeem He MeHee —* d(”)

cmeneHu He 6onee d(v). B npomusHoOm cayyae sepuwiuHa Ha36i8aemca ra0xoll.
GBonee chopmansbHo:

CcoCeOHUX 8epUIUH

« I*(v) = {w € T(v) : d(w) < d(v)};

e v €V — xopowas, ecau |I'*(v)| > 4 )

, U nsaoxaAa e npomueHom csy4ae.

Nemma 17. Mycme v € V' — xopowas sepwuHa cmenexu d(v) > 0. Toeda 8epoamHocme mozo, Ymo HeKomo-
pas sepwuHa w € I'(v) cmaHosumca ommeyeHHoU, He meHowe 1 — exp(—1/6):

P{3w € I'(v) : marked(w) = 1} > 1 — exp (—é) :

Jokazamenscmeo. Kaxpas sepwunHa w € I'(v) nomeyaeTca HE3aBUCMMO C BEPOATHOCTbIO 2d( ()" Mockonbky v
o d
ABNAeTCcA Xopowen, To pasmep ['*(v) (MHOXecTBa cocesieit v CO CTeNeHbO He 6onee d(v)) He meHbLue (”) ,a
KaXKAbli U3 3TUX cOceiem TaKKe ByaeT OTMEYEH C BEPOATHOCTBIO HE MEHEe ( 3 3HauuT, BEPOATHOCTb Pbad, yTOo
HW OfHA M3 3TUX COCEAHUX ¥ BEPLUNH He ByaeT nomeyeHa, He NPeBOCXOAUT

Poug = P{Pw € T'(v) : marked(w) = 1} < H ( w)g

wel (v
1 1 d(v)/3 16
< l——— ) <(1—-— < e P,
. H()( 2d<w>) —< 2d<v>> ="

]
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Nemma 18. Ha Kax0ol umepayuu nomeyeHHas sepuiuHa 8vlbupaemcs 8 S ¢ 8eposMHocmMbio He MeHee 1 /2.

Jokazamensbcmeo. EQNMHCTBEHHAA NPUYMHA TOTO, YTO MOMEYEHHAA BEPLUMHA W CTAHOBUTCA HEMOMEYEHHOM W,
cnepoBaTesibHO, He BbIGpaHHOM B S, ABNAETCA Ha/MuMe coceaHelt NOMeYeHHOM BePLUNHbI CTENEHN He MeHee
d(w). Kaxpan Takasa coceHAA BepLUMHA NOMEYEHA C BEPOATHOCTbIO, HE NPEBbILLAIOLLEN m, M YUCNO TAKUX
COCeZIHUX BEPLUNH HE NPEeBbILIAET, KOHeYHO, d(w).

Takum 06pas3om, BEPOATHOCTb «MNJIOXOro» cobbITMA, YTO NOMEYEHHan BepliMHA He byaeT BbibpaHa B S, He

b6onblie, yem

Pyoa = P{3v € I'(w) : d(v) > d(w) A marked(v)} <

< o € T(w) [ d(o) > dw)}] x 57 <
< o € P} s = dlw) % s = 5

KombuHupya nemmbl 17 n 18, nonyyaem nemmy 19.

Nemma 19. BeposmHOCMb M020, YMo Xopowas eepwiuHa npuHadaexcum mHoxcecmey S U I'(S) He meHbwe,
vem (1 — e~1/6) /2.

OnpegeneHue 4.3.5. Pebpo Ha3bI8aEMCA XOPOWIUM, eC/iu Xoms 6bl 00HA U3 €20 KOHUEBbIX 8epUUH ABAAEMCA
xopowel, uHaye — Aaoxum (€ Ey,q).

®uHaNbHbIN War 3aKN0YaETCA B OLLEHKe Yncna Xxopolumx pebep.
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Nemma 20. B epagpe G = (V, E) yucno xopowux pebep He meHowe, yem |E| /2.

Jokazamenscmeo. MNycTb (g) 0603HaYaeT MHOXECTBO BCEX HEeYMopAA0YEHHbIX Nap M3 MHoxKecTBa L. 0603Ha-
YMM MHOXKECTBO BCex Noxux pebep yepes Fp,q.
Onpegenum oyHKUMO f : Eppq — (23) TaK, YTobbl ANA BCEX €1 # €3 € Fyuq BbinonHeHo f(e1) N f(ez) = (.
OpueHTMpyem Kaxaoe pebpo rpada £ OT BEpLIMHbI MEHbLLIEN CTENEHN B CTOPOHY BEPLUNHbLI Bonbluen cTe-
NeHu (B cyyae paBeHCTBA — NPOU3BOAbHO). MycTb (u — v) € Fpyq.

u —» v Pebpy (v — v) conoctaBum ntobyto napy pebep, BbIXOAALLMX
13 v. To, 4TO TaKasn Napa HaAeTCcA, AOKa3bIBAETCA B yNparkHe-
H1n 4.3.2.

YnpaxHeHue 4.3.2. [loKaxKkunTe, YTo AN5 KNJIOXOM» BEPLUMHbI U YNC/IO BbIXOAALMX U3 Hee pebep, No KpaliHewn
Mepe, BABOE NPEeBOCXOAUT YNC/I0 BXOAALLMX B Hee pebep.

T. €. KaXKA0MY M/I0XOMy pebpy MOXKHO COMOCTaBUTb «INYHYIO» Mapy pebep («MAOXUX» UAN KXOPOLINX» —
HEeBa*KHO, MaBHOe, YTO Kaxaoe pebpo e € F «npuHagnexmt» He bonblie yem ogHOMy nioxomy pebpy, a nap
pebep He 6onblie yem @). Otctoza (v 13 ynpaxHeHus 4.3.2) cnesyer, uTto | Epqq| < @

MOCKONbKY KOHCTaHTHasA Aons pebep MHUMOEHTHA XOPOLIMM BEPLUMHAM, @ XOPOoLLMe BEPLUMHbI YAANAOTCA
C KOHCTAHTHOM BEPOATHOCTbIO, TO MaTEMATUYECKOE OXMUAAHME Yncna pebep, yaaneHHbIX Ha UTepaLuu, CocTas-
NAET KOHCTAHTHYIO AONH0 OT TeKyluero yucna pebep. OTcloaa Nerko cneayeT, YTO MaTeMATUUECKOE OXKuAaHue
uncna utepauuii anropmutma 31 ectb O(log n) (BOKaKMTE 3TO B KAUECTBE YNPAKHEHUSA).

]

Teopema 15. Anzopumm 31 umeem peanusdayuto Ha EREW PRAM c O(n + m) npoyeccopamu, makyro, 4mo
mamemamu4ecKkoe oxcudaHue spemeHU pabomesl ecmso O(Iog2 n).
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Jlokazamenbcmeo. BbiTeKaeT U3 BblLWECKA3aHHOMo W pe3ynbTaTta yrnparkHeHna 4.3.1. O

4.3.2 [pOTOKON BU3AHTUMUCKOrO COrnalleHus
BepoamHocmHbie memoOdbl 8 TocmpoeHuu napan-
gﬂ gg fes1bHbIX U pacripedesneHHbIX an2opummos. 3a0a-
4 m % Ya 0 8U3AGHMULICKUX 2eHepanax. PacrnipedeneHHsili
§ j % 8epoAMHOCMHbIU MPOMOKOA 8U3AHMUUICKO20 CO-
4 - 2A1aWeHuA.

B maHHOM pa3gene mbl pacCMOTPUM Knaccuyeckyto npobiemy Teopun pacnpeseneHHbIX BbIYUCIEHUI O 0-
CTUXKEHUN BU3AHTUINCKOrO cornallueHuns. Mctopmyeckan aHanorua, Aasllas Ha3BaHMe JaHHOMY NMPOTOKOAY, 3a-
KNtoYaeTcs B BblpaboTKe cornalleHuna reHepanamu BusaHTum (HactynaTb MAKM He HAcTynaTb) NPU YCNOBUM, YTO
HEeKOoTopble reHepasbl MOTyT NOCbINAaTh 3aBEA0MO NI0XKHbIe coobLeHua (T. e. BbITb NpegaTenamm).

Mpobiema BU3aHTUIMCKOro CornalleHma 3aK/o4aeTcs B cneaytouem (cm. [ 1). Kaxkapbiii 3 n npouecco-
POB MMeeT cHayvasa 3HayeHue 0 unu 1 (B TepMUHONOTMN BU3AHTUMCKMUX FEHEPAIOB 3TO COOTBETCTBYET MHEHMUIO
[aHHOro reHepana «HacTynaTtb — He HacTynaTtb»). MycTb b; — HayanbHOE 3HaYeHue i-ro npoueccopa. Mmeetca
t owmnbo4YHO paboTatoLmMX NPOLLECCOPOB, @ OCTa/IbHbIe 1. — ¢ MPOLLECCOPOB PACCMATPMBAIOTCA KaK MAEHTUYHbIE
n ucnpasHble. bonee Toro, Mmbl byaem npeanonaratb, YTO HEMCNPaABHbIE MPOLLECCOPbI MOTYT 06bEANHATL CBOM
YCUINA MO NPeAOoTBPALLEHMIO AOCTUXKEHUA cornaweHus. Mpeanaraemblii NPOTOKO AO/MKEH BbICTOATb MPOTUB
TaKuX aTak. Mexay npoLeccopamm BO3MOXKeH 0b6mMeH CoobLLEHNAMM NO NpPaBu/iaM, ONMMUCaHHbIM HUXKe, NpU
KOTOPbIX i-i MpoLLeccop 3akaHuYMBaeT NnpoTokon ¢ pewenuem d; € {0, 1}, KoTopoe foNKHO YA0BNETBOPATH C/le-
Ayownm TpeboBaHMAM.

TpeboBaHue 1. Bce ucnpasHsie npoueccopbl O0AHXCHbI 3a8epWUMb MPOMOKO/ C UOEHMUYHbLIM peuieHuUem.
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TpeboBaHue 2. Ecau 8ce ucrnpagHbie Mpoyeccops HaAYUHAM NPOmMoKosa 0b6MeHa ¢ 00HO20 U MO20 e 3Ha-
YeHUA v, mo20a OHU 8ce 00/HHbl 30KOHYUMb C 06WUM peuwleHUEM, SK8UBATEHMHbLIM V.

MHO»KeCcTBO HencnpaBHbIX NPOLLECCOPOB 3a4aETCA A0 BbIMONHEHMA NPOTOKOA, XOTA, KOHEYHO, UCMPABHbIE
npoueccopbl UX He 3HaOT. MPOTOKON BbIPAaOOTKM COrnaleHmna COCTOMT U3 HECKONbKUX payHa0B. B TeyeHune og-
HOro payHAa Ka*KkAabl MPOLLECCOP MOXKET NOCNAaTb N0 0AHOMY coobueHunto ntobomy apyromy npoueccopy. Mpwm
3TOM [0 Hayana caeAyoLLero payHaa KaxKkabl NpoLLeccop noayyaeT coobuieHma OT BCeX OCTA/IbHbIX NPOLLeCcCco-
POB.

Mpoueccop He 06A3aH NocblNaTb O4HO M TO Ke coobleHne ocTanbHbIM npoueccopam. Ha camom pene,
B OMMCAHHOM HU}Ke MPOTOKOE KaxKaoe coobLeHne cocTomT U3 ogHoro buTa. Bece ncnpasHble npoLeccopbl cie-
OYIOT B TOYHOCTM NPOTOKOAY. HencnpaBHbie MPOoLeccopbl MOTyT NOCbINATh COOBLWEHNA, MONIHOCTbIO HE COOTBET-
CTBYIOLLME MPOTOKOAY, U K TOMY e MOTYT NOCbINATb Pa3Hble COOBLLEHMA Pa3HbIM NPOLLECCOPaM.

MOHO AarKe cYMTaTb, YTO HEMCNPABHbIE MPOLLECCOPbI Nepes Ha4yanoM KaxKAoro payHaa AOroBapuBatoTca
MexKay coboi, Kakme coobLEeHUA NocNaTb KaKMM NPOLLECCOPaM C Le/ibio HaHeceHUA Hambonbluero ypoHa (ny-
TaHWULbI).

CornaweHune cunTaeTca JOCTUIHYTbIM, eC/TIU BCE UCMPABHbIE NPOLLECCOPbI BbIYUCIUAN peLLeHUA, y40BNETBO-
pAloLWwmMe ABYM CBOMCTBAM, NePEYNCAEHHbIM BblLLe.

Mbl 6yaem 13yyaTb YMCNO pPayHAOB, HEOOXOAMMBIX ANA AOCTUXNKEHUA cornaweHua. M3secTHo, 4To ntobon
OEeTEPMUHUPOBAHHbIM NPOTOKON AOCTUNKEHMA COrnaweHns Tpebyet He meHee ¢ + 1 payHAaa.

Celyac mbl NpeaCcTaBUM NPOCTON PAHAOMU3UPOBAHHbIA ANTOPUTM AOCTUNKEHUA COMMALLEHMA C MaTeMaTUye-
CKMM OXKMAAHWEM YNCNa PAyHAOB, PaBHbIM KOHCTaHTe. MNpegnonaraeTca, 4To umeeTca rnobanvHas «npoueaypa
noabpacbiBaHMA MOHETKMY», AOCTYMHAA BCEM Ha KaXKA0M Luare, KoTopaa paboTaeT KOPPEKTHO M HE NOABEPIKEHA
owwnbkam. Npoueaypa Bbiaaet 1 1 0 HE3aBUCMMO C BEPOATHOCTBIO KaxAoro ucxoaa 1/2.

Ons npoctoTel 6ygem nonaratb, uto t < n/8. MycTb

L=5n/8+1, H=06n/8+1, G="7n/8+1.
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Ha camom pene ans npasuibHOM paboTbl NPOTOKONA AOCTATOYHO, YTobbl L > n/2+t+ 1w H > L + t.

B pacnpegeneHHom npoTokone -1 (1 < i < n) npoueccop BbINOAHAET anroputm 32, B KOTOPOM coin 060o-
3HayaeT pe3ynbTaT NoAbpacbiBAaHUA MOHETbI (Cy4anHbIN BUT).

MoayepKHeM, 4TO HeUCNPaBHbIe NPOLLEeCccopbl He 06A3aHbI CNef0BaTbh NPOTOKONY M paboTatoT NPOM3BO/IBHO.

OTMeTUM, YTO XOTA NepeMeHHan vote KaxAoro NpoL.eccopa 1 Nosy4yaeT HEKOTOpoe 3Ha4YeHMe Ha ware 6, OHO
He ABNAETCA OKOHYATEe/IbHbIM U MOXKET U3MEHUTLCA B AanbHenwemM. OKOHYaTeNbHble 3HAYEHUA NepeMeHHbIe
d; nony4atoT Ha ware 7.

Nemma 21. Ecau ece npasusbHble MNPOYeccopbl HAYUHAM PayHO ¢ 0OHO20 U MO20 Xe 3HAYeHUs, Mo 8ce OHU
MPUHUMAaOM peweHue, pasHoe 3Mmomy 3HAYEeHUIo, 30 KOHCMAHMHOoe Yucsi0 payHoAos.

Bonee nHTepeceH cayyan AnA aHaNM3a, Koraa He BCe NPaBubHbIE MPOLLECCOPbI HAYMHAKT PaboTy C oANHa-
KOBOTrO 3HaYeHMA.

B oTcyTCTBME OLIMBOYHBIX MPOLLECCOPOB A/1A BCEX MPOLLECCOPOB AOCTATOYHO PA30CNaTb BCEM CBOM 3HAYEHMUA,
nocne Yero BCe COrMacoBaHO NPUHMMALOT peLleHne B COOTBETCTBUM C «6ONbLUMHCTBOM r0/10COBY.

OnuCcaHHbIM NPOTOKON PeaNU3yeT Ty Ke UAEHD, HO B MPUCYTCTBUM OLIMOOYHbIX NPOLECCOPOB.

Ecnu ABa NpaBMAbHbIX NPOLLECCOPA BbIYUCAAIOT pa3Hble 3HAYeHUA AN maj Ha ware 3, tally He npeBocxoauT
threshold BHe 3aBUCMMOCTM OT TOrO, 6b1710 1N BbIBPaHO 3HaveHue ana threshold L wnnv H (NOCKoNbKY pasHOCTH
mexay n/2 n obormum noporamu 6onbLue t — Ynucna HeMCNPaBHbIX MPOLECCOPOB).

Toraa Bce NpaBuU/IbHbIE MPOLLECCOPbI NPUCBaKBatOT vote 3HavYeHMe 0 Ha ware 6. B pe3ynbTaTe BCe NpaBu/b-
Hble MPOLLeCCOPbl NOMAraldT CBOM pPeLlEHMA PaBHbIMW HYKO B CAeaytowem payHae. Takum obpasom, octaeTcs
PaccMoTpeTb C/y4al, Koraa BCe NPaBU/IbHbIE MPOLLECCOPbI BbIYUCAAIOT OAHO M TO Ke 3HayeHue AA maj Ha
ware 3.

CKa)keMm, YTO HeucnpasHble Npoueccopbl 0bmaHbiBatoT nopor = € {L, H} B HeKoTopom payHae, ecau, no-
CblNas pasNMyHble COObLLEHMA NPABUAbHBIM NPOLECCOPaM, OHU BbiHYXAatoT tally npeB3oliTn 3HaueHue = XoTA
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Anroputm 32 MNpoTOKON BU3AHTUNCKOrO COrnalleHmna
Algorithm ByzGen:

Bxopa: 3HauyeHue b;

Bbixop,: PeweHune d;

e vote .= b;

e [1n8 Kax4o0ro payHaa BbINONHUTL:

PasocnaTtb BCcem npoueccopam vote.

MonyunTb votes OT BCeX OCTasIbHbIX NPOLLECCOPOB.

BbluncAnTb maj — camoe YacTo BCTpevatoweecs 3HauyeHne cpean votes (BKNHOYAA COBCTBEHHDIN).
Bbluncnutb tally — 4ncno NnoaBneHUn ma;j cpegm noayyYeHHbIX votes.

if coin = 1 then threshold .= L
else threshold := H.

6. if tally > threshold then vote := may
else vote := 0.

vk wnNe

7. iftally > G then npucsouTb d; 3Ha4YeHMe Mmaj NOCTOAHHO.

6bl 4N1A 04HOrO NPaBMILHOIO Npoueccopa U 6biTb He 6bonee x xoTs Obl AN OAHOIO NPaBUILHOMO NPOLLECCopa.
MockonbKy pasHuLa mexay asymsa noporamu L n H 6onblue ¢, HeucnpaBHble NPoLEeccopbl MOryT 06MaHyTb He
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Bonee ogHoro nopora 3a payHa,. Tak Kak nopor Bbl6paH pasHoBeposTHo U3 { L, H }, 06maH npoucxoauT ¢ Bepo-
ATHOCTbIO, He NpeBocxogALleit 1/2. 3HaunT, MaTeMaTUYECKoe OXKMUAAHME YNCAA PayHAOB A0 NOyYeHUA Nopora
6e3 o6maHa paBHO 2. Ecan nopor He 06MaHyT, TO BCe NpaBU/IbHblE MPOLLECCOPbI BbIYUCAAOT OAHO U TO ¥Ke 3Ha-
yeHue v ANnAa vote Ha ware 6.

B cneaytollem payHae Kaxablih MpaBUIbHbIN Npoueccop noay4yaeT no KpaHen mepe G > H > L ronocos
3a v M NpuUcBamMBaeT maj 3HaYeHWe v Ha ware 3. 3aTem Ha ware 7 tally npeBocxoauT BblbpaHHbIM (NH06bIM
obpasom) nopor. Korga npaBu/ibHbIN NpoLEeccop NpMHUMAET peLleHue d;, 0OCTa/ibHble NPaBUIbHbIE NPOLECCOopbI
OOMXKHbI UMeTb tally > threshold, nockonbky G > H + t. CnepgoBaTtenbHo, OHM Bce ByayT ronocosaTh 3a 04HO
M TO e 3HayeHue d;.

Teopema 16. Mamemamuyeckoe oxcudaHue Yyucaa payHoos 014 anzopumma ByzGen 019 docmuxceHUs 8U3AH-
mulickozo coenauieHus 02paHu4eHo KOHCMaHmod.

4.4 BepoATHOCTHOE OKpyrneHue
4.4.1 BepoATHOCTHOE OKpYyrneHue
Aana 3apaum « MAX-SAT»

PaccmoTpum cnegytowyto 3agady ([ 1).

3apaua 20. MakcumanosHas evinoaHumocmoe/MAX-SAT.
ZaHbl m CKOBOK KOHBbIOHKMUBHOU HopmanbHol ¢popmsl (KH®) ¢ n nepemeHHbimu. Halimu 3Ha4yeHuUs nepe-
MEeHHbIX, MAKCUMU3UPYHUWUe YUCs10 8bIMOMHEHHbIX CKOOOK.
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B kauecTBe npumepa paccmoTpum cneayrowyto KH:
(.Tl V fg)(ﬂ?l V i) V fg)(ﬂfg V fl)(ﬂfg V fz).

MepemeHHbIe UK UX OTPULLAHUA, BXOAALLME B CKOOKY, Ha3biBalOTCA NTepasiaMu (Tak B NepBoi CKObKe nnTepa-
Namu ABNAKTCA 1 U Ta).

3apaya MAX-SAT asnsaetca N P-TpyAHOM, HO Mbl PaCCMOTPUM Ceivac NPOCToe A0Ka3aTeNbCTBO TOrO, YTO ANA
Nto6bIX BbINONHUMBIX 17 CKOBOK CYLLECTBYIOT 3HAUEHWUSA NEPEMEHHbIX, MPY KOTOPbIX BbINOJIHEHO He MeHee m /2
CKOOOK.

Teopema 17. /114 nt06bix m 8bINMOAHUMbIX CKOBOK (M. e. CKOBOK, He cOOepXaujux 0OHOBPEMEHHO NMepPemMeHHYo
U ee ompuyaHue) cyujecmaytom 3Ha4eHuUs repemeHHbIX, Mpu KOMopbIx 8bINOAHEHO He MeHee M. /2 CKOBOK.

Jokazamenbcmeo. MNpennonoknum, Yto Kaxkaon nepemeHHoM npunmcaHbl 3HaveHua 0 unm 1 HesaBUCUMMO U paB-
HoBepoATHO. Ana 1 < ¢ < m nycTb Z; = 1, ecnn i-a cKobKa BbiNosHeHa, U Z; = (0 B NPOTUBHOM Cay4ae.

Ona Kaxkaon An3bioHKUMK (CKOBKK) ¢ k& nnTepanamu (nepeMeHHbIMU MU UX OTPULGHUAMMN) BEPOATHOCTb,
4YTO 3Ta AM3bIOHKLMA He paBHa 1 Npu cy4aitHOM NPUNUCbIBAHUM 3HAYEHMI NepemMeHHbIM, paBHa 2~ %, nockonb-
Ky 3TO COBbITME MMEET MECTO, KOraa 3Ha4YeHME KaxKaoro iMtTepana B AM3bIOHKLMM paBHO (), @ 3HaYeHUA pasHbIM
nepemeHHbIM NPUMNKUCHIBAIOTCA HE3aBUCMMO. 3HAUUT, BEPOATHOCTb TOFO, YTO CKOBKa paBHa 1, ectb 1 —27F > 1/2,
M MaTemaTuueckoe oxugaHve EZ; > 1/2. OTcioga maTemaTU4eCcKoe OXUAaHWe YMCIa BbINONHEHHbIX CKOBOK
(paBHbix 1) paBHO E> " | Z; = > | E Z; > m/2. 3T0 03HayaeT, 4To eCTb NPUMNUCbIBaHWE 3HAYEHWII NepemeH-
HbIM, NPK KOTOpOM Y 1" Z; > m /2. O

JTa Teopema AaeT Mo CyLWecTBY NPUBINKEHHbIW BEPOATHOCTHbIA anropmuTm.

OnpegeneHnue 4.4.1. BepoamHocmHelli npubnuxeHHsil anzopumm A eapaHmupyem moyHocmes C, ecau 017
ecex exo0o0s8 [
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ETTLA(I>
G

20e mg(I) — onmumym, m (1) — 3Ha4eHue, HalideHHOe an20pUMMOM, U pewiaemcs 300040 MAKCUMU3AYUU.

>C >0,

OTanume NpUBANMKEHHbIX aNTOPUTMOB OT AETEPMUHUPOBAHHbIX COCTOUT B PACCMOTPEHMN MAaTEMATUYECKOTO
OXMOAHMA BpEeMEHMU paboTbl.

OnucaHHbli B Teopeme 17 BepOATHOCTHbIN anroputm AaeT TouHocTb 1/2 ana MAX-SAT. Tenepb onuvwem
[PYroil BEpOATHOCTHbIN anropuTM™, rapaHTUpyowmii ana MAX-SAT TouHocTb 3 /4.

Ona storo mbl nepedopmynnpyem MAX-SAT B 3aga4y LLENOYNCAEHHOTO NMHENHOIO NPOrpaMMMUpPOBaHUA
(LLIN). Kaxkaoit ckobke (anemeHTapHOM An3bloHKUMK) C; NOCTaBUM B COOTBETCTBME DyneBy NepemeHHyto z; €
{0, 1}, koTopas paBHa 1, ecnn ckobka C; BbINONHEHA, KaX40i BXOAHON NepeMeHHO x; conocTaBasem nepe-
MEHHYI0 Y;, KoTopaa paBHa 1, ecau z; = 1, u pasHa 0 B npoTMBHOM Cayyae.

O603HauYnMm C’f MHAEKCbI NepemeHHbIx B ckobke Cj, KOTopble BXoAAT B Hee 6e3 OTpMUaHKsA, a Yepes C’j_ —
MHOYeCTBO MHAEKCOB NepeMeHHbIX, KOTOpble BXOAAT B CKOOKY C OTPULAHUEM.

Toropa MAX-SAT ponycKkaet chegytouyto GopmMmynnpoBKy B Buae 3agayum LM

izj — max
j=1
STyt Y A-y) >z Vi (4.1)

zEC]. zECj

Yi, Zj € {0, 1} VZ,j

YnpakHeHue 4.4.1. [lokaxkuTe 3kBMBaneHTHocTb LM (4.1) n 3agaum 20 « MAX-SAT».
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PaccmoTpum 1 pelimm IMHENHYIO peflakcaumio LenoYncieHHon nporpammbl (4.1).

m

E Zj — max

7=1
Sy -wzy v (42
ieC’j’ i€Cy

vi, 25 € 10,1] Vi, j.

MycTb §;, 2; — pelleHne AMHenHon penakcaumm (4.2). fAcHo, uto Z;”Zl Z; ABNAETCA BepXHEW OLLEHKOM Yncna
BbIMO/IHEHHbIX CKOOOK Ans AaHHoM KHO.

PaccmoTpum Tenepb BEPOSATHOCTHbIM anropntm 33 (Tak HasbiBaemoe BEPOSATHOCTHOE OKpyrneHue), bonee
MHTEPECHbIW, YeM TPMBMAIbHOE PaBHOBEPOATHOCTHOE OKPYrNeHNe KaxKaon nepemeHHol B 1 u (. Mpu BepoAT-
HOCTHOM OKPYIeHMM B anroputme 33 Kaxkaaa nepemeHHas y; He3aBUCMMO NPUHMUMAET 3HadYeHue 1 ¢ BepoAT-
HocTblo ¥; (M O c BepoATHOCTbO 1 — ;).

Onsa uenoro k nonoskum B, = 1 — (1 — 1/k)E.

Nemma 22. Mycme & ckobke C'; umeemca k aumepanos. BepoAmHoCcms mozo, Ymo OHA 8bIMOMHEHA Npu 8epo-
AMHOCMHOM OKpyafeHuU, He MeHee [3i.2;.

Jokazamensbcmeo. NOCKONbKY Mbl pacCMaTpUBaeM OTAENbHO B3ATY0 CKODOKY, 6e3 orpaHnYyeHma o6LLHOCTU MOXK-
HO NPeAnNoN0XKNTb, YTO BCE NepeMeHHble BXOAAT B Hee 6e3 oTpULaHUI (LoKaxuTe 3TOT PpaKT B KAaYecTBe yrnpaxK-
HeHwus!). MycTb 3Ta ckobKka nmeet BuA: 1 V ...V x;. VI3 orpaHMYeHnin nMHeliHoW penakcaumu (4.2) cneayer,
yTo

U+ > E
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Anroputm 33 MNpUBANNKEHHbIN BEPOATHOCTHbIN anroputm ansa 3agadm 20 (MAX-SAT) Ha ocHOBe InHelHOM pe-
NaKkcaumu
Bxog: d®opmynuposKa 3aaaum 20 « MAX-SAT» B Buge (4.1)
1) <— pelweHnA NMHenHoM penakcaumm (4.2)
foralli € {1..m} do
Y; < 0
if random(0..1) < y; then
yi < 1{y; <= 1 c BepoATHOCTbIO ¥;}
end if
end for
Bbixoa: (y1, ...,Ym) — NpubAMKeHHOE peleHue (4.1), co cpeaHeit TouHocTblo (1 — 1/e).

Ckobka C; ocTaeTca HeBbINONHEHHOMN NPU BEPOATHOCTHOM OKPYIIEHWM, TOIbKO EC/IN KaXAaA U3 NepemMeHHbIX y;
okpyrnsetca B 0. OCKONbKY KaXKaan nepeMeHHas OKPYrnseTca He3aBUCMMO, 3TO MPOUCXOAMUT C BEPOATHOCTbIO

k X
[T;—;(1 — ;). OctaeTca ToNbKO NOKa3aTb, YTO

k

1 - H(l — Ui) > BrZj.

i=1

BbipakeHuve B NeBOIi YacTu AOCTUraeT MUHUMYMA Npu §; = Z;/k Ana Bcex i. OcTaeTca nokasatb, 4to 1 — (1 —
z/k‘)k > [z ANa BCcex NnonoxutenbHbix uenbix k0 < z < 1.

Nockonbky f(x) = 1— (1 —xz/k)* — BorHyTas dyHKuma (cm. puc. 4.4), 4na [oKa3aTeNbCcTBa TOFO, YTO OHa He
MeHbLUe IMHENHOW GYHKLMM HA OTPEe3Ke, 40CTaTOYHO NPOBEPUTL 3TO HECTPOrOe HEPABEHCTBO HA KOHL,AX 3TOMO
oTpe3Ka, T.e. B TouKax r = O u x = 1 (npoaenalite 3TO B KayecTBe yNpaxKHEHUA). O
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Wcnonb3ys ToT daKT, uto S, > 1 — 1/e anA BCcex NONOKUTENbHBIX LenblX k, Nony4aem, YTo cnpaseannsa
cneayrouan

Teopema 18. /a4 npou3gonbHo20 8xoda 3a0a4u MAX-SAT (npou3eonbHoli KH®) cpedHee yucno cKoboK, 8bl-
MO/THEHHbIX NPU 8EPOAMHOCMHOM OKpyaneHuu, He meHowe (1 — 1/e) om makcumansHO 803MOMCHO20 Yuca
8bIMOMHEHHbIX CKOOOK.

A Tenepb Mbl onuLem NpPOCTyto, HO OBLLYI0 MAeto, KOTopaa MO3BOAUT MONYYUTb NPUBANNKEHHDI BEPOAT-
HOCTHbI aITOPUTM, UMEtOLLMI TOYHOCTb 3 /4.

A npen TakoBa: Ha JaHHOM BXOJe 3anyCcKaem ABa aAropuTma u Bbibupaem us pelieHnin nyylwee. B kayectse
[BYX aNrOPUTMOB paccmaTpuBaem [iBa airopPUTMa, ONMUCaHHbIX BblLle:

1. OoKpyrneHve Kaxaol nepemeHHoi Hesasucmo B 0 uam 1 ¢ BeposaTHocTbio 1/2;

2. BEpPOATHOCTHOE OKPYI/IeHWE pPelleHUs NMHENHOW penakcaumm COOTBETCTBYIOWEN LLEe/IOYMCAEHHOM NpPOo-
rpammsl (anropntm 33 «BEPOATHOCTHbIA MAX-SAT»).

Ons BxogHo KHO ¢ 0603Haumm yepes ny = n(¢p) U ny = na(p) YNCN0 BbINONHEHHbIX CKOBOK A1 NepBOro
M BTOPOTO aNr0OPUTMa COOTBETCTBEHHO.

Teopema 19.
3 .
E max{nl, 77,2} > Z Z Zj.
J

Jokazamenbcmeo. MOCKONbKY ANA HEOTPULATENbHbIX 111 U Mg BBIMOAHAETCA max{ny, ns} > (ny + ns)/2, go-
3 A
CTAaTO4HO NOKa3aTh, uTo E(ny +n2)/2 > 457 2;.
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Nyctb S* 0603HaYaeT MHOKECTBO CKOBOK, CofepsKaLLMX POBHO k NUTepanos, Toraa:

=Y > (1-2%>3" 3" (1-27¥)z

k C’JES’C k CjESk

Mo nemme 22 nmeem

Eny > D By

k CjESk

CnepoBatesnbHO,

_ o—k
n1+n2 > (1 2 >+Bk£
2 - 2 J

k €Sk

E

MpocToe BbluMcneHue nokasbisaet, uto (1 — 27%) +

Cj
B =

En1+n2 ZZZZA']:ZZQJ
k C;esk

J

4.4.2 MaKcumanbHbIN pa3pes B rpade

3ada4u nonyonpedeneHHO20 U BEKMOPHO20 MPOo2PaMMUpPOBAHUA. Mcrnons3oea-
Hue 3¢hheKmuBHbIX a/120pUMMOB 01 peuleHuli amux 3a0a4 8 8epOAMHOCMHOM
aszopumme peuwleHuUs 3a0a4uU 0 MaKCUMAsAbHOM pa3pe3se 8 2pagpe. Pazdesn ocHo-
8aH HA cmameoe [ 1.

3/2 pnsa Bcex HaTypanbHbIX k W, 3HAUWT,

195
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Onpegenenue 4.4.2. Mampuuya X € R™*" senaemca nonoxumenbHo nosayonpedeneHHol ecau
Ya € R", a"Xa > 0.
O6o3HayeHue: X = 0.
Ons cummeTpudeckont X € R™*™ cnepyrolee sKBUBANEHTHO:
e X =0
¢ X nmeet HeoTpuuaTeNbHble COOCTBEHHbIE 3HAYEHUS;
e X = V™V ana nekotoporo V&€ R™ ", rapem < n.

3apaua 21. «[losyonpedesneHHOE MPo2PAMMUPOBAHUE»?,

Z ci;jri; — max(min)
0]

vk E QL5 = b,
'7.j

X = (w)

Vi,jxi; = Tji

e
=

2B aHrnon3bl4HOM inTepaType SDP, semidefinite programming.
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XoTa 3agava 21 «SDP», HECMOTPSA Ha CBOIO CXOXKECTb C JIMHENHbIM NPOrPaMMUPOBAHNEM, K HEMY He CBO-
ANTCA, ANA Hee CcyLwecTBYOT 3GPEKTUBHbIE MOJIMHOMMA/IbHBIE aATOPUTMbI (MOAMOUKALMK MeToAa BHYTPEHHEN
TOuKM ana JIM), HaxogAwme NPUbAUKEHHOE peLleHne C HEKOTOPOM aaANTUBHOM OLLIMBKOM € U BpEMEHEM, Orpa-
HUYEHHBIM NOIMHOMOM 1o A/inHe Bxoga n O(log(L)).

3ameTum, YTO, TaK KaK pelleHune 3a34mn 21 «SDP» moxeT 6bITb MPPaALMOHANbHBIM YNCAOM, OT YUCAEHHbIX
MEeTOZ0B TOYHOTO (PALMOHANbHOIO) PELLEHMA KAATb U HEBO3MOXKHO, XOTA NPOA0/IMKAOTCA NONbITKM NOCTPOUTD
3dPEKTUBHDBIN aNIFOPUTM HaXOXKAEHWNS TOYHOTO peLleHUa anrebpanyeckumm meToaamm.

[anee Ham Takxe NpUroanTca skBUBaneHTHas GopmynnpoBKa 3agaum 21 «SDP» B BuAe 3agaum 22:

3agaua 22. «BekmopHoe npozpammuposaHue»®,
Zcij(m -T;) — max(min)

Z7j
\V/I{Z Zaijk(@ 'Uj) = bk,
,J
Viv; € R".

OKBMBaANEHTHOCTb 3a4a4 21 «SDP» 1 22 «VP» cnegyeT u3 pakTopusaumm NoN0KUTENbHO NONYONpeae/IeHHOM
maTtpuupbl X senge X = V'V, 1.e. x;; = U; - Uj, A€ V; NT; — COOTBETCTBYIOLLME KOJIOHKN MaTpuubl V.

Mpeobpa3oBaHue peweHns 3agaum 22 «VP» B peweHue 3agaum 21 «SDP» TpuBManbHO (04HO MaTpUUHOeE
YMHOXeHue), obpaTHoe He coBcem — TpebyeTcs pasnoskeHne Xoneukoro*, n aTo npeobpasoBaHne HeoAHO-
3HAYHO, HO HUYEro NPUHLMMNMANBHO CIOXKHOTO B 3TOM HET — 3TO K/laccuyeckas 3aga4a MHeHon anrebpbl.

3B aHr0s3bl4HOM MTepaType VP, vector programming.
4Cholesky factorization nnn Cholesky decomposition.



198 [7IABA 4. BEPOATHOCTHBbIE A/IFOPUTMbI N UX AHAJIN3

BepoATHOCTHOE OKpYI/IeHUE NPU HaXoXAeHUM annPOKCMMaLLMN MAaKCUMaIbHOro pa3pesa

Onpepenenue 4.4.3. [Tycmb ecmb HeopueHmMuposaHHsili epagp G = (V, E). Pa3pe3om (ceueHuem, cut) Ha-
3bl8aemcs pa3bueHue MHoxcecmea eepwuH V' Ha Henepecekaroujuecs mHoxecmsea Sul. m.e.V = SUT
uSNT = 0.

Onpepenenue 4.4.4. [lns HeopueHmuposaHHozo epapa G = (V, E) u paspesa (S, T') pebpo e = (v, t) cyvuma-
emcs nepecekarowyum paspes, ecauv € S,at € T.

Onpegenenue 4.4.5. [ins epagpa G = (V, E) pasamepom paspesa (S, T) caumaemcs yucao pebep, nepecexa-
rowux 3mom paspes.

Ecnu epag — e3seweHHbIl, m. e. Kaxdomy pebpy e € £ coomeemcmeyem Hekomopeili eec w,, mo pasme-
pom paspe3sa (S, T) cuumaemcs cymma secos pebep nepeceKkarowjux 3mom paspes:

R(S,T) = > We.

e=(v,t)€E: veSteT

3apgaua 23. «MakcumanoeHsil pazpe3/MAX-CUT».
[ns 838eweHHo20 HeopueHmuposaHHozo epagpa G = (V| E) c eecamu w, > 0 Halimu paspe3 (S,T') ¢ mak-
cumasnsHeim secom R(S,T).

YnpaxkHeHue 4.4.2. [loKaXKute, YTo 415 NPOCTOro, HeB3BeLeHHOro rpada B 3agadve 23 « MAX-CUT» MoHO npu-
MEHWUTb NPOCTYIO CTPATErnto, AAOLLYI0 BEPOATHOCTHbIN (.5-NPUBANIKEHHbI aNfOPUTM: ANA KaXKA0W BEPLUMHbI
C BepOATHOCTbIO 1 /2 OTHECTU ee K MHOKecTBY S 1 € BepOATHOCTbIO 1/2 — K mHoxecTBy 7.

YnpaxXHeHue 4.4.3. CtyaeHT npeanaraet ans 3aaaum 23 « MAX-CUT» npubAnKEHHbI aArOpUTM C TOYHOCTbIO %:
NOMIOXWUTb NEPBYIO BEPLUMHY B OAHY YacTb, NOCAEAHIO — B APYrYI0, 3aTEM NO-o4yepean 406aBnATb OCTaBLUMECA
BEPLUMHbI, K MHOXECTBY, C KOTOPbIM Y 3TOM BEPLUMHbI MeHbLLE pebep-cBA3en.

MpaB nn cTygeHT?
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Hawa uenb — NocTpouTb aNrOpUTM C NIYYLWUMM OLLEHKaMU TOYHOCTU Npubaunxkerua. ina atoro coopmynu-

pyem 3agauy 23 « MAX-CUT» KaK 3agauy Leso4ncaeHHOro NnporpaMmmmpoBaHms.

3apgaua 24. « MAX-CUT(LI)»

G = (V,E) — exodHoli epag, |V| =n;

W = (w;;) — eeca pebep, n x n mampuya. [aa omcymcmeytouje2o mexcoy v; U v; pebpa — w;; = 0;

Y; — MPUHABAEHHOCMb BEPWUHbI YACMU pa3pe3a:
UiES%yizl,UiET%yi:—l.
Pebpo (v;,v;) € (S,T) < yiy; = —1.

R(S,T) — Becpaspesa (S,T). R(S,T) =", . ‘4iliq,..

1<j 2

3adaya yenoyucaeHHo20 K8aAOPAMUYHO20 MPO2PAMMUPOBAHUSA:

L —yiy,
Zun = Z TJU}U —  Mmax

1<J

Viy, € {—1,1}.

BuaHo, yTo NnoctaHoBKa 3agaun 24 « MAX-CUT(LLM)» BHeLWwHe noxoa Ha 3agady 22 «VP», ogHaKo Leno4vumc-
JIeHHble orpaHuYeHun B 3agade 24 « MAX-CUT(LLM)» aenatoT ee cywecTBEHHO CIOXKHEE AN1A pelleHun. Paccmor-
PUM CneayroLyto penakcaunio 3agaum 24 « MAX-CUT(LLM)».
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3apaua 25. «MAX-CUT(VP)»

1—7; -1
ZVPZE —21 Lw;; — max
i<j
Vi v = 1,

Viv, € R"

3Ty 33434y Mbl yXKe MOXKeM peLwaTtb 3PPeKTUBHO (CM. Bbile), OCTaNOCh Pa3obpaTbCA, MOXKHO M UCNOJb-
30BaTb peuweHune 3aaaumn 25 «MAX-CUT(VP)» ans HaxoxkaeHua pelueHns (BO3MOXKHO NpubaunKeHHoro) 3aaa-
4yn 24 «MAX-CUT(LLMT)».

CHavana 3aMeTuMm, 4To AN ONTUMYMOB 3agay 24 « MAX-CUT(LM)» n 25 «MAX-CUT(VP)» BbinonHaeTcA

Zin < Zvp

3TOT paKT cneayeT U3 Toro, 4to 3agada 25 « MAX-CUT(VP)» cogep*uT 3agady 24 « MAX-CUT(LLM)» Kak YacTHbIM
cayyan.

Ncnonb3ysa nonydyeHHoe peweHune 3agaum 25 «MAX-CUT(VP)» ans BepoATHOCTHOrO OKpPYraeHud, noay4a-
em anropuTm 34 (KoHLEeNTya/IbHO aHaNOrMYHbIN PACCMOTPEHHOMY paHee anroputMmy 33 «BepOATHOCTHbIN MAX-
SAT»).

Ham noHagobutca HebonbLIOM TEXHUYECKNI aKT.

JNlemma 23.

20
min —— > 0.878.
0<b<r (1 — cos )
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Jlokazamenbcmeo. PaccmoTpum rpadpuK Hawel GyHKLMKN Ha PasIMyHbIX MHTepBanax (Puc. 4.5). DyHKuua nme-
eT CUHTYNAPHOCTU B TouKax 0 v 27, a Ha nHTepBane (0; 27) GyHKUMA BbINYKNAA U UMEET OAMH MUHUMYM. Cyan
Mo NOCTPOeHHbIM rpadukam, Ha uHtepsane (0; 27) dyHKUMA He meHblue 0.878.

Y106bI YOEAUTLCA B 3TOM, HAMAEM MUHUMYM (NO PABEHCTBY HY/1O MPOU3BOAHOM) U BbIMMCAMM 3HAYEHUE
bYHKUMM B TOYKE MUHMMYMA. Bocnonb3yemca cuctemoin KomnbtoTepHoi anrebpol Maxima: Bo3bmem npous-
BOAHYHO U C MOMOLLbIO MeToaa HbloToHa Hallaem ee eAMHCTBEHHbIM HY/lb B MHTEPECYIOLLEM HAaC UHTepBase.

load(”newton”);
y:2*x/%pi/(1-cos(x));
x0:newton(diff(y,x),3);
2.331122370414422B0O
y(x0),numer;
0.87856720578485

VvV AV A AN AN

Taknm 06pasom, MOXKHO Aar*Ke yTBEPKAATb, UTO

20
min ————— > 0.8785672057848.
o<g<r m(1 — cos )
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Anroputm 34 «SDP-okpyrneHne MAX-CUT»
Bxoa: ®dopmynuposKa 3agaum 23 « MAX-CUT» B BuAe 3agaum 24 « MAX-CUT(LM)»
(v1, ...,vp) < pewenus penakcauyuu 25 «MAX-CUT(VP)»
C/lyyaiiHo BbIBUPaeM T U3 PaBHOMEPHOTO pacnpeaeseHns BEKTOPOB eAUHUYHOMN A/IUHbI
ST+ 0
foralli € {1..n} do
ifv; -7 > Othen
S+ SuU{i}
else
T+ TuU{i}
end if
end for
Bobixoa: (S,T) — npubnuxkeHHoe pelieHue (23).

«30H» S N cxomas T

Puc. 4.6: BekTtopa B BepOATHOCTHOM OKpyrneHumn « MAX-CUT»
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Tenepb oUEHMM KayecTBO anropmntma.

Teopema 20. llycme (S*,T*) — onmumarnsHeil paspe3 0as 3ada4yu 23 «MAX-CUT», mozda 018 mamema-
muy4eckoz2o oxcudaHusA eenu4uHsl paspesa (S',T'), nonyyeHHozo sepoamHocmHbimM anezopummom 34 «SDP-
okpyeneHue MAX-CUT», ebinonHaemcs

E[R(S',T")] > 0.878 - R(S*, T%).

Aokazamensbcmeo. Bo3bmem HEKOTOPbIE 7 U j U COOTBETCTBYIOLLME UM BEKTOPbI PELIEHUA Peslakcaumm v; U v;.
3aTem oLEeHMM BEPOATHOCTb TOrO, YTO NPU BEPOATHOCTHOM OKPYI/IEHMN COOTBETCTBYIOLLME BEPLUMHbBI NONAAYT
B pa3Hble YacTu paspesa. [oayuymnm

0,
Py # y;) = P(yiy; = —1) = ?j7

rae 0;; — yron mexay BeKtopamu v; u v;.
OTcroga, Ucnonb3ya onpeaeneHne MaTeMaTMYeckoro OXuMaaHus:

1 — vy, 2-P(yi # y;) 0
X =L e =
i<j 1<j 1<J
C Apyroi CTOpoHbI, 3HauyeHue peweHusa penakcaumnm 25 « MAX-CUT(VP)» TosKe MOXKHO BblpasuTb Yepes yI/bl Oij:
1—-7;-7; 1 — cosb;;
i<j 1<J

Tenepb OLEHUM MUHMMA/IbHOE KaYeCcTBO pPeLleHns, UCNoNb3ya nemmy 23:
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.=, 20
= Zz? N aﬂw > min ——— > 0.878.
S, sy, T o<e<e (1 — cos 0)
1<J )
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<VP>
€V BekTOpHOE

MonoXxmtenbHas rporpamMMnpoBaH

noJiyonpeneneHHocT

<SDP>
rnoayonpeneneHHok
NPOrpPaMMMpPOBAHUI

BeposiTHOCTHOE OKpyreH

ona <MAX-CUT>
@ BepossTHOCTHOE OKpyrner

Pa3mep
© max-cuT (un

_ 0.878-npunbnmxxeHHo
' peLlueHune

Puc. 4.7: KapTta-namaTtka pasaena 4.4.2
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140
140 1.4
120 = 1.3
120 | i ] .
o 12
1.1
60 | .
100 40 b . 1.0 .
20 i 0.9
k‘; L L
0 ‘ 0.8
= 0 1 2 3 4 5 6 7 1.0
gz 80] 0
Q
! 0.900 0.8820
~ [=¢
E 6o I 0.805 0.8815
> 0.8810
(o]
0.890 0.8805
0.885 0.8800
40 1 0.8795
0.880 0.8790
=4 | | | | | =
0875 021 20 2.3 24 25 2.6 08783
20 )
; 20/(mw(1 — cosb))
0 1 2 3

0

Puc. 4.5: Tpaduk dyHKummM ——2



lhaBa 5

MeToAabl gepaHaoMmunsauum

5.1 MeToAa YyCNOBHbIX BEpPOATHOCTEM

OKa3bieaemcs, 8 HEKOMOPbIX CAY4AAX 8epPOAMHOCMHbIE Aa120pUMMbl Mo2ym bbimb «0epaHOOMU3UPOBAHbI,
m. e. KOHBEePMUPOBAHbLI 8 0eMmepPMUHUPOBAHHbIE anzopummbl. OOUH U3 06UWUX MemMOo008, M0380/7WUX coe-
/71aMb 3Mo, Ha3bI8AEMCA MemoOOM yC/108HbIX 8eposmHocmell.

Mpobnembl, cBA3aHHbIE C AepaHA0MU3aLMNEN BEPOATHOCTHbLIX aITOPUTMOB NPU NOCTPOEHNN XOPOLLIUNX LLESIo-
YMCIEHHbIX PELLUEHWM, B HACTOSAILLEE BPEMSA HAaX0AATCA B LLEHTPE BHUMAHUA MHOTUX UccneaoBatenem (cm. [ 1).
Mocne paboTbl | ], B KOTOpOI1 BEPOATHOCTHBIM METOAO0M 6bl/I0 AO0KAa3aHO CYLLECTBOBAHME XOPOLINX LLENO-
YMCNEHHbIX PELEHMI B 3a43a4€e anMPOKCMMaLMM Ha PeLLIETKe, NOABMUIOCb MHOTO PaboT, B KOTOPbIX Ta XKe TeXHUKA
MCMNONb30Bafach ANA APYrMUX 3a4a4. DTa TEXHUKA NOyYMaa Ha3BaHNE METOAaA YC/108HbIX eposmHocmel.

Mpu aTom noaxoae 3dPEKTUBHbIN AETEPMUHUPOBAHHbIN aTOPUTM HaXOXKAEHUA MCKOMOTO LLEI0YNC/IEHHO-

207
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ro BEKTOPA MOXHO NOCTPOUTb NyTEM annpoKCUMaL MU UCXOAHOW 3a4a4M HEKOTOPbIM PYHKLUNOHANOM (06bIYHO
CBA3aHHbIM C OLLeHKaMM BEPOATHOCTEN HEKOTOPbIX COBbITUIN), N 3aTEM MCMONb30BaTb MOKOOPANHATHOE NOCTPO-
eHue Tpebyemoro peLleHus.

Onuwem 3TOT NOAXOA, Ha MPUMepe cneaytolei 3aaaun: umeetcs sennunHa X (), roe 8 6yneBom BekTope

x = (x1, ...,T,) KOMNOHEHTbI ABNAIOTCA HE3AaBUCUMbIMM CIyYalHbIMK BEMUMHamK, npudem P{z; = 1} = p;,
Tak, B 3agave 20 «MAX-SAT» X (1, ..., x,) paBHO YUCNy HEBbINONHEHHbIX CKOBOK B KHD npu BepoAaTHOCT-

HOM OKPYINeHUN.
TpebyeTtcsa HalTh ntobon bynes BEKTOP I, A1 KOTOPOro BbINOJHEHO HEPABEHCTBO

X(2)<EX. (5.1)

O603Hauum vepes X (x| z; = dy, ...,z = di) HOBYIO CAYYANHYIO BENMYMHY, KOTOPAs nonyyeHa u3 X
bUKCMpOBaHMEM 3HAYEHUI NepBbiX k ByneBbiX NepemMeHHbIX.

PaccMoTpMM NOKOMMNOHEHTHYIO CTpaTeruto onpeaeneHna MICKOMOro Bektopa z. [na onpegeneHma ero nep-
BOW KOMMOHEHTbI B X = (1, ..., x,) BbluMcAAem 3HaueHua fo < EX (z|z; = 0)u fi < EX(z| 21 = 1). Ecam
fo < f1, nonaraem x; = 0, uHaye nonaraem x; = 1. MNpun onpegeneHHON TakMm 06pa3om NePBON KOMMOHEHTE
(0603Haunm ee d;) BbluMcAfeM 3HaYeHUA dyHKUMoHana fo < EX (2| xy = dy, 29 = 0)n f) <+ EX (2] 21 =
di,zy =1).

Ecnm fo < f1, nonaraem x5 = 0, MHaye nonaraem xr, = 1.

duKcmpyem BTOpPYHO KoopanHaTy (o6o3Hauyas ee dy) M NPOAOAKAEM ONUCAHHBIM NPOLLEece 40 Tex Nop, Noka
He onpeaennTcs NOCAeAHsAA KOMMNOHEHTa pelleHuna (cm. puc. 5.1).

Moyemy HallaeHHbIM BekTOp byaeT yaosnetsopATb (5.1)? PaccmoTpum nepBbIi war anroputma. Mmeem
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EX =P{zy =1}EX (2|21 =1)+P{a; = 0}EX (2| 2, = 0) =
= EX(@|z,=1)+(1—-p)EX (2|2, =0) >
> EX(z| 2y =di) + (1 —p) EX (2] 21 =dy) =
= (p1+1—p)EX (2|2, =dy) =EX (2] 21 = dy).

Mpoaon:kas 3Ty LENOYKY HEPABEHCTB A/1A KaXK40ro LWwara, Nosy4aem Ha NocAeAHEM n-M Lare

EX >EX(x|x1=dy, ...z, =dp).

Ho
EX(ZE|ZE1 :dl, ,{L‘n:dn) :X(dl, --'7dn)7

M ANA NOCTPOeHHoro BekTopa & = (dy, ..., d,) BbINONHEHO HepaBeHcTBo (5.1).

KaK oLeHMTb YMCNO WaroB onMcaHHoM npoueaypbl? Ha Kaxkaon ntepaummn BbIMUCNAIOTCA ABa YC/IOBHbIX Ma-
TEMATUYECKUX OXKMAaHUA (fo U f1) U 3aTEM HAxO4UTCA MUHUMYM 3TUX BeanYMH. Ecnv 3To genaetca 3a Bpems
O(L), To npu obLem yncne utepauuii n nonydmm oueHry O(nL). Takum 06pa3om, U3N10XKeHHbI 06LLuil MeTop,
NO3BO/AET OCYLECTBNATb «AEPaHAOMM3ALMION, €CAN Y HAC eCTb 3GPEKTUBHbBIN aNFTOPUTM BbIYUCNEHUA YCNOB-
HbIX MaTEMATUYECKUX OXKMAAHUN (UM YCNOBHbIX BEPOATHOCTEM).

Tenepb MCNONb3yEM ONUCAHHbIN Bbille METOA YCN0BHbIX BepoATHOCTeM Ans 3aaaum 20 « MAX-SAT».
MaTemaTnyeckoe oxumgaHme X paBHO CYMMe BEPOATHOCTEN HEBbINOAHEHNA CKOOOK:

EX = Z P;, (5.2)
j=1
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EX=4.78

\
\

\
\x1=1
\

|

E X(x1=0)=2.5

EX(x1=1)=6.4

7
/

,/XZ =0
/
y

x2=1

E X(x1=0,x2=0)=5.3

EXx1=0,x2=1)=2.1

EXx1=0,x2=1,x3=0)=1

~
~
~
~
~

x3=0

\\\XS =1

EXx1=0,x2=1,x3=1)=4

~

L N

Puc. 5.1: lepaHgomunsauma Ha OCHOBE MUHMMM3ALMKN OLLEHOK MaTEMATUYECKOro OXMaaHunA

roe BepOATHOCTb HEBbIMOAHEHUA j-I AN3BIOHKLMM eCTb
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Anroputm 35 [lepaHgomm3sanmsa BEPOATHOCTHOTO anropmntma 33 «BepoATHOCTHbIM MAX-SAT» no meToay ycnoB-

HbIX BEPOATHOCTEM
Bxog: dopmynuposka 3agaum 20 « MAX-SAT» B Buge (4.1).

Bbixog: (Z1, ..., Tm) — NpubAMKeHHOe peweHue (4.1).
(p1, ...,Pn) < pewweHus AMHeRHoOM penakcauum (4.2).
foralli € {1..n} do

fo =EX(x| z; = 0) {Bbluncnnetcs yepes (5.4)}
fi=EX(x|z; =1){n(5.2)}
if fo < f1 then

z; < 0

else

end if
end for
return x

Pp=PS > mi+ Y (1—2;)=0
ieCt i€Cy
Onsa nonyyeHHoro BekTopa (dy, ..., d,) BbINONHEHO HEPABEHCTBO

N3 Teopemsl 18 cnepyet, uto E X < (1/e)m, an3 (5.3) BbiTekaet, uto X (21 = dy, ..., x, =d,) < (1/e)m.
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Takum 06pasom, Mbl HaxoaMM AonycTumblii 0-1 BekTop X = (71, ..., Z;,) C FAPAHTUPOBAHHOMN BEPXHEW
OLLEeHKOM ANns ueneson pyHKUUN.

BarKHbIl BONPOC 3aKAo4aeTca B TOM, Kak 3GEeKTUBHO BbIYMCAATb YCIOBHblIE MaTeMaTUYeCKMe OXUaaHuA.
MpeAanonoXKMm, 3HaYEHUA NePBbIX k NePEMEHHbIX yXKe onpegeneHbl n Iy — MHOXEeCTBO MHAEKCOB NepPeMEHHbIX,
3Ha4YeHUA KoTopbix paBHbl 0, @ I; — MHOMECTBO MHAEKCOB NepeMeHHbIX, 3Ha4YeHMA KOTOPbIX paBHbI 1.

HeTpyaHo npoBepuTsb, 4to ecam Iy N C’j_ #Qwuan I N Cf # (), To P; = 0. B npoTMBHOM ciyyae

Pi= ] a-p)- [] o (5.4)

ieC\Io i€C;\I
3anuwem 3ToT anroputm 6onee dopmasnbHO, B BUAE anroputma 35 « MAX-SAT aepaHaomusauma».

YnpaxHeHue 5.1.1. MoKaXK1Te, YTO MOXKHO OpPraHM30BaTb BbluMCAEHUE fy U f1 TaKMM 06Pa3oM, YTO CNOKHOCTb
anroputma 35 « MAX-SAT aepaHaomusauma» (Kpome peleHma NMHeHoM penakcauun) byaer O(mn).

YnpaKHeHue 5.1.2. YecTHbIN NONyTYMK B Noesae npegaraet Bam CbirpaTb B CAeAyOLWyo Urpy, BapUaHT Knac-
CMYECKOro «HanepcTKa». T. €. eCTb TPM HaMNepCTKa, WapKK, Balla 3a4a4a 06HAPYKUTb LIAPUK — TOrAa Bbl BbIUT-
pbiBaeTe, MHaYe — BbIUIPbIBAET CAAIOLLNIA.

Kakabii pa3 Ha KOH, Bbl U caatowmia, ctasute no 50 pybnen. Caatowmii TacyeT TpM HaNepCcTKa, U NpAYeT nog,
OOHUM M3 HUX LLAPUK. 3aTem OH NpeasiaraeT Bam BblbpaTb HanepcToK. Mocne Toro, Kak Bbl BbIbpann HanepcToK
(nycTb 3TO ByAeT HanepcTok «A»), Bbl MOMKETe OTKPbITb ero, nbo, 3annatue euwe 10 pybneir, notpebosaTb OT
CAAOLLEr0, OTKPbITh MYCTOM HAaNEePCTOK M3 ABYX OCTaBLUMXCA (MYCTb OTKPbLITLIN ByaeT «B»), nocne yero BbibpaThb
O4MH M3 ABYX 3aKPbITbIX HANEPCTKOB (T. €. «A» uam «C»).

mER
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3aMeTum, YTO CAAOLWMIA U NPeAMETbl YeCmHbIe (HUKaKUX «MCHE3aI0LLMX» LIAPMKOB U MPOYero MolleHHUYe-
CTBa, HANEPCTOK AN WapUKa BblIbMpPaeTca COBEPLLUEHHO CNy4YaiHo).
KaKkas cTpaTerns ontumanbHa?

1. He urpatb. Boimrpbiw — 0.

2. BbibpaTb HanepcToK «A» 1 OTKPbLITb €ro.

3. BbibpaTb HanepcToK «A», «KyNnUTb» OTKPbITUE NYCTOrO HanepcTKa «B», HO BbIbpaTb HaNepPCTOK «A».
4. BblbpaTb HaNepcToK «A», «KKYNUTb» OTKPbITUE NYCTOro HanepcTKa «B», 1 BbIGpaTb HaNepcToK «C».

Lopoea 0a1UHHAA, u2pame MOXHO MHO20 Pas, MPAsUsbHAA CMpPameaus Moxem npueecmu K Cyu,ecmeeH-
Homy 0602aWeHUID, HernpasuabHAA — K Pa30PeHUIO...
O6ocHyiiTe. NoacunTanTe MaToXKUAAHME BbIMTPbLILLIA A1A KaXA0M U3 CTpaTerui.

MAX-SAT

Mpnbnn>xeHHbIN BepOATHOCTH
P P MeTton

BblyncieHne yc/ioBHOro MaToXXuaa | yC/10BHbIX
BEPOSITHOCTEN

HepaHgommsaumnsa ona MAX-SA

[lOKOMMOHeHTHaa dukcal, >

Puc. 5.2: Kapta-namaTka pasaena 5.1.0
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5.2 MeTtoa manbiXx BepOATHOCTHbIX
NPOCTPAHCTB

B pasaene 4.3.1 mbl yKe paccmaTpuBanam napannesbHbll BEPOATHOCTHbIN anroputm Parallel MIS, ans noucka
MaKCUMa/IbHOTO MO BK/IIOYEHUIO HE33aBUCMMOro MHOKecTBa (cMm. onpeaeneHne 4.3.2 « MAX-IND-SET»), npuuem
Y 3TOr0 a/Ir0PUTMa CPeAHUM YNCOM UTepaLmii 6bl10 NorapudMUYEcKUM OT ASIMHbI BXOAA.

Naoes pepaHAOMM3aLMKM 3TOTO aNrOPUTMA 3aK/Itlo4aeTca B TOM, YTOObl MOKa3aTb, YTO BEPOATHOCTHLIN aHa-
13 paboTaeT aHaNOrMYHbIM 06pa3oMm, AaxKe eCN NOMETKM BEPLIMH AENAOTCA HE NOAHOCTbIO HE3ABMCUMO,
a NonapHo He3aBucumo. OTMeTUM, eAMHCTBEHHOE MECTO B aHa/n3e aaroputma, rae Mcnoab3oBasacb He3asu-
CMMOCTb MOMETOK, 6bl1a nemma 17.

Cnpasegnvsa cnegytouan

Nemma 24. Ecnu e anzopumme Parallel MIS cayyaliHele nomemku sepuwiuH 0esnaromcs nonapHo He3as8ucumo,
mo 8epoAMHOCMb MO20, YMO XOPoWas 8epuuHa npuHadaexcum mHoxecmsy SUT(S), He meHowe, yem 1/24.

KntoueBoe NpenmyLLLEecTBO NONapHOM HE3aBUCUMOCTH COCTOUT B TOM, 4To Tonbko O(logn) cnydaitHbix 6UT
[OCTaTOYHO A1 MOPOXKAEHUA BCEX TOYEK COOTBETCTBYIOLLENO BEPOATHOCTHOMO NPOCTPAHCTBA.

Yucno Toyek B Takom npocTpaHcTee ecTb O(n¢) U MOXKET 6bITb NPOCMOTPEHO NOJIHBIM Nepebopom 3a Nou-
HOMMWanbHOE BPeMms.

Jokazamenscmeo nemMmbl. EAMHCTBEHHOE MECTO, T4e UCMOo/b30Banach NoAHaA HE3aBUCMMOCTb NOMETOK
BEPLUMH, BblNa HUMKHAA OLEHKA BEPOATHOCTM, YTO XOPOLLAA BEPLUMHA CTAHOBUTCA NOMEYEHHOM. Bblna ncnonb-
30BaHa ceaytoLasn oLeHkKa.

Nyctb X;, 1 < i < n — {0, 1}—cnyyaiiHble BennunHbl u p; = P(X; = 1). Ecnn X; He3aBUCHMbI B COBOKYI-
HOCTH, TO
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Mbl 3aMEHUM 3Ty OLEHKY COOTBETCTBYHOLLEN OLEHKOW 417 NONAPHO HE33aBUCUMbIX CTY4aNHbIX BEIUUYUH.
Yreepxkgenume. Myctb X;, 1 < i < n — {0, 1}-cayvaiiHble Bennuntbl n p; = P(X; = 1). Echn X; nonapHo

He3aBUCUMbI, TO
(ZX >O> > — mln{ Zpl}.

Jokaszamenscmeo. Mpeanonoxkum, uto > p; < 1/2.
O603Haunm yepes Y; cobbitne X; = 1. Mmeem no popmyne BKAKOYEHUN-UCKIIOYEHWNIA:

PIUTY) 2 D P(Y: — 32 PIAY) =2 m- 3 =
Y] Y]
2
SV 37 IS oI (D S ) oit

Ecam Y. p; > 1/2, To orpaHn4MM MHAEKCbI CYMMMPOBaHUA No nogmHoxectsy S C [n], Takomy, uto 1/2 <
> ;i < 1, M NOBTOPUM TO 3Ke AOKa3aTeNbCTBO.

3aBepLnm Tenepb A0Ka3aTeNbCTBO JIEMMbI.

HanomHum, uto BepwnHa v € V HasbiBaeTcA Xxopoweli, ecnv oHa MeeT He MeHee d(v) /3 coceHMX BEPLUMH
cTenexu He 6osiee d(v). B NPOTMBHOM C/lyyae BepLIMHA HA3bIBAETCA M/IOXOM.
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MoKakem, 4To ec/in v — XOpOoLLas BEPLIMHA, TO BEPOATHOCTb TOFO, YTO HAWAETCA NOMEYEHHan BEPLUMHA U3
['(v), He meHbLwe 1/12.

O603Haunm 3ty BepoaTHOCTb Yepe3s P(I'(v)narked)-

0603Haunm I*(v) = {w € I'(v)| d(w) < d(v)}. No onpeaenenunio xopowei Bepwmtbl [I*(v)| > +d(v).
Ncnonb3ys [OKa3aHHYIO BbilE OLEHKY A1 MOMaPHO HE3aBUCUMMbIX CIyYaiHbIX BEJIMUUH, MMEEM

1 1 1
P(L(0)marked) = 3 mm{ﬁ, > 2d(w)} >

wel'(v)

1 .1 1 1 1 1
2§m|n{§, Z M}Z§mm{§, Z Qd(v)}z

wel*(v) wel*(v)

111 1 111, 1
> —min{=, —d(v)—} > —min{=, =} = —.
= 5 ming, 3d) eyt 2 3mint5 5l = 3

Ncnonb3ys nemmy 18 13 aHanu3a BepPOATHOCTHOrO anroputma Jlybm (B meuveHue Kaxcdol umepauyuu, ecau
8epWUHa NomMeYeHa, Mo oHa sblbupaemcs 8 S ¢ seposmHocmbio He MeHee 1/2) n yunTbiBas TOT dakT, uTo B ee
[OKa3aTeNIbCTBE UCMO/1b30BasIaCb TONIbKO NOMApHaA HE3aBUCMMOCTb, NOJTlyYaeM J0Ka3aTeIbCTBO HaLLer 1eMMbI.

MonapHaa HE3aBUCUMMOCTb 4/191 HEOAUHAKOBO
pacnpepgeneHHbIX Cly4alHbIX BeMUnH. KOHCTpyKumA

MoKaxem Tenepb, KaK OCYLLECTBUTbL AEPAHAOMM3ALMNIO NyTEM NOAHOIO Nepebopa snemeHTapHbIX CObbITUI (TO-
YyeK) M3 BEPOATHOCTHOIO NPOCTPAHCTBA U BbIYUCAEHUA B KaXKAO0M TOYKE 3TOr0 NMPOCTPAHCTBA. INEMEHTAPHbBIM
cobbiTem b6yaeT NpMNUcbIBaHME NMOMETOK BeplunHam rpada, 3agaBaemoe byneBbiM BEKTOPOM A/IMHbI 1. Pas-
Mep NOCTPOEHHOro NPOCTPaHCTBa byaeT NoAMHOMUANbHBIM. ANA AepaHAOMM3aLMM NyTeM NOAHOro nepebopa
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TOYEK M3 MOCTPOEHHOrO BEPOATHOCTHOIO MPOCTPAHCTBA AOCTAaTOYHO OyAEeT BbIMMCNTL B KaXKO0M TOYKe Nof-
MHOXeCTBO BeplInH R, cootBeTcTBylollee wary 2.1 anroputma Parallel MIS, 3aTtem ana Kaxkaoro pebpa B R
BbIBPOCUTb KOHLLEBYIO BEPLUMHY MEHbLUEN cTeneHu (war 2.2 aaroputma), noacumtatb umcno Ni pebep, cmex-
HbIX C OCTaBLUMMCS MHOMECTBOM BepLLUMH. 3aTeM B3ATb MHOXKECTBO 12, Makcumusupyolee nokasatenb [N . OHO
obecneunT Tpebyemble OLLEHKM Ha YMC/I0 UTepauuii 4eTEPMUHUPOBAHHOIO airopuUTMma.

NTaK, oNs OCyLeCcTBNEHNA YKa3aHHOTO MeToAa AePaHAOMM3AUNN HYXKHA KOHCTPYKUMA Hebonbloro Bepo-
ATHOCTHOTO MPOCTPAHCTBA CO CBOMCTBOM NOMNApPHOM HE3aBUCMMOCTM COOTBETCTBYIOLLMX CYHAMHbIX BEUUYMNH.
Onuwem 3Ty KOHCTPYKLMIO.

Bbibepem HaumeHbLLee NPOCTOe YMCAO P, TAKOE, YTO cn < p, FAe TOYHOE 3HAYEHNE KOHCTaHTbI ¢ > 1 Bbibe-
pem ganee. [ina Kaxx4oW BepLUMHbI u Bbibepem Lenoe a,, Takoe, uto a, /p ~ 1/2d(u) u uutepsan A, |A.| = ay
B Z,. Bonee To4HO, NONOKUM a,, = [#{u)]. Torpa

p
1 S%SQd(u)_‘_l: .
2d(u) ~ p p 2d(u)

=R

c oty 1 (HZ),
~2d(u)  en T 2d(u) ¢ 2d(u)  2d(u) c

[octatouHo BbIbpaTh ¢ = 10, 4T06bI ANA BEPOATHOCTU BEPLUMNHDBI 4 ObITb NOMEYeHHOM Ha ware 2.1 aaroputma
Parallel MIS 6b110 BbINOJIHEHO HEPABEHCTBO

1 a, _6 1
< —< -
2d(u) = p T 5 2d(u)
YnpakHeHue 5.2.1. [oKaxunTe, 4TO NPU yKa3aHHOM Bbibope BEPOATHOCTEN NOMETKMN BEPLUMH aHAIN3 aAropuT-
ma Parallel MIS, nposeaeHHbIl B pa3gene 4.3.1, ocTaetca B cune ¢ HE6ObLINMM M3MEHEHUEM KOHCTAHT. B yacT-
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HOCTW, nemma 17 cnpasefnvea 6e3 usmeHeHUi, B nemme 18 oueHMBaeMas BEPOATHOCTb He MeHbLue 2/5, B iem-
me 19 — cooTseTcTBeHHO He MeHee (2/5) - (1 — e~ 1/0).

YnpaKHeHue 5.2.2. [oKaxuTe, 4TO NPU YKa3aHHOM Bblibope BEPOATHOCTEN NOMETKMN BEPLUMH aHa/IN3 aNropuT-
ma Parallel MIS, npoBeaeHHbI B ;aHHOM pa3aefie Bblle, OCTAaeTcA B cue C Heb6oAbWNM U3MEHEHNEM KOHCTAHT.
B yacTtHocTH, nemma 17 cnpaBeanvBa 6e3 nsmeHeHn, B nemme 18 oueHMBaemasa BEPOSTHOCTb HE MeHbLUe 2/5,
B /IEMME B JAHHOM Pasfesnie — COOTBETCTBEHHO He MeHee (2/5) - (1/12) = 4.

Mycte X (u) — cnyvaitHas BeAMYMHA, NOAYHEHHAA MyTeM PaBHOMEPHOrO Bbl6opa =,y € Z, cnefyloWwmm
obpasom: X (u) =1, ecam zu + y € A,, M HYNO B NPOTUBHOM C/yyae.
370 3HauuT, yto P(X (u) = 1) = a,/p, NnockonbKy

Pry(X(u)=1)=PFa€A,: sut+y=a)=

Nmeem
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=P(Fa€ A, beA,: zuty=a, zv+y=>0) =

= Z Plzu+y=a, zv+y=>) =
a€A,, bEA,

(ZGAu, bEA'U p

5.3 TMMonnHomunanbHaa geTepMUHUPOBAHHAA NPOBEPKaA NMPOCTOTbI

Mpobaema NpoBepKn NPOCTOTbl HATYPaANbHOrO YMCNA ABNAETCA OAHOM U3 APEBHENLLMX M KNACCUYECKMX 3a4au
TEOPUU Ymcen.

HeaddekTnBHbIe TeCTbl (TMNA pelieTa dpaTocdeHa) bbinn N3BECTHDI eLle A0 Hallel 3pbl.

C pa3BUTMEM TEOPUM aNTOPUTMOB BO3HMK BOMPOC O CYLLECTBOBAHUN 3O PEKTUBHbBIX (MONMHOMMANbHBIX) an-
rOPUTMOB NPOBEPKM NPOCTOTbI YUC/IA, KOTOPbIE 33 MONMHOMUANbHOE OT AAUHbI Bxoaa ([log(n + 1)| ans uucna
N, 3a4aHHOTO B ABOMYHOW CUCTEME) NPOBEPAIOT, ABAAETCA /1M N NPOCTbIM YNC/IOM.

Mbl onM1cbIBaeM HU¥Ke MOANDULMPOBAHHbIN aNrOPUTM NPOBEPKM NPOCTOTbI, NPeANoXKeHHbIM B 2002 1. Tpe-
MA UHOAUNCKUMKW MaTemMaTUKamMmn. bonee To4HO, Mbl ONMpPaAEeMCcA Ha CTaTby | ; 1.

HeKkoTopble onpeaeneHunsa n 0603HaueHUn

Onpegenenue 5.3.1. Yepe3 HOL(a, n) 0603Ha4um Haubonbwuli obwjuli denumens (HOL) yucen a u n.
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Onpepenenue 5.3.2. lycme HOL(r,n) = 1. Toeda o,(n) — NOpAGOK n Mo MOOYAIO 1': MUHUMA/LHOE HamYy-
pansHoe k makoe, Ymo
n* =1 (modr).

Yepes ¢(r) obo3Ha4aemcs ¢pyHKyusa iinepa, pasHas Yucay 83aUMHO MPOCMBbIX C T Yuces, He Npesocxo0aujux
T.

Onpepenenne 5.3.3. Yepes Z,, 0603HAYUM KO/bUYO YeslbixX Yuces no Mmoodysnio n, a yepes I, — KoHeyHoe rnosne u3
p anemeHmos, 20e p — npocmoe 4Yucsno. Yepes Z,[X| 0603HaYUM KOMbLO MHO204/1€HO8 C Ko3ghpuyueHmamu
us Z,, a Yyepes F,[X| — Konbyo MHozo4neHos ¢ KoaghgpuyueHmamu us [,

Onpepenenue 5.3.4. HanoMHUM, Ymo 0714 MPOCMo2o p u Herpusodumozo 8 I, MHozouneHa h(x) cmeneHu d,
F,[X]/(h(X)) — KoHeuHoe none nopadka p’. Mei 6ydem non6308amscs 0603Ha4eHuem

f(X) =g(X) (mod h(X),n)

0nsa 06o3HaveHus ypasHeHus f(X) = g(X) e konvue Z,[X]/(h(X)).

Upea n ocHoBHaA nemma

Nemma 25. [lycme a — yenoe yucao, n — HamypansHoe, n > 2 u HOL(a,n) = 1. Toeda n npocmoe mozda
U mosibKo moz20a, Ko2oa
(X +a)"=X"4+a(modn).

Jokaszamenscmeo. 3ametum, uto ecnm 0 < i < n, To koadduumeHT npu X' 8 (X + a)” — (X™ + a) paseH

(e

PaccmoTpum gBa cnyyas.
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1. n — npocroe. Toraa (/) mod n = 0 1 Bce KOIGHULMEHTBI PABHBI HYJTHO.

2. n — cocTaBHoe. PaccmoTpym ero NpocTon AennTenb g U NyCcTb k — MAKCMMa/ibHasA CTeNeHb TaKad, YTo n
penvtea Ha ¢*. Toraa ¢* He aBnaeTca aenutenem (Z) M B3aMMHO NpocTo € a"~ 7 (AOKaXKnTe 3TO B KayecTse
ynpaxHeHnus). ChepoBatenbHo, KoabduumeHT npu X7 He paseH Hynto (mod n).

]

YT1o gaeT Ham 3Ta nemma? Ha nepsbiii B3rA4, HAYETO, T.K. BblYMCAEHWE NIEBOMN YacTM TOXKAECTBA TpebyeT
BblUMCIEHUA 1 KOIPPULMEHTOB B XyaLwem ciydae. OQHAKo OHa Aana UAEK HOBOro NPOCTOro BEPOATHOCTHOIO
TecTa Ha MPOCTOTY, KOTOPas U NPMBENa K NOCTPOEHUIO AETEPMUHUPOBAHHOIO NOJMHOMMALHOTO aNrOPUTMA
NPOBEPKM NPOCTOTbI YMCAA. B HEKOTOPOM CMbIC/IE MOXKHO PacCMaTPUBaTb 3TOT Pe3yNbTaT Kak 0epaHOOMU3aYUI0
coomeemcmeyrouwe20 8epOSAMHOCMHO20 Aa120pUMMA MPOBePKU CNeyuasbHo20 MoXoecmad.

OcHOBHas naen AepaHAoMM3aLMM — 3aMEeHUTb OCHOBHOE TOXKAECTBO Ha Apyroe:

(X+a)"=X"+a(mod X" —1,n),

AN HEKOTOPOro CNeLnanbHOro r, orpaHUYeHHOro NoAMHOMOM oT log n. K coXaneHuto, B Takom BUAE 3TOMY
TOXAecTBy OyayT yA0OBNETBOPATb M HEKOTOPbIE COCTAaBHbIE YMCNA. KntoyeBas naea aBTopoB aAropmuTma 3akio-
Yyanacb B NPOBEPKE AaHHOIO TOXKAECTBA A LLEN0M CEPUN 3HAYEHWNI @, YUCNIO KOTOPbIX OFPAHMYEHO MOIMHOMOM
ot logn.

MM ypanocb nokasaTtb, YTO AAaHHOWN cepun TOXKAECTB YAOBNAETBOPAIOT TONIbKO NPOCTbIe YNCAA, U, TaKUM 06-
pa3oMm, NOCTPOUTb AeTEPMUHMPOBAHHbIN MOJIMHOMMANbHbIA aATOPUTM NPOBEPKU MPOCTOTbI MPON3BO/ILHOTO Ha-
TypanbHOro Yncna. Ha Bxoa anroputma noAaercsa YMcao n, 3annucaHHoe B ABOUYHOW CUCTEME, a Pe3ybTaTOM
anroputma senaetca 1, ecam n — npoctoe, 1 0, ecam n — cocTaBHoOeE.
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Anroputm 36 NoAMHOMMWANbHbIA aATOPUTM NPOBEPKM NPOCTOThI
Bxoa: uenoen > 1.
Bbixoa: uenoe 1 — ecnm npocrtoe, u 0, ecnm n — COCTaBHOE.

1. if(n=a’anaa € Nub> 1) return 0.
2. HaifTn HaumeHblLee 7 TaKoe, uTo o,(n) > log” n.

3. fora=1tor
doif 1 < HOA(a,n) < n return 0.

4. if n <r,return 1.

5. fora =1to |\/¢(r)logn| do
if (X +a)"# X"+ a(mod X" —1,n) return 0.

6. return 1.

Bpemsa pabotbl

MoKaxem, 4To anropuTm 36 NOAMHOMUANEH.
MpuBeaem 6e3 AOKa3aTebCTBA U3BECTHbIN GaKT U3 TEOPUM YnCen.

Nemma 26. 0603Ha4yum yepes LCM(m) HaumeHbwee obujee KpamHoe nepasix m HamypasabHbix Yyucen. Toeda
LCM(m) He meHbwe 2™ npum > 7.

Nemma 27. Cywecmeyem r < max(3, [log® n]), makoe, umo o,.(n) > log® n.



5.3. NNOJ/INMHOMMWAJIbHAA NMPOBEPKA MNMPOCTOTbI 223

Jokazamenscmeo. MNpun = 2 3HaueHue r = 3 TPUBMANbHO YA0BNETBOPAET BCEM YCNOBUAM. [1PEANoNoKUM,
yto n > 2.

Torga [log® n] > 10, u Mbl MOXem BOCMO/b30BaTLCA NEMMON 26.

MycTb 71, 3, ..., 'y — BCE YMCAa, Takue, uto o, (n) < log®n,aqi, ..., q. — Aeamtenn n. Nyctb M — MHOxe-
CTBO, COCTOALLEE U3 /IEMEHTOB 77, ¢; U BCEBO3MOXHbIX NPON3BEAEHUIA 1;¢;. Kaxaoe U3 umcen mHoxectsa M
[OMKHO AeNUTb NPOU3BEAEHUE

Llog2 n|
n- H (n'—1) < plog’ n < 9log’n.
i=1

Mo nemme HaumeHblLee obliee KpaTHoe nepsbix [log® n] HaTypanbHbIx uncen He meHbue 2/°8° "1, u, cre-
AoBaTenbHo, cylwectsyeT uncno s < [log” n], Takoe, uto s ¢ M.Ecan HOL(s,n) = 1, To Bce aokasaHo. Ecam xe
s

S
q.

HOA(s,n) > 1, To, nockonbKy s He gennt n n HOL(s,n) = q; Npn HEKOTOPOM J, TO 1" = —————
A(s,n) y il A(s,n) = q; np pom j HOAG. 7)1

HW NPY KaKOM i, 1, cnegoBsaTensHo, o,(n) > log? n.
O

YnpaxkHeHue 5.3.1. MokaxuTte, 4yTo War 1 MOXHO BbINOAHUTL 33 NOJIMHOMMWANbHOE BpeMA.

N3 nemmbl 27 BbITEKAET, YTO Waru 2—5 BbINOAHUMbI 32 MOIMHOMMA/IbHOE BPEMS.
OTclofa Nony4yaem cneaytoLyto Teopemy.

Teopema 21. Ancopumm 36 NOAUHOMUGSIEH.

YnpaxkHeHue 5.3.2. [1nA KaKnX 1 MOXHO UCKAKYUTD Wwar 4 u3 aaroputma 367
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KoppeKTHOCTb

To, 4TO AN1A NPOCTOro 1 ANFOPUTM BblAAET 1, O4EBUAHO C/ieayeT U3 ONUCaHUA aITOPUTMa.

Ham HaZio AoKa3aTb, YTO eCIM aNTOPUTM BbIAAET 1, TO 1 ABAAETCA NPOCTbIM YMCOM (T. €. €C/IM YNC/IO0 COCTaB-
Hoe, To cpaboTaeT Kakana-NMbo 13 «NPOBEPOK» aNropuTma, n anroputm sepHet 0).

WUTak, 4onycTum, YACA0 N — COCTaBHOE, HO Wwarun 1 n 3 ero He BbIABUAK. PaccmoTpum nocaeanHuii « punbTp» —
CaMblii coaepyKaTeNbHbIl War aAropuTma, Wwar 5, BHUMaTebHO.

Mockonbky o,(n) > 1(KcTaTu, Nouemy?), AONKHO CYLLECTBOBATb NPOCTOE P, AENALLEE N, TAKOE, UTo 0, (p) > 1
(3ameTum, 4to ecnmn n — npocToe, To p = n). 3apurcupyem ymcna p u n. Mycto Takxke [ = | /(1) logn].

Ha ware 5 anroputma nposepsetca [ ypaBHEHWUI. MOCKONbKY NO Halemy NpeanonoXKeHUIo aaropuTM He
BbigaeT 0, To ana noboro 0 < a <[

(X +a)"=X"+a(mod X" —1,n),

OTKyAa cnesyet
(X +a)"=X"4+a(mod X" —1,p).

C Apyroii CTOPOHbI, N3 OCHOBHOM neMMbl 25 cneayer, 4To
(X +a)l =XP+a(mod X" —1,p).
M3 aByx NpeaplayLLinX PaBeHCTB caeayeT, YTo
(X +a)"? = X™P 4+ g (mod X" — 1,p).
YnpakHeHue 5.3.3. [lokarkuTe 3TOT PpaKT, MCNOb3yA TOXKAECTBO

(X +a)’=XP+d” (mod p).
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LHokazamenscmeo. OTMeTUM, 4TO
ZIX]/(X" = 1,p) = F[X]/(X" - 1).

MycTtb
(X +a)? — X"P — g = q(X) € F,[X].

Torpa B konbLe [, [ X] BbINONHAETCA paBeHCTBO
(X +a)y = X7 = a)" = (g(X))"

Bo3sogs B cTeneHb p B KonbLe [, [ X| neByto yacTb paBeHcTBa, Noy4Mm

((x +a)VP — X"P a)p =(X+4a)" = (XP+a) =

225

=(X+a)"— (X" +a).

CneposatenbHo, B Konble I, [ X | BbinonHAeTcA paBeHCTBO
(X +a)" = (X" +a) = (¢(X))".
C Apyroi CTOPOHBbI, NO ycnoBuMIo 3agauv B konbue [F,[ X BbinonHAeTcA paBeHCTBO
(X+a)"— (X"+a)=s(X)(X"—1).
CneposatenbHo, B Konbue F,[X] BbinonHseTcs paBeHcTBO

s(X)(X" =1) = (¢(X))".
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3ameTum, uto mHorouneH X" — 1 € [F, [ X'| He umeeT KpaTHbIX KOPHEl B ero nose pasnoxeHUs. [leNcTBUTENbHO,
ero npoussogHas pasHa X" !, a cornacHo ycnosuio o.(p) > 1 u, cnegosatensho, HOA(r, p) = 1. Moatomy
r # 0 B Konbue Z,, 1 paseHcTBo r X" ' BoamoxHO Tonbko npn X = 0. Ho X = 0 He ABnfeTcA KopHem
MHorouneHa X" — 1, 4To 1 03Ha4YaeT NPOCTOTY ero KopHeit. Toraa U3 Teopembl €AMHCTBEHHOCTU Pa3NoXeHNA Ha
MHOXUTENN B KoNbLe mHorouneHos [, [ X cneayert, uto mHorouneH ¢(X') aenutca Ha mHorouneH X" — 1, T.e.
q¢(X) = ¢1(X)(X" — 1). CneposatensHo, B Konble F,[X| BoinonHaeTca paBeHCTBO

(X +a)"? = X"P —a=q(X) = (X)(X" - 1),
T. €. BbINO/NHAETCA PaBEHCTBO
(X +a)"? = X" —q=¢q(X)(X"—1) =0 (mod X" — 1,p).
]
Onpepenenue 5.3.5. [ns nonuHoma f(X) HamypansHoe yucao m npuHadaexcum mHoxecmsy I[f(X)], ecau
FX)™ = f(X™) (mod X” — 1, p).

Nemma 28. MHoxecmeo I[f(X)] samkHymo omHocumensHo ymHoxceHus. Ecau my, mo € I[f(X)], mo my -
my € I[f(X)].

Jokazamenscmso. Mockonbky my € I[f(X)], T0
FEO™ e = [f(X™)P™ - (mod X7 — 1, p).

Mockonbky my € I[f(X)], To 3amenan X Ha X, umeem

[FXT))™ = fAm™) - (mod X™" —1,p) =

f(xm™ ™) (mod X" —1,p),
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nockonbky X" — 1 aBnaertca genntenem mHorouneHa X" — 1.
N3 3TUX ABYX COOTHOLLIEHUI NONyYaem

[FO™™ = fX™™) - (mod XT — 1, p).

Nemma 29. Ecaum € I[f(X)]um € I[g(X)], mo
m € I[f(X) - g(X)].

Jokaszamenscmeo. Nimeem

= f(X™) - g(X™) (mod X" — 1, p).

Onpefenvm fBa MHOMECTBA, UrPatoLMe KAOYEBYIO PO/b B AOKA3aTENbCTBE KOPPEKTHOCTU aNropuTma:

Iz{(g)i-pjli,jzo},

l
P= {H(X+a)e“]ea20}.

a=0

MpocTbim cneacTemem nemm 28 u 29 apnaetca
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Nemma 30. /15 a06ozo m € I evinonHeHo m € I[P

Onpeaenvm Tenepb ABe rpynnbl, CBA3aHHbIE C BBEAEHHbIMM Bbllle ABYMSA MHOXKecTBamu. MNycTb GG 0603Ha-
YaeT My/NbTUNAMKATUBHYIO FPYMMy BCEX BblUeToB uncen u3 I no moaynio r. Torga GG sBnseTca NoArpynnomn mysb-
TUNAVKATUBHOM rPyNMbl 2%, MOCKO/IbKY, Kak oTMeyeHo Bbiwe, HOA(n, 1) = HOA(p, r) = 1. Myctet = |G| — umc-
no anemeHTOoB rpynnbl G. pynna G NopoXKAaeTca aneMeHTaMu 12 M p o MOAY/IO T U, NOCKONbKY, o0, (n) > log? n,
Tot > log?n.

Bocnonb3yemca ganee HEKOTOPbIMM U3BECTHbIMU GpaKTaMM U3 TEOPUM KOHEUYHbIX NONEN.

®akT 1. MynabTUNAMKAaTUBHAA rpynna lo60ro KOHEYHOro NoAA LMKANYECKasn.

®akT 2. ina ntoboro nona F cylectsyeT ero anrebpanyeckoe 3ambikaHue F.

®akT 3. Paccmotpum paclumpenue nons F,, nonyyeHHoe npucoeguHeHnem Bcex KopHei mHorouneHa X" —
1. Umeem F, C Fy(a, ..., a,) CF,.

®aKT 4. Bo3bMeM MyNbTUMIMKATUBHYIO MOATPYNNY PacLUMPEHHOrO NOJS, COCTOALLYIO M3 KOPHE MHOrouie-
Ha X" — 1. 3T1a rpynna uukanyeckan (13 ¢pakra 1, Kak noarpynna LMKANYecKo rpynnbl). OHa CoAepXuUT NpMmMu-
TUBHBbI 31€MEHT < (-1 KOpeHb U3 eAMHULIbI, MOPOXKAAOLWMIA BClo LKandeckyto rpynny). Toraa F, C F (o) =
F.

Bo3bMeM MMHMManbHbI MHOTOUIEH 3N1emMeHTa « Hag, nonem F), n o6o3Haunm ero h(X). 3ToT MHOrouneH
HenpvBoauM B F,[ X'] M umeert cteneHb o,.(p) (cm. [ 1). Takoit mHorouneH Bcerga cyuiecrayet, ecav HOL(p, 1)
1, npuuem ero creneHb o,.(p) > 1. Myctb H 0603HaYaeT MHOXECTBO BCEX BbIYETOB MHOrOY1eHOB U3 P no mo-
aynio h(X) n p.

YnpaxHeHue 5.3.4. [1oKa3aTb, YTO paKTOP-MHOXKecTBO H ABnseTca rpynmnou.

Mpynna H nopoxgaetca snemeHtamun X, X + 1, X + 2, ..., X + I8 none F' = F,[X]/(h(X)) v anaetca
nogrpynnoi MmyabTUNANKaTUBHOM rpynnbl nonsa F.
Cnepytolime fBe NeMMbl AAKOT HUMKHIOKO U BEPXHIOK OLLEHKY pasmepa rpynnbl H.
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Nemma 31. |H| > (/).

Jokazamenbcmeo. 3ameTum cHayana, 4to X — NPUMUTUBHBIN 7'-ii KOPeHb U3 eanHULbI B F' (cm. GaKT 4 BbiLwe).

MoKaxeMm Tenepb, 4To Ntobble ABa PA3NUYHBIX MHOFOU/IEHa B MHOXeCTBe P cTeneHn MeHblue, Yem ¢, CooT-
BETCTBYIOT pa3nnyHbiM anemeHTam H. Myctb f(X) n g(X) — Takme mHorouneHsl u3 P. Npeanonoxum f(X) =
g(X) B none F, unyctb m € I. Umeem [f(X)]™ = [g(X)]™ 8 F. Nockonbky m € I[f], m € I[g], n h(X)
asnaertca genntenem X" — 1, nonyyaem, 4to B nosie I’ BbINOAHEHO

JX™) = g(X™).

OTctoaa BbiTekaeT, uto X" asnsetca KopHem mHorouneHa Q(Y) = f(Y) — g(Y) ana moboro m € G.
Nockonbky HOA(m, ) = 1 (T.k. G — noarpynna Z*), nto6oe Takoe X' ABNAETCA NPUMUTUBHBIM 7-M KOPHEM
V3 eanHULBI. CeaoBaTesbHO, JOMKHO bbiTh |G| = ¢ pasnnuHbix KopHelt MHorouneHa QQ(Y') B none F'. OgHako
ctenenb Q(Y') meHbLue ¢ B cuny Bbibopa f 1 g. ITo NnpoTnBopeumne aokasbisaeT, yto f(X) # g(X) B F.

3ametum, uto i # jB Fp, anal <i# j <, nockonbky l = [\/p(r)logn| < /rlogn <r,up >r.

3HaunTt Bce anemenTbl X, X +1, X +2, ..., X + [ pasnnuHbl B none F. Takxke, NOCKONbKY cTeneHb h 6onblue
eanHnpl, X + a # 08 F pnascex a, 0 < a < [. 3HauuT, cylwectsyeT He meHee [ + 1 pas/MyHbIX NONMHOMOB
nepsoii ctenexun B H. OTcloAa BbITEKAET, YTO CYLLECTBYET He MeHee (fﬂ) Pa3/INYHbIX NOJMHOMOB CTeneHn < ¢

B H. ]

Nemma 32. Ecau n He A8714emcA cmereHbio p, mo
|H| < nV".

Jokazamenbcmeo. PaccMoTpum criedytoliee NoAMHOMKECTBO MHOXecTBa [:

]1:{<g)i.pi (ogz‘,jgbﬁj}.
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Ecan n He aBnseTcsa cteneHblo NPOCTOro 4Yncna, To
L] = ([Vt] +1)* > ¢.

Nockonbky |G| = t, no KpaliHeit mepe ABa yncna 3 I; JOMKHBI 6bITb PaBHbI MO MOAy/to 7. MycTb 3T0 ByAyT My
Ums U mq > mo. UMeem
X™ = X" (mod X" —1).

Nycts f(X) € P.Torpa
[f(X)]™ = f(X™) (mod X" —1,p) =

= f(X™) (mod X" —1,p) =

= [f(X)]" (mod X" —1,p).

OTcropa BbITeKaerT, 4To B nose F
FEOI™ = X",

CneposatensHo, f(X) € H asnaetca kopHem mHorouneHa Q1 (Y) = Y™ —Y ™2 g none F. Mockonbky f(X) —
NPOu3BOAbHbIN 3nemeHT H, mHorouneH (Q1(Y) umeet He meHee |H| pasnnuHbix KopHeit B none F. OgHako

cTeneHb mHorouneHa (1 (Y) paBHa
NG
p

370 goKasbiBaeT, uto | H| < nlvi, O

3aBepLuatoLeit ABNAETCA 1IEMMa, OCHOBaHHAsA Ha CPaBHEHUWN HUXKHEN U BEPXHEN OLLEeHOK 13 nemm 31 n 32,
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Nemma 33. Ecau anzopumm evidaem NMPOCTOE, mo n f8a5emcs npocmaoim YUC/AOM.

Jokazamenscmso. TMpeanonoxum anroputm Bbiaaet MPOCTOE. M3 nemmbl 31 BbiTekaeT, utognat = |Gl =

[V () logn]:

1 1
\H|2<tj1>: (D) >

1

T S(|Vtlogn| + 1)+ ...  (|Vtlogn| +1+1)

—~

(nockonbKy t > V/tlogn) =
_ (l+1+[Vtlogn)| 2[Vitlogn) + 1
(" osn )= (lorigar )
(nockonbky I = |v/o(r)logn| > [Vtlogn]) >
S ol Vilogn|+1 5 Vit

— Y

2m +1

nockonbky |Vt logn| > |log’n| > 1) n (
m

) > 2™ npum > 1.

Mo nemme 32 |H| < n‘/i, ecnn n He cteneHb p. CnegoBatenbHoO, n = pk ans Hekotoporo k > 0. Echm k > 1,
TO anroputm Bblgact O Ha ware 1. 3HauuT, n = p. O]

OKOHYaTeNbHO NOyYaeM CAeAyHoLLYIO TEOPEMY.

Teopema 22. Anzopumm sbidaem [NPOCTOE <— n — npocmoe.



nasa 6

OCHOBbI TEOPUN CNOXKHOCTU BbIMNCIEHUMN

Mpw HanMcaHUM 3TOM MNaBbl UCNONb30BaANNUCL KYPCbl KLU
[ 1, [ ], a Take otyer | ] vt KHura | ].

6.1 CnoXXHOCTb BblUMC/IEHUU

6.1.1 MawwnHbl TblOPUHIa N BbIMUCIUMOCTb

HedopmanbHo, mawuHa ToropuHaa (panee MT) npeactasnset cob0li aBTOMAT C KOHEYHbIM YUC/IOM COCTOAHWIM
N HeorpaHWYeHHOM NamMATbO, NpeacTaBNeHHON Habopom ogHoM unu 6onee s1eHmM, 6eCKoHeYHbIX B 060MX Ha-
npasneHuax. JIeHTbl NogeneHbl Ha 6ECKOHEYHOE YNC/IO AYEEK, U Ha KaXKa0M IeHTe BblAeNeHa CTapToBas AYei-
Ka. B Kaxkool aueinke moxeT 6bITb 3aNncaH TO/IbKO OAUH CUMBOJ1 U3 HEKOTOPOTrO KOHeYyHoro asndaBuTa 2, rae

232
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npeaycMmoTPeH CUMBOJI * ANA 0603HAYEHUS NYCTON AYENKN.

Ha KaxaoW neHTe MeeTCA ro/IoBKa YTEHMA-3aMNUCK, U BCE OHWU NOACOEAMHEHDBI K KYNPABAAIOLLEMY MOLYHO»
MT — aBTOMaTy C KOHEYHbIM MHOXecTBOM cocToAHMM I'. UmeeTca BbiaeneHHoe cTapToBoe cocTosiHne «START»
N cocToAaHMe 3asepenmna «STOP». MNepepg 3anyckom MT HaxogmTtca B cocToAHMM «START», a BCe rON0BKU NO3K-
LMOHNPOBAHbI HA HY/NIEBbIE AYENKM COOTBETCTBYIOLLMX NEHT. Ha KaxKaom Lare BCe ros0BKU CYUTLIBAIOT MHDOP-
MaLMIO 13 CBOMX TEKYLLMX AYEEK U MOCLINAIOT ee yrnpasasaowemy moaynto MT. B 3aBUCMMOCTH OT STUX CUMBONOB
n cOBCTBEHHOIO COCTOAHMSA YNPABAAOLWMIA MOAYNb NPOU3BOANT CAEAYIOLLNE ONepaLmn:

1. nocbinaeT KaxkaoM roN0BKE CUMBOJ 418 3aMUCK B TEKYLLYHO AYEAKY KaXK40M NEHTbI;
2. NocblNaeT Kaxaon ronoske oaHy U3 komaHg «LEFT», «RIGHT», «STAY»;

3. BbINOAHAET nepexoa B HoBoOe COCToAHUE (KOTOpOE, Bnpo4yem, MOXKET coBnaaatb C I'Ipe,EI,bILI,YLLI,MM).

Tenepb TO ke camoe bosee popmanbHO.

Onpegenenue 6.1.1. MawuHa Tetopusea — smo Habop T = (k, 3, [, o, 5,~), 20e
e kL > 1 —yucno neHm;
e > — angasum neHm, x € Y — cumeon-npobesn;

e ' — KoHe4yHoe mHoxecmeso cocmosHul, S, () € I' — abl0esieHHble COCMOAHUA: 3aMyCK MAWUHbI U 3a8ep-
weHue pabomeoli;
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e «, 3,7 — npoussosnbHble omobpaxiceHus:

a:Ix3F 5T,
f:T xTF 5 2k
v: T x % = {-1,0,1}".

T. €. (x 33[33eT HOBOE COCTOAHME, 3 — CMMBOAbI AN1A 3aMUCK HA NIEHTbI, Y — NepemMeLLeHNE T0I0BOK. TaKUM
o6pasom, mawwmHa TblopuHra 3agaeTca Tabauueln komaHg pasmepom |X|* x [T, 3agatoweit npasuna pabotbi
MalLLMHbI B COOTBETCTBUM C GYHKUMAMMU v, [3, . YAOOHO cunTaTh, YTO aNdaBuT X COAEPHKMUT KpoMe «npobena» x
ABa BblaeneHHbIX cumsona — Om 1,

Mop exodom ana MT noapasymeBaeTca Habop 13 k cnos (k-KopTex) n3 2%, 3anucaHHbIX CNpaBa OT CTaPTOBbIX
nos3numnit Ha k neHtax MT. O6bI4HO BXOAHbIE AaHHbIE 3aMMUCbIBAOT TO/IbKO HA MEPBYHO IEHTY, U NOA, BXOAOM T
nogpa3symesatoT k-kopTex (x, (), ..., ()) — Tak mbl n Byaem cumTaTh Aasiblue B 3TOM passere.

Pesynomamom pabotbl MT Ha HekoTopom Bxoge X cuYMTaeTcs C/I0BO, 3aNUCAHHOE Ha NOC/eAHEN NeHTe
nocne octaHoBKM MT (cnoBa, 3anNncaHHble Ha OCTa/IbHbIX IEHTAX, MPUHATO UTHOPUPOBATB).

AndasuT BxoaHoro cnosa byaem ob6osHauatb g = X\ {x}. [a, mbl 6yaem cuntatb 6€3 notepu obLHOCTY,
YTO BXOAHOE C/I0BO HE COAEPKUT NPO6ENoB x — UHAYe BO3HUKHYT TEXHUYECKME CNOMKHOCTM, KaK ONpeaenmTb,
rae KOHYaeTcs BXO4HOE C/I0BO U T. M.

ECnn yTO-TO OCTaNI0Ch HEMOHATHBLIM, MOXKHO MOCMOTPETb Ha aNropuTm 37 — cumynaTtop paboTtbl MT, KOTOpbI
Mbl Byaem MCcnosib3oBaTb, YTOObI NPOUANIOCTPUPOBATL NPOLLECC PAaboTbl MalKH TbtopuHra. OH NPUHUMAET Ha
BXOZ, ONMCcaHMe MallmHbl TbtopuHra B BUAE Tabanupl KOMmaHg, (cm. puc. 6.1).

O6paTuTe TaKKe BHUMaHME Ha anbTepHATMBHOE NpeAcTaBieHMe MalnH TblopMHra B BUAE OPUEHTUPOBAH-
HbIX rpadoB, rae BepLUMHbI ABASKOTCA COCTOSHUAMM, @ AYTM — BO3MOXHbIMU CME@HaMM COCTOAHUMI, NPUYEM Ha-

'06bI14HO BoBCe orpaHnymnBatoTcs andasutom X = {*,0,1}.
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4ano Ayrv NOMeYeHO CUMBO/IOM, KOTOPbIM A0MKEH ObITb HA IeHTE AR aKTUBALMKM Nepexosa, a KoHeL, Ayru no-
MeYeH CMMBOJIOM, KOTOPbIN NULLETCA Ha IEHTY, U KOMAHZO0M NepemeLLeHNA ronoBKu: «Ly» (Bneso), «R» (Bnpaso),
«» (Ha mecTe).

PaccmoTpyM HECKONBKO NPMMEPOB MaLIMH TblOpUHra:

1. «ypaBoeHue cTpoKku» (puc. 6.1);

2. «yHapHoe cioxeHue» (puc. 6.2);

3. «pacrno3HaBaHMe YETHbIX CTPOK» (puc. 6.3);

4. «pacno3HaBaHWe CTPOKWU C oaMHaKoBbIM Konuvectsom O n 1» (puc. 6.4 n 6.5).
[Nns KaXkaon MalMHbl NOKA3aHo:

e TabanyHoe onucaHune MT;

¢ rpad nepexonos;

® NCTOPUA BbINONHEHNA ONA PA3/IMYHbBIX BXOAHbLIX CNOB, rAe ANA KaXXA40ro Takta BblaeneHoO nNoaoXKeHUe ro-
NNOBKU N YKa3aHO TeKyLlee COCToAHUE.

YnpaxkHeHue 6.1.1. NoctpoinTe mawmnHy TbtopUHIa, KOTOPanA 3anuncbiBaeT BXOAHOE ABOUYHOE C/I0BO B 0OpaTHOM
nopaake.

YnpaxHeHue 6.1.2. MocTpoiTe mawmnHy TblopuUHra, KOTOPaa CKAaAbIBAET ABaA YMCNA, 3aNUCAHHbIE B ABOUYHOMN
cucteme. Jna onpeaeneHHoCTU CYUTANTe, YTO 3aNnCKU YNCen pasgeneHbl cneumanbHblM CMMBOIOM andasuTa
«+»,
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MT = {
’k’: 1,
’start’: °S’,
)Stop): )Q})
’program’: {
# (CocmosHue, cumBonbl Ha neHmax) ->
# -> (HoBoe cocmosHue, (OelicmBua Ha sneHmax))
(’s?, (1)) (Ps27, ((P*7L,7°R7))),
(?s27, (°17)): (’s27, ((°17,°R%))),
(?s27, (°*7)): (Ps37, ((°*°,°R7))),
(?s37, (C*7)): (Cs4”, ((°17,°L7))),
(?s37, (°17)): (Ps37, ((°17,°R%))),
("54’, (11))): ()54), (()1.”)'_)))),
(7s4’, (P*2)): (PS5, ((C*7,7°L7))),
(?s57, (°17)): (?s57, ((°17,°L7))),
(?s57, (°*7)): (°S?, ((°17,°R%))),
(’s?, (C*F ) Q7 (C*577)))

3}

=== f=1~[~~[-

0099000009860 00A00RE0R9HeY

H0H0H 0009999000

=l = = = == -
m = l=T=T=1= 0= 1= [~~~

A




237

(%3

6.1. C/IOMHOCTb BbIYNC/IEHUN

Al Bl Bal Bl Bl Bl Bl Rl

| ) ) Iy Y Y ] I

\nl Bal Bal Bal Rl Bl Bl Bl Bal Bl BalBal Bl Bl Rl
| ) ) Y Y Y o ) | | |

\nl Bl Ral Bl Bl Bl Bl Bl Bl Bl Bal Bl Bl Bl R

i\l Bal Bal Bl Bl Rl Rl Rl Bl Bl Bl Bl Bl (Bl Rl

Czpass >
C2pass >
C2pass >

4ae00e

i | | = Y ]

| | [
\al Bl Bal Bl Bl Bl Bl Bal Bal Bal Bl Bl R
[ Y Y Y ] ] Y e ) ] ]
(] Bl Bl Bl Bl Bl Bal Ral Bl Bl Bl Bl R

...__.......__...®

AR

Puc. 6.2: MawunHa TelopUHra: yHapHoOE CnoXXeHune
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Puc. 6.3: MawwuHa TetopuHra: pacrno3HaBaHUe YETHbIX CTPOK
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3aMeTUMm, YTO B Pa3/IMYHOM IUTepaType BCTPEYAETCA AOCTAaTOYHO 60/bLLOE YMC/I0 PAa3HOBUAHOCTEW onpese-
neHnii MT — Hanpumep, YMCNO IEHT OrPaHUYMBAETCA 40 OAHOMN, 6ECKOHEYHOM TONBbKO B O4HOM Hamnpas/ieHuu,
WA BBOAMTCA «3aLLMTa OT 3aMMCK» Ha BCE IEHTbI, 3@ UCK/IIOYEHMEM BbIXOAHOM, pasymeeTcs, U T. M.

OAHAKO HECNOXHO, XOTA M HECKOIbKO YTOMUTE/IbHO, MOKa3aTb 3KBMBANEHTHOCTb BCEX 3TUX OMNpeaeneHuit
B CMbIC/E BbIMMCUTENBHON MOLLHOCTM. Mbl TOXE C/1erka 3aTpoHEM 3Ty Temy.

[na Hayana BBeeM NMOHATUE YHUBEPCAAbHOU MawuHbl TelopuH2a, KOTOPanA yXe HanoMUHaeT 6osblue co-
BPEMEHHbIV MPOrpaMMMPYEMbIi1 KOMIMBIOTEP, YEM MEXaHUYECKYIO LLIKATY/IKY.

Nycte ' = (k + 1, X, T'r,ar, Br,yr) n S = (k, 3, s, as,8s,7s), k > 1, 4Be MT,ap € . Utak, Tc
Nporpammoit p cumysupyem S, ecnv Ana NPOM3BONBLHOTO KOpTeXa (1, ..., ;) € Uik

1. TocraHaenueaetcs Ha Bxoge (r1, ..., Tk, p) TOTAA M TONbKO TOTAA, Koraa S ocTaHasnueaetca Ha (ry, ..., Tk);

2. B MOMEHT OCTaHOBKM T Ha NepBbIX k IeHTaxX TaKOoe e COAEP>KUMOeE, KaK MU Ha fieHTax S Noc/ie 0OCTaHOBKM
Ha TOM e BXoae.

Onpepgenenue 6.1.2. k + 1 neHmoyHas MT T yHueepcanbHa, ecau 014 noboli k-neHmoyHol MT S (Had anga-
gumom %) cywecmsyem npoepamma p € 3¢, Ha komopol T cumynupyem S.

Teopema 23. /[]1a 106020 k > 1 u nobozo anpasuma 3. cywecmasyem (k + 1) neHmoyHas yHusepcansHas MT.

Jokazamenscmeo. MNpuBeaem KOHCTPYKTUBHOE NOCTPOEHUe yHuBepcanbHon MT. OCHOBHas uaes 3aknto4aet-
€A B TOM, YTOObI Pa3MeCcTUTb Ha AOMONHUTENIbHOW NEHTE YHUBepcanibHOM MT onucaHMe U TeKyLiee COCTOAHUE
MOZENNPYEMOIN MALWMHBI S.

[na Hayana onvwem NocTpoeHue ¢ k + 2 neHtamu. s NpocToTbl byaem cumMTaThb, UTO andaBuT X COAEPKUT
cumBonbl «0»,«1» n «—1». Nyctb S = (k, X, 's, ag, Bs,7s) — NPOU3BONbHAA k-NE€HTOYHAA MALLMHA ThlOpUHTa.
Byaem KoaMpoBaTb Kaxkaoe COCTOAHME MaLUMHbI S C10BOM GUKCUPOBAHHOM ANUHDBI " Haj andasutom 2. Toraa
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KakZyt CTPOKY M3 TabNIMUYHOro NpeacTaBAeHUs MallNHbl S MOMKHO 3anucaTb CTPOKOM-KOAOM GUKCUPOBAHHOM
OJINHbI:

gty ...tkOfS(Q,tl, ---atk)65<gvt17 "'7tk)75(g7t17 "'7tk)7
geT: tieSVi=1, ... .k

NTak, Ha «k + 1»-0l1 neHTe y Hac byaeT 3anucaHo Bce TabnnMyHoe npeacTaBAeHUe MaWnHbl S B BUAE PUK-
CMPOBaAHHOIO pa3mMepa KoAoB, Ha «k + 2»-0M NeHTe U3Havya/ibHO byaeT 3anncaHo CTapTOBOE COCTOAHME S, Ha
nepBbIX k NeHTAX — BXOAHblE AaHHbIE.

Hawa YMT T 6yaet npoberatb no «k + 1»-0i NeHTe, NOKa TeKylllee COCTOSHUE MOAE/IUPYEMOM MaLlNHbI S
M CUMBONbI Ty ...t Ha neHTax 1 ...k He coBNaAyT C 3anNUCaHHbIM Ha «k + 2»-0M neHTe Kogom. Toraa 13 Koga
N3BNEKAKOTCA MHCTPYKLMK, YTO AenaTb C NepBbiMM k NEHTaMK, HOBOE COCTOSIHME, KOTOPOE 3anucbiBaeTcs Ha
«k + 2»-ylo neHTy, 1 BCce noBTOpAETCA.

Ona HarnsgHOCTU Ha puc. 6.6 npusedeH rpad nepexoaoB A4na 3-X AeHTOYHOM YMT, amynunpyloLlen ogHo-
NeHTo4Hyo MT. bonbline NpAMOYroNbHUKM 0603HAYAOT COCTOSAHMA, BAOMKEHHbIE NPAMOYFOIbHUKM — YCNOBUA
nepexoAoB B Apyr1e COCTOAHMSA, Ha pebpax-nepexofax NponucaHbl coBepluaemble ¢ neHTamu geicteua. T'(k),
k =1,2,3 — 0603Ha4atoT NEHTbI, B KOHTEKCTE CPAaBHEHMA — CMMBO/ MO rOJIOBKOM AaHHOW NEHTbI.

M3HayanbHO MalUMHA HAaXoAMTCA B cOCTOAHUM START, Ha neHTe T'(3) 3anucaH Ko CTapTOBOTO COCTOAHUA
S. B cocToAHUM START Mbl NbITAEMCS CPAaBHUTb TEKYLLMIA KO Ha NIEHTE 2 U TeKyLLee COCToAHMe S, 3anmMcaHHoe
Ha neHTe 3. ECn OHM COBMAZatoT, M COBNAAAET C OXKMAAEMbIM CUMBOJT HA NEPBON /IEHTE, TO «NEepPeMaTbiBaeM»
K Hauyany TpeTtbto nenty (REWIND_T3), 3anucbiBaem Ha Hee HoBOe CoCTosiHue U3 BTopon nieHTbl (WRITE_STATE),
3anMcbiBaeM Ha NepBYH IEHTY CUMBO/ U3 BTOPOM ZIEHTbI, ABMraem Kyaa HaZo rosoBKy nepsomn nenTbl (MOVE),

«nepemaTbiBaem» K Hauyany BTOpYto U TpeTbio neHTy (REWIND_T2_T3), n BO3BpaLLaEMCH B UCXOAHOE COCTOSHME.

MHaue, no uenoykxe
SKIP_T2_STATE — SKIP_T2_TRANSITION — SKIP_T2_MOVE
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(nnn bonee KOpPOTKOI) Nepexoanm K cneaytowemy Koay (cTpoke mogennpyemont MT) Ha BTOpOI NeHTe.
Mepexopg oT k+ 2 neHT K k+ 1 HecnoxkeH — Hanpumep, A40CTAaTOYHO XPAaHUTb COAEPKUMOE «k + 2»-1 NeHTbI
B OTpULLATeNbHOM 061aCTh «k -+ 1»-4 NeHTbl U MOAENNPOBaTb 2 FONOBKKU Ha «k + 1»- neHTe (o4Ha M3 KOTOPbIX
bynet paboTtaTtb Cc cocToaHMeM S, a gpyraa ¢ Nporpammoit S) meTogom, onncaHHbIM B AOKa3aTeNbCTBE Ceay-
lOLLLEN TEOPEMDI. O

C.I'IEAYPOLLI,aFI Teopema yTBeprKaaeT, YTO B HEKOTOPOM CMbIC/1e HEBAXKHO, CKO/IbKO NeHT B onpeaeneHnn MT.

Teopema 24. [las nwoboli k-nenmoyHoli MT S cywiecmsyem o0HoneHmoyHas MT T, makas, ymo 018 a06020
x € X, T ocmaHasnusaemca Ha x Mmo20a U MoaAbKO Mo20a, K020a Ha T 0CMAHA8aAUBaemca S, NPUYem Ha
neHme T nocse 0CMAHOBKU 3aMUCAHO MO, YMO 3arUCAHO M0C/1e OCMAHOBKU Ha nocsiedHel neHme S.

Ha exode x, Ha komopom S 6ydem pabomams N wazos, epemsa pabomsl mawuHsl T 6ydem O(N?).

Jlokazamesnbcmeo. lNepBbiM A4€10M Mbl OCYLLECTBAEM «YNAKOBKY» BCEX SIEHT MOAENNPYEMOMN MaLLUMHbI S Ha
O4HY NeHTy MalwmnHbl T. Mbl fobuBaemcA COOTBETCTBUA - AYEMKN J-N NEHTbl MOAEANPYEMOWN MALLMHBI S YeT-
HoW 2(ki 4+ j — 1) Aueitke e4UHCTBEHHOW NIeHTbl MaLwuHbI T. BepHee, «ynaKoBbIBaeTCA-PACTATMBAETCA» TONbKO
BXOAHaA, MepBas NeHTa MalluHbl S, T.K. OCTa/ibHble IeHTbI S N0 onpeAeneHuto NycTbl Nnepes 3anycKkom.

Mo3nymm, cOOTBETCTBYIOLIME BCEM IEHTAM S, KpOMe NepBOM, 3aNONHAITCA Nnpobenamu.

HeueTHble nosvumm 2(ki + j — 1) 4+ 1 Ha NeHTe Mbl UCNONb3YEM A1 XPaHEeHUA UHOOPMALLMM O TON0BKaX
MaLUMHbI S — €C/IM Y MaLMHbI S B HEKOTOPOM COCTOSIHWUM B - NO3ULMK j-I NEHTbI CTOANA rON0BKa, To B 2(ki +
Jj—1)+1 ayeliky mbi 3anuwem 1, nHaye npoben . Tak:ke nomeTnm O nepsble YeTHbIE AYENKMN, COOTBETCTBYIOLLME
KOHL,AM NeHT MOAENMPYEMON MALLMHBI S.

Tenepb paccmoTpuMm, Kak T HenocpeacTBEHHO Moaenupyet S. Bo-nepsbix, T «MTOMHUT» (33 cYeT CBOMX COb-
CTBEHHbIX COCTOAHUM, @ HE AOMNOJHUTENbHBIX IEHT), B KAKOM COCTOAHUM AO/IKHA HAXOAUTLCA MOAennpyemas
MaLlmHa S. Takke T MOMHUT, KaKyl0 «JIEHTY» OHa B AaHHbIA MOMEHT YMTaeT. 3a O4MH NPOXoA4 MO CBOeN NeH-
Te T «BbIACHAET», KAKMe CMMBO/bl BUAHbI MO, KaXKA0M roI0BKOM MOLENNPYEMOM MaLLUMHbI S, B KaKoe COCTo-
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AHME HYXHO NepeBecTU S, Kyaa HYXKHO ABUraTb rOI0BKM KaXKAO0W NIEHTbI M YTO 3aMMCbIBaTb HA KarKAylo NEHTY.
Cnegytowmm npoxoaom COOTBETCTBEHHO ABUratOTCA MapKepbl r0/IOBOK, MULLYTCA CUMBO/Ibl HAa MOAEANPYEMbIE
NeHThbI S.

lMocne oKOHYaHMA MOAENNPOBAHMA BbIMMCAEHMA S MONYYMBLUNIACA PE3YNbTaT A0MKEH ObITb «CXKaT», YTO aHa-
JIOTMYHO HAYANIbHOMY K PACTAXKEHUION.

O4yeBUAHO, YTO ONMCaHHaA TakKMM 06pa3om matimHa T BbIYMCAAET TO Ke, YTO U ModeInpyemas MmallmHa S.
Tenepb oueHUM ymcno waros T. MycTb M — 4MCNO CKaHMPOBAHHbLIX MALLIMHOM T AYEEK.

YnpaxkHeHue 6.1.3. [oKaXKuTe, 4TO YNCNO CKAHMPOBAHHBIX MawwmnHoOW T aveek M = O(N).

MogenupoBaHue Kaxaoro wwara S Tpebyet O(M) waros, TakMm 06pasom, BECb NPOLLECC MOAEINPOBAHMUA
coctout n3 O(M N) waros. HayanbHoe «pacTAKEHWE» U KOHeYHoe «CxaTue» TpebytoT no O(M?) waros.
OKOHuaTeNbHO NoJTy4aeM, YTo BCe MogennposaHue Tpebyet He 6onee O(N?) waros. O

Taknm 06pasom, NpU Paccy>KAEHMUAX MOXKHO OrpaHUYNBATLCA PACCMOTPEHNEM OAHONEHTOUYHbIX MT, npu-
yem nogpasymesatb nog MT ee nporpammy M UCNOb30BaTb BbIPaXKEeHMA BPOAE «NOAATbh Ha BXOZ MalUMHbI
TotopuHra T; mawuHy TetopuHra T, ...».

Tenepb y»Ke MOXXHO BBECTU CTPOroe onpeaeneHme BbIYMCAMMOCTH.

Onpegenenue 6.1.3. dyHkyus f : N — N asasemca eblqucaumoli, ecau cyuecmeyem makas MawuHa Tero-
puHaa T, umo ecau Ha 8x00 eli nodame rpedcmasseHHbili 8 HekKomopol KoduposKe X, Mo

1. ecnu pyHKyus f onpedeneHa Ha X, u f(x) =y, mo mawuHa T ocmaHagnusaemcsa Ha 8X00€ X, U Ha 8bIxo0e
y Hee 3anucaHo y;

2. ecnu @pyHKyuA | He onpedeneHa Ha X, mo mawuHa T 3ayuKkausaemcs (He ocmaHaeaugaemcs 3a sAoboe
KOHEeYHoe Yucs10 wazos) Ha 8xo0e X.
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AHanormyHbiM 06pa3om onpeaenaeTca NOHATUE Pa3PeLIMMOCTM U BbIYUCMMOCTU AN A3bIKOB U APYruX
MHOecTB?

Onpepgenenue 6.1.4. MHoxcecmso S (A3biK L) A6naemcs paspewumsim, ecau cywecmayem makaa MawuHa
ToropuHaa T, Ymo ecau Ha exo0 eli nodame anemeHm x € S (cnoso | € L), mo oHa ocmaHosumcs u 8vige-
dem «1»,

Wuave (x ¢ S, | ¢ L), T ocmaHasnusaemcsa u 8iso0um «0».

NTaK, Mbl NO3HAaKOMKUAUCL C GOpManm3aLmert NOHATUA aATOPUTMA U BbIYUCIMMOCTU Yepes onpeaeneHune
MaLnHbl TetopuHra. Co BpemeHn NepBoro onpeaeneHna NoHATUA anroputma bbi1o npegnoXeHo MHOXKeCTBO
Pa3NIMYHbIX YHUBEPCA/IbHbIX MOAENEN BbIYMCAEHUIA, 3a4aCTYIO BECbMa AaNeKuX OT MallnH TbtopuHra, RAM nam
Aaxe peanbHbix 9BM, ogHaKo HUKOMY eLle He yAanochb NpeabABUTL NPUMEpP NPoLecca, KOTOPbIN MOXKHO 6bl-
N0 6bl NPU3HaTb aATOPUTMUYECKMM, HO KOTOPbIN HEBO3MOXKHO 6b1/10 6bl CMOAENNPOBATb Ha MalIWHe TblOpUH-
ra. MHbIMKn cnoBamu, 1060 BbIYMCAUTENbHbIM NPOLECC MOXKET 6bITb CMOLENMPOBAH Ha NOAXOAALLENA MALLMHE
TblopuHra. 370 Tak HasblBaeMbl Te3UC TblOPUHIa, TaKKe YNOMUHAEMbIN Kak Te3nc Yepya unum Tesnc Yepua-
TbtopuHra, pasgenserca 60NbWMHCTBOM Cneumannctos. Takum obpasom, ecnm mbl NPUHUMAEM 3TOT Te3uc, TO
MOeM CMeN0 roBOPUTb O BbIYMCAMMOCTU, HE YKa3biBasA KOHKPETHYIO MoAesb.

Cpasy Bo3HMKaeT Bonpoc: tobyto v dyHKumo y = f(z)3, MOXKHO BbIUMCAUT Ha MT?

Kak npouue Bcero yb6eamTbea B CyLLECTBOBAHUM HEBbIYUCIUMbIX GYHKLMIA? OTBETOM CNYXKUT GOPMYINPOBKA
cnenyoLLero ynparKHeHus.

206paTtnTe BHUMaHME, YTO B TEOPMU GOPMasbHBIX A3bIKOB (TEOPMU peasm3aumn A3bIKOB NPOrPaMMUPOBaHKA, TEOPUM aBTOMAT-
HbIX A3bIKOB W PEryNAPHbIX BbIPAXKEHWIN) NPUHATO rOBOPUTb, YTO A3bIK PACNO3HAETCA aBTOMATOM, €C/IM aBTOMAT OCTaHAB/IMBAETCA Ha
CIOBAX M3 3TOrO A3blKa M He OCTaHaB/IMBAETCA HA OCTa/IbHbIX. B TEOPUM CNOKHOCTM ANA pacno3HaBaHUA A3blKa TpebyeTca, YTobbl pac-
nosHatoLwan malinHa TblopuHra oCTaHaB/MBaNACh Ha BCEX C/I0BAX.

3MosKHO nogpasymeBaTb GYHKLMU Ha MHOXKECTBE HaTypasibHbIX YMCeN, AU Npeobpa3oBaHMA CTPOK — OAHO PaBHO3HAYHO Apyro-

my.
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YnpaxHeHue 6.1.4. [IoKaxuTe, 4To CYLLECTBYIOT HEBbIYUCAUMBIE NO TotopuHry dyHkumm y = f(x). Ucnonb3o-
BaTb MOLLHOCTHbIe COObparKeHUs.

HecmoTps Ha To, YTO OTBET NOJIYYEH B NpeablayLem YNpaXKHEHUU, OH HECKOIbKO HEKOHCTPYKTUBHbIN U He
[aeT BO3MOXHOCTM «MO3HAaKOMMUTBCA» C NpeAcTaBMTeIeM Hepa3pelnmon 3aaaum (HeBbIYMCAMMON GYHKLUNNK).
PaccmoTpMMm KacCUYECKYIO HepaspeLnmyto 3aady.

3apaua 26. lMpobaema ocmaHoeKu (halting problem). [ina 0aHHol mawuHsel TetopuHea M u 8xoda x onpede-
/AIUMb, 0CMAHOBUMCA /U MawUuHa TeropuHea M, Hayas pabomy Ha x?

Teopema 25. Ipobaema 0CMAHOBKU aA20pUMMUYECKU Hepa3peuuma.

Jokazamenscmeo. OT NpOTMBHOrO. MPeanonoKMMm, YTO eCTb TaKOM aNropPUTM, T. €. CyLecTsyeT MalinHa Tblo-
puHra T, KoTopas Ha Bxoge (M, z)* faeT oTBeT «Aa», eciM MawmnHa M oCTaHaB/AMBAETCA Ha BXOAE x, B Mpo-
TMBHOM C/lyyae AaeT OTBeT «HeT». Toraa ecTb M Takaa mawwuHa T49(X) = T(X, X), koTopas Ha Bxoge X
moaenupyet paboty T Ha «anaroHanbHom»® Bxoge (X, X).

Haactpoum Hag T%99( X)) mawuHy T¢°(X), KoTopas ecam oTBeT MawuHbl T4 — «pa», To T HaumHaet
[\BUraTb ro/I0BKY BNPaBo M He OCTaHaBAMBaeTCA (3aLukamBaeTca), a ecam oteeT T4 — «HeT», To T ocTaHaB-
NmBaeTcs.

OctaHoBUTCA n T Ha Bxoge T°?

1. Ecam pa, To T#%9 paet oTBET «HeT» Ha Bxoge T, T.e. yTBepKAAeT, YTo T He A0MKHA OCTaHaBAMBATLCA
Ha T¢.

“MNog, mawmHol TolopuHra M Ha BXxoge nogpasyMeBaeTcs ee onuncaHue.
SEcan y GyHKUMM ABA OAHOTUMHBIX NAapameTpa, TO BXOAbl C PaBHbIMM NapameTpamm 06LLENPUHATO Ha3bIBaTb OUA2OHAAbHBLIMU.
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2. Ecnu He ocTaHoBuTCA, To T4 naeT oTBeT «Aa» Ha Bxoge T, T. e. yTBepKAaeT, 4To T A0NKHA OCTaHaB-
nBaTbCA Ha T,

MpoTueopeume. O

Ha camom pene B 370 Teopeme B TEPMUHAX MaLLMH TotopuHra nepedopMynmpyeTca U3BECTHbIN «NapagoKc
6pagobpen»:

Paccmompum mHoxcecmso M mex 6padobpees, Komopbie 6perom mex U moss6Ko mex, Komopeoie
He bpetom camu ceba. Ecau makoli 6padobpeli He bpeem cam cebs, mo oH ceba donxeH bpumeo
(no onpedenerHuro mHoxcecmsa M ). Ecau xce oH bpeem cam cebs, mo oH ceba He 0onxeH bpumob
(oname xce no onpedeneHuro M).

YnpaxXHeHue 6.1.5. [JoKaxnTe, 4TO TaK*Ke Hepaspelnma Bepcua 3agaum 26 « HALT» — «oCcTaHOBKaA Ha NycTom
cnosey, T. €. gna gaHHo MT T onpeaenvTtb, OCTAaHOBUTCA /I OHa Ha NYCTOM CNOBE.

YnpakHeHue 6.1.6. [lokarkuTe, 4To Hepaspewnma «MNpobaema HeAOCTUKMMOTO Koga» — HeT aNropmuTma, Ko-
TOPbLIN ANA 3a4aHHOM MalLMHbI TblopuHra T 1 ee COCTOAHUA ¢y, BbIACHAET: NONa4eT I MalNHA B 3TO COCTOAHUE
XoTA 6bl 4N1A 0A4HOro BXOAHOrO C/oBa x ?

YnpaxHeHue 6.1.7. [JoKaxKMTe, YTO He CyLLLEeCTBYET a/IroPUTMa, KOTOPbIM BbINUCbIBAET OAHY 3a APYyroi Bce ma-
WWHbI TbIOPUHTa, KOTOPbIE HE OCTaHaBANBAOTCA, Byayun 3anyLWEHHbIMW Ha NYCTOM NeHTe.

YnpaxXHeHue 6.1.8. CyuiectByeT M aNfOPUTM, KOTOPbIN BbIMUCbIBAET OAHY 3a APYron Bce MaluuHbl TblOPUHTa,
KOTOpble OCTaHaBAMBatOTCA, ByAy4Ym 3anyLWeHHbIMW Ha NyCTOM NeHTe?

YnpaxHeHue 6.1.9. [loKaxuTe, ANs paspelimmbixX A3bIKoB L1 U Lo, A3bIk L = L1 U Lo TakKe paspeLlimm.
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YnpakHeHue 6.1.10. MNMyctb M — mawmnHa TotoprHra c eAUHCTBEHHOM NIEHTON, KOTOPAs KONMPYeT BXOAHOE CNo-
BO (NpunucbIBas ero KOMMio cnpasa oT camoro cnosa). Myctb 7'(n) — makcumanbHoe Bpems ee paboTbl Ha BXO-
Aax AnuvHbl n. Jokaxute, uto T'(n) > en’® Ana HEKOTOPOrO € U ANA BCex n. YTo MOXKHO ckasaTb npo 17(n),
KOTOPOE eCTb MMHMMaNbHOE Bpems ee paboTbl Ha BXOAAX ANMHbI n?

YnpaxHeHnue 6.1.11. Nyctb 7'(n) — MakcMmanbHoe Bpems, KOTOPOE MOXKET NMPONTU A0 OCTAHOBKM MALUUHbI
TblopMHra € . COCTOAHMAMMU U 1. CUMBOJIAMU andaBuTa, ecan ee 3aNyCTUTb Ha NyCTON neHTe. [JJoKaXkute, 4To.

dyHKUumA T'(n) pacTeT BbicTpee Nto6oi BbluMcAMMON Betoay onpeaeneHHon dyHKummn b(n), To ectb lim[T'(n) /b(n)] =
+00.

YnpakHeHue 6.1.12. [loKkaxKuTe, YTO paspeLlmm A3blK L, COCToAWMN n3n € N, TaKKX, YTO CTPOKA «4815162342»
BCTPEYAETCA B AECATUYHOM PA3/IOKEHUN YNCNA T HE MEHee YeM 1 pa3 Nogpaa.
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RAM-MalLnH:
OAOHOJTIEHTOYHHBI
Moaoenv
MalunHa TblOpVIHI[ MHOro/1eHTOYHb
\ YHVBepcCasibHbl¢
BblyncneHus
Bbl4ncnmmele
[lepevyncnumble
3apnaqv_ . Pa3peLlunmbie

Hepaspewwumbic  Npobnema HALT

Puc. 6.7: KapTta-namaTtka pasgena 6.1.1
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6.1.2 Knaccel DTIME, DSPACE

BpemeHHasA u npocmpaHcmeeHHAs CAI0HHOCMb a/20pUMMA.
Teopema 06 yckopeHuu. Knaccel 3a0a4 DT IZME u DSPACE.

Mocne onpeaeneHns paspelinmMocTi XOUeTca UMETb MePY CNOMKHOCTM BblYUCAEHMA. 30echb U Oanbuwe Mol
bydem paccmampueams MosbKo paspewumMsie 3a00a4u U 8ctody onpeodeneHHble (He 3aUUKAUBArWUECa HU Ha

00HOM 8x00e) MauwluHbl TeropuHea.
Moa BpemeHem BbluMCNeHNA Byaem MOHMMATb YACAIO LWAroB MalMHbl TolOPUMHIa 40 NOYYEHUA pe3ynbraTa.

Onpepgenenne6.1.5. llycmot : N — N. MawuHa TeropuHaa T umeem epemMeHHYI CAoOXHOCMb (time complexity)
t(n), ecnu 007 Kardo20 8x00HO20 cs108a AauHbl . T 8bINOAHAEM He 6onbwe t(n) waz2oe 00 ocmaHosKu. Takxe
bydem 0603HaYaAMb 8PEMEHHYH CAIOHHOCMb MaWuHs! TetopuHaa T, Kak timer(n).

Mcnonb3yemolt namaTbio Byaem cuMTaTb YMCA0 AYEEK Ha IeHTEe, UCMOb30BaHHbIX A1A 3aMucK, He cymTas
ONVHBI BXOAa.

OnpeaeneHue 6.1.6. k-neHmoyHaa mawuHa TetopuHaa (npoussosneHoe k > 1) umeem cnoxHocmes no na-
mamu (space complexity) s(n), ecau 0a1 1106020 8x00H020 cn08a OnauHbl n. T npocmampusaem He 6osnee s(n)
AYeeK Ha secex pabo4ux AeHMax (UCKAYas 8X00HY0 neHmy).

ObpaTtnte BHUMaHKUE, YTO NPOCTPAHCTBEHHAA C/IOKHOCTb MOKET BbITb MEHbLLIE ANNHbI BXOAA.
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YnpaxHeHue 6.1.13. [laH HeopueHTUpoBaHHbIN rpad G = (V) E), v BeplumHbl s 1 t. MpuaymaiTe anroputm c
NpOCTpaHCTBEHHOW cnoxHocTbio O(logn) (n-AnvHa BXxoaa), KOTOPbIV BO3BPALLAET «1», ecim ecTb NyTb U3 S B ¢
O/MHOM He Bonblue 777 log n, NPOXOAALLMA TONBKO Yepes BEPLUMHbI MMetowme He 6onblie 777 cocegen, n «0»
B MPOTMBHOM C/yYae.

Cnepyrowmm warom morno 6ol cTaTb pazymHoe onpeaeneHne «ONTUMAIbHOro» aAropuTMa g5 AAHHOM an-
FOPUTMUYECKOM 33434M.

K coxaneHuto, Takon noaxos 6ecnepcrneKkTUBEH, U COOTBETCTBYIOLLNI pe3ynbTaT (meopema 06 ycKopeHuu),
YCTaHOB/IEHHbIW Ha 3ape Pa3BUTUA TEOPUM CIOKHOCTU BbluMCNeHUI B paboTe [ ], nocnyxun Ha camom ge-
e MOLLHbBIM TOMKOM ANA ee AanbHenwero pa3sutua. Mbl npusegem 3ToT pesyabtaT (6e3 gokasaTenbcTsa)
B ocnabneHHoM, HO 3aTO BeCbMa HariaaHoi dopme.

Teopema 26. Cywecmsyem paspewumds an20pummuyeckas 3a0a4d, 07158 Komopoli 8bIMOAHEHO CAedyroujee.
114 Npou380/abHO20 anzopumma A, pewarowe2o smy 3a0ady U UMeWe20 CAIOHHOCMb 8 Hauxyouwem cryyae
timea(n), Hatidemca dpyzoli anzopumm B (815 smoli xce 3a0a4u) co croxcHocmeto timeg(n), maxod, ymo

timeg(n) < log, timea(n)
8bIMOAHEHO 015 MoYmu ecex n. (m. e. 8717 8cex n, HAYUHAS C HEKOMOPO20).

MHbIMM cnoBamum, noboi AJITOPUTM, DELLIaPOLU,Ml‘/i 3Ty 3a43a4y, MOXHO CylWweCTBEHHO YCKOPUTD, T. €. OTbICKATb
A/ ITOPUTM HAMHOTO MeHbLUEN aCUMNTOTUYECKOM CIOXKHOCTH. Cnep,yeT Cpa3y OTMETUTb, YTO 3aa4a, O KOTOpOl\;I
NMOET peyb B aToM Teopeme, BblrAaNT A40BOJ/IbHO MCKYCCTBEHHO, U, NO-BUANMOMY, HUYETO I'IO,CI,O6HOI'O He npouc-
XoaAuT ONA 3a4a4y, peasibHO BO3HUKAOWNMX Ha NPaKTUKe. Tem He meHee, TEeopema 06 YCKOpPEHUNN HE NO3BONIAET
Ham onpeaenntb O6LL(€€ MaTemMaTnvyeCKoe NOHATNE «ONTUMAIbHOTO» aJITOPUTMa, NpUrogHoe ANA BCcex 3aaau,
NnoO3TOMY pPa3BUTUE Teopunn 3¢¢EKTMBHbIX aJITOPUTMOB NOLWNO APYrm NyTem. MmeHHO, 0OgHMM 13 UEeHTPa/IbHbIX
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MOHATMIA 3TOM TEOPUM CTANO NOHATUE KAACCA C/I0XHOCMU. TaK Ha3blBAETCA COBOKYMHOCTb TEX a/ITOPUTMUYECKUX
3a4a4, oA KOTOPbIX CyLecTByeT xoms 6bl 0OUH aNrOPUTM C TEMU UM MHBbIMU CIOXKHOCTHBIMU XapaKTepucTu-
Kamun. Mbl paccmoTpum cnegytolme knaccebl cnoxHoctn: P, NP, RP, ZPP, BPP, PSPACE, EXPTIME,
PCP; untatento, HTepecytowemyca 6onee rnobanbHON KAPTUHON C/I0XKHOCMHOU uepapxuu, Mbl PEKOMEHAY-
emM obpaTnTbecaA K [ ; 1.

[ns bopmanbHbIX OnpeaeneHNt K1acCcoB CNOXKHOCTM 06bIYHO PAacCMaTPUBaIOT® He NPOM3BO/IbHbIE a/IFOPUT-
Mbl, @ aITOPUTMbI AN1A TaK Ha3biBaeMbIX 3a0ay paspeweHus (decision problem), koraa TpebyeTca onpeaenuTs,
NPUHAANEKUT UAN HET HEKOTOPbIM 3/1eMEeHT HEKOTOPOMY MHOMECTBY. YUMUTbiBasi HEOBXOAMMOCTb KOANPOBa-
HWA OaHHbIX, NO4ABAEMbIX Ha BXOA MallnHe TblopWHra, 3TM 3a4a4n abCcoNOTHO IKBMBANEHTHbI 3a4a4am pac-
NMo3HaBaHMA A3bIKOB, KOr4a Ha HEKOTOpOM andasuTe X paccmaTpuBaeTca nogmHoxKectso cios L C X%, n gna
NMPOM3BONILHOTIO C/1I0Ba | € X* HYXXHO ONpPeAenvTb, NPUHAANEKUT IN OHO A3bIKY L.

Takum 06pa3om, Kaxkabil A3blK L onpeaensert oAHy M3 33434 paspeLlleHuns, o KoTopbiX Mbl ceiyac bonee
$opmanbHO onpeaenm KnacCbl BPEMEHHOM COMKHOCTM.

Onpepenenue 6.1.7. A3vik L C X* npuHadnaexcum knaccy DTIME(t(n)), ecau cywecmayem mawuHa Teto-
puHea T, paspewatoujas 0aHHeIl A3bIK, U Yn : timer(n) < t(n).

OnpepeneHue 6.1.8.
P = UpsoDTIME(n").

OnpepeneHue 6.1.9.
EXPTIME = UpoDTIME2™).

MHbIMK cnoBamu, Knacc P COCTOUT U3 TEX a/IFOPUTMUYECKMX 33434, KOTOPbIe A0MNYCKaloT pelleHme XoTs bbl
OOHUM MONMHOMMANBHBLIM (B HanxyaLwem ciyyae) anroputmom. Hanpumep, anroputm 7 «leKcTpbi» NOANHO-

80 npurumnHax 6yLeT roBOpUTLCA B CAEAYIOLWMX Pa3fenax.
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MMUaneH, NosTomy 3agada 5 «SPP» npuHagnexxut knaccy P. ITtomy e Knaccy NpuHaanexuT u 3agada 7 «Mini-
mum Spanning Tree».

O6bl4HO 06061LLEeHME KNACCOB C/I0XKHOCTU, BBEAEHHDbIX ANA 33434 pa3peLleHus, Ha NPOU3BOJ/IbHbIE BblYMC-
nvmble oyHKUMK f : N — N npoucxoamt nyTem acCoLMMPOBAHUA C NPOU3BOIbHOMN BbIMMCANMON GyHKLMEN
y = f(x) 3apaum paspewwenunn «na faHHbIX Y, £ NPOBEPUTb, NPaBaa u, uto y = f(z)».

B coBpemeHHOM Teopumn CNOKHOCTU BbIYUCAEHWUI NMOHATUE NONMHOMMAIBHOTO ANTOPUTMA ABNAETCA afleK-
BATHbIM MATEMATUYECKMM YTOYHEHNEM UHTYUTUBHOIO NOHATUA «3OPEKTUBHbBIN anropuTm» (cm. pasgen 1.2.5),
a Knacc P npeactasnset coboit «knacc apPeKTUBHO pellaemblx 3a4a4».

VYnpaxHeHue 6.1.14. PaccmoTpum A3bik L coctoawmit us cnos (M, z, t), ans kotopbix MT M ocTaHasamBaeTcs
Ha = He Mo3e, Yem yepes t waros. Jlokasxkute: L € EXPTIME.

CnefytoWw MMM No 3HAYMMOCTM NOCAE PACCMOTPEHHbIX BbilLE BPEMEHHbIX MEP U KACCOB CNOXHOCTU ABNA-
OTCA MepPbl C/IOXKHOCTM, OTPAXKaIOLLME UCMNO/b3YEMbIV aITOPUTMOM 06BEM TaMAMU, T. €. MaKCUManbHOE YUCNO
AveeK R;, CNoNb3yembIX aITOPUTMOM (B HanXyALIEeM C/ly4ae) Ha BXoAax pasmepa < n.

Onpepenenue 6.1.10. A3vik L C X* npuHadnaexcum knaccy DSPACE (s(n)), ecau cywsecmeyem mawuHa Teto-
puHea T, paspewatoujas daHHbIl A3bIK, U MPOCMPAHCMBEHHASA c10HHOCMb T He npegocxodum s(n.).

Hanpumep, REG — perynapHble A3blkK (pacno3HaBaemble A4eTEPMUHMPOBAHHBIM KOHEYHbIM aBTOMaTOM U
3a/laBaemble perynapHbIMU BbIpaXKeHUamM), npuHagnexar knaccy DSPACE(O(1)).

OnpepeneHue 6.1.11.

OueBnaHo, uTo P coaeprutca B Knacce 3agad PSPACE, paspewMmbix ¢ NOIMHOMUANbHOM NaMATbIO, MPO-
CTO B CUJ/Iy TOTO, YTO 33 OAMH TAaKT MOKHO NMPOCMOTpPETb He 6oblie ogHON HOBOM aYenkn namaTtn. ObpaTtHoe,
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Nno-BMAMMOMY, HEBEPHO (XOTA M HE AOKAa3aHO CTPOro — CM. obcyKaeHue B pasgene 6.2). HakoHel, CTOUT TaKxke
YNOMSAHYTb, YTO CYLLLECTBYIOT Pa3/IMUHble MEPbI U KNACCbl CIOKHOCTU, CBA3aHHbIE C NapanienbHbiMK U pacnpe-
LeNeHHbIMU BblYMCAEHUAMM.

YnpakHeHue 6.1.15. Mokaxute,uto P C EXPTIME.
Ynpa)kHeHue 6.1.16. Mokaxurte, uto PSPACE C EXPTIME.

YnpaxkHeHue 6.1.17.
LOGSPACE = DSPACE(O(logn)).

Mokaxute, uto LOGSPACE C P.

YnpaxHeHue 6.1.18.
LOGSPACE = DSPACE(O(logn)).

PaCCMOTpVIM A3bIK «NPaBU/IbHO B/1IOXKEHHbIX CKObOK» L:

e L (), 00WD)0), (000N, -

¢L) .
Ookaxute,uto L € LOGSPACE.

6.2 MonanHomuanbHble ceoaumoctn u N P-nonHoTa

AnropuTmmMyecKan 3aZaya HasbiBaeTca mpyoHopewaemol, eCnn gNs Hee He CyLLeCcTByeT NOJIMHOMMWANbHOTIO a-
ropuTma.
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MN3BeCTHO, 4TO HbIBAIOT ANTOPUTMUYECKUE 3343a4N, 8 MPUHYUMNE He pa3peLllmble BOOOLLE HUKAKUM anropuT-
MOM (CM., Hanpumep, 3aga4y 26 «HALT»). MosToMy ecTecTBEHHO 334aTbCA BOMPOCOM: a CYLLLECTBYIOT /1 pa3pe-
WumMble 3afila4m, KOTOpble TEM HE MeHee He NpPUHaANexaT Knaccy P? OTBeT Ha 3TOT BONPOC NpeaoCcTaBaseTcA
meopemoli 06 uepapxuu [ ], KoTopana HapAaay c Teopemoit bnatoma 06 yckopeHUU ABNAETCA OAHUM U3 Kpa-
€YroNbHbIX KaMHEN TEOPUM CAOMKHOCTU BbIYMCAEHUI. TaK }Ke, Kak U B C/lydae C Teopemoit 06 YCKOPEeHUU, Mbl
NPUBOANM €€ YNPOLLEHHbIN BapUaHT.

Teopema 27. Cywecmsyem an20pummuyeckas 3a0a4a, pa3pewumas HeKOmopsIM aa120pUMMOM CAOXHOCMU
nOUo8n) 1o He npuHadnexawas knaccy P.

K coxaneHuio, 3afia4m, BO3HUKAIOLLME KaK B Teopeme 06 YCKOPeHWUW, Tak U B Teopeme 06 nepapxum, Ho-
CAT LOBOJIbHO MCKYCCTBEHHbIN XapaKTep M No 3TOW NPUUYNHE HEe MOTYT BbITb MCNO/Ib30BaHbI A1A CNIOKHOCTHOMO
aHanm3a nepebopHbIX 3334 AMCKPETHOM onTummsaumn. aa sTon ueam ucnonbsyetca teopua N P-nonHoThI,
N3/10}KEHME OCHOB KOTOPOM Mbl Ha4MHAEM C MOHATUA MOAUHOMUAALHOU c80OUMOCMU.

6.2.1 CsBogaumoctb no Kyky

Ha HedbopManbHOM YPOBHE Mbl y3Ke MO3HAKOMMUAUCH C 3STUM NOHATMEM B pa3gene 1.1.

Onpepenenune 6.2.1. Anzopummuyeckas 3aoaya P, nonuHomuansbHo ceooumcs K 3adave P, ecnu cywecmsy-
em MosauHOMUQAAbHbIN anzopumm 0718 peweHus 3a0a4u P, 8o3amoxcHo, 8bi3bigarowjuli 8 xode ceoeli pabomeoi
npouedypy 014 peweHus 3a0a4u Ps.

Mpu TaKoM onpeaeneHnm, OgHaKo, BO3HMKAET 04MH HenpuATHbIM 3ddekT. Hanpumep, anroputm 13 «MNepe-
MONHEHWE NAMATU YMHOMXKEHNEM», BHE BCAKOTO COMHEHMWA, MOAMHOMMANEH, ECAN NOCAeAHMI onepaTop R
R - R noHMMaTb KaK Bbi30B NpoLeaypbl YMHOMXKEHMUA.
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Mbl ye oTmedanu B pasgene 1.2.1, yTo AN YMHOXKEHMUA TaKKe CYLWECTBYET NOMHOMMUAJIbHbIN anropuTMm.
Tem He meHee, cocTaBHOM anroputm 13 «lNepenonHeHMe NAaMATU YMHOXKEHMEM» HENONMHOMMANEH, U, Bonee
TOro, BbluMCAfEMan UM GYHKLMA 22° N0 OYEBMAHBIM MPUYMHAM He MPUHAANEXUT Knaccy P. Takum obpasom,
Knacc P oka3sblBaeTcA HE3aMKHYTbIM OTHOCUTENIbHO NONMHOMMANIbHON CBOAMMOCTM, YTO, PA3yMeeTCA, HEHOP-
ManbHO. MOHATHbI U NPUYMHDBI 3TOTrO: NPM NOBTOPHbIX 0OpaLLEHNAX K GYHKLMOHANbHbIM NPOLEeAypPaM MOXKET
NPOMCXOANTb TAaBMHOOOPA3HbIN POCT 3HAYEHUIN YMC/IOBbLIX NapameTpoB. Hanbonee KapanHanbHbIA U B TO XKe
Bpema obwenpunHATbIN cnocob 60pbbbl C STUM ABNEHMEM — C CAMOro Havyana OrpaHUYUTLCA PACCMOTPEHMEM
Wb 3334 paspeLlleHns, T. e. TaKUX, OTBET Ha KoTopble umeeT sua AA/HET. Mpun Takom orpaHnyYeHumn B no-
NIMHOMMANbHbIX CBOANUMOCTAX MCNOAb3YIOTCA TONbKO NpeauKaTHble NPoLeaypbl, YKa3aHHas Bbiwe npobaema
CHMMaeTcA, n Knacc P yxe byaeT 3aMKHYTbIM OTHOCUTE/NIbHO NOJIMHOMMANbHOM CBOAMMOCTMU.

Mpexae Yyem ABUraTbCcA Aanblie, OTMETUM, YTO Ntobyio nepebopHyo 3a4a4y AUCKPETHON ONTUMM3ALLUK
MOKHO 6e3 orpaHMyeHns obLLHOCTM 3aMEHUTb Ha NepebOopPHYIO *Ke 33434y pa3peLleHmns, Tak YTo paccMaTpuBa-
emMoe orpaHMyYeHme He CANLWKoM o0bpemeHnTeNbHO. Mbl NPOMANIOCTPUPYEM, KaK OCYLLECTBAAETCA 3Ta 3aMeHa
Ha npumepe 3agaum 4 «TSP», XO0TA BUAHO, YTO TOT *Ke CaMblil MeTog rogmtca Ana ntoboii 3a4aun ANCKPeTHOM
ONTUMM3ALUMN.

A MMeHHO, fiaBaliTe BMECTO HOXOHOeHUS MUHMMANbHOIO 3HaYeHnsa cymmbl (1.1) orpaHnummcs 6onee npo-
CTbIM 8onpocom: BepHo nn, yto Comm(m, d) < B, rae Comm(m, d) — MUHUMaNbHO BO3MOXKHAA CTOMMOCTb
nNyTU KOMMUBOSXKepPa, a B — HOBbI YNCA0BON NapameTp?

3apgayua 27. «TSP-pa3spewumocms». 3a0aHbI:
® n20p0008 Cy, ...,Cp;
e d;; =d(c;,cj) € ZT — paccmoaHuA mexdy HUMU;

e B — nonoxcumesnvHoe uenoe.
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BepHo n1u, YMo MUHUMAAbHO 803MOM(HOe 3HavYeHue cymmsl (1.1) He 6onbwe B?

Torpa 3agava 4 «TSP» gonyckaet ciegytoliee NpocToe NOJIMHOMMAIbHOE CBeAEeHME K 3TOM 3aa4e paspe-
WeHWA, OCYLLLECTBAEMOE C NOMOLbIO BUHAPHO20 MOUCKa (anroputm 38).

B TeOpuM CNOXKHOCTU BbIYUCNEHUIN «KNPOLEAYPHbIA» BapUaAHT NOIMHOMMANbHOM CBOAMMOCTU HA3blBAETCA
ToropuHao80li c8oOUMOCMbIO NN CBO0OUMOCMbIO N0 KyKy B YecTb aBTopa paboThbl [ ].

6.2.2 HepetepmunHMUpPOBaAHHbIE A/ITOPUTMBbI

MaTemaTUyeckMm yTouHeHMeM NoHATUA «nepebopHasn 3a4a4a paspeLleHnn» CAYKUT «3a4a4a, paspelumman 3a
NMONMHOMMANbHOE BPEMSA C MOMOLLbIO HEAETEPMUHNPOBAHHOTO NOJIMHOMMUANBHOIO aITOPUTMa.
B HedemepMUHUPOBAHHbLIX AA20pUMMAX AOMONHUTENbHO Pa3peLLaloTca HedemepMuHUPOBAHHbIE onepa-
mopel nepexoda Buaa
goto /; or /5.

TakMm obpas3om, ANs KaxKAOro MacCuMBa BXOAHbIX AAaHHbIX MMEETCA He OAMH, @ HECKO/IbKO (B 0obLiem cay-
Yyae — 3KCMOHEHLUMANbHOE YNC/I0) NyTel, MO KOTOPbIM MOXET Pa3BUBaTbCA BbluMCNeHMe. HeaeTepMUHUPOBaH-
HbIM aNTOPUTM MO OnNpeaeNeHNnto BblAaeT OKOHYATE/bHbIN OTBET 1, ecnu cywecmayem xoms 6ol 00UH NyTb pas-
BMTUA BbIYMCNEHUA, HA KOTOPOM BblgaeTca oTBeT 1, U 0 — B NPOTUBHOM cny4yae (Takum obpasom, oteeTbl A
n HET B cnyyae HeaeTePMUHUPOBAHHbIX BbIYMCAEHNI HECUMMETPUYHDI).

OnpepeneHue 6.2.2. HedemepmuHuposaHHasa mawuHa TetopuHaa (HMT) — amo Habop T = (k, X, T, @), 20e
e k> 1 — HamypanbHoe Yucso (4ucsao AeHm),

e Y — «angasum neHm», KOHeYHoe MHOXEecmao,
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* x € X — angasum codeprum «npobesn»,
e ' — koHeuHoe mHoxecmeo cocmoaruli, START, STOP €T,
e & — npoussosnbHoe omHoweHue:
dC (I xZF) x (T x2F x {~1,0,1}%).

[Mepexo0 u3 cocmosAHuUA g, C cuM8oaAamu Ha aeHmax hy, ..., hy 6ydem donycmum, ecsau Hogoe cocmoaHuUe
g', 3anucaHHele cumeonel b, ..., hj U CMeweHUA 201080K €1, . .., &), y008AEMBOPAM COOMHOWEHUIO

(g,h1, - hi, g Ry, oo R, e, . E) € .

Mpouecc BbIMUCAEHMA HEAETEPMUHNPOBAHHON MALLMHOM TbtOPUHIa MOXKHO NPeACTaBAATb TAaKUM 06pa3om,
YTO B KaXKAblA MOMEHT «BETB/IEHUA» — COBEPLIEHUA HEAETEPMUHUPOBAHHOIO NEPEXOAa U3 HECKOJIbKMX BO3-
MOHbIX — MPOUCXOAMUT KKNOHUPOBaHME» HMT, n Bbl4MCAEHNE NPOAONMKAETCA MO BCEM BO3MOXKHbLIM MYyTAM,
NoKa 04HOM N3 KKNOHUPOBAHHbIX» HMT He byaeT nonyyeH yTBepauTenoHbli OTBET («aa», «1»), nnbo noka ses-
e He 6yaeT nonyyeH oteeT «0».

O4yeBUOHO, [ETEPMUHUPOBAHHbIE MaLIMHbI TblOPUHIA ABNAIOTCA YACTHbIM Cly4aeM HeaeTepMUHUPOBaH-
HbIX.

CrnioxcHocmeto (BpemeHem paboTbl) HeaeTEPMUHMPOBAHHOTO anroputma (HMT) Ha BXogHOM c/ioBe & Ha3bl-
BAETCA MUHUMA/IbHAS CNOXKHOCTb BbIYMCNEHMSA, NPUBOAALLETO Ha 3TOM BXoAe K oTBeTy «1», nnbo, ecmm x ¢ L,
MaKCMManbHan CNOXKHOCTb, MpMBOAALLAn K «0».

3Has, yTo Takoe Bpemsa pabotbl HMT aas Kaxkaoro BXoAHOrO C/10Ba &, MOXKHO BBecTu ana HMT u croxcHocme
8 Hauxyowem cay4ae.
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Mo aHanoruu c onpegenenmem 6.1.7 «DT ZME» v onpeaeneHnem 6.1.10 «DSP ACE » onpeaenm Knaccbl
NTIME(f(n)) u NSPACE(f(n)).

Ba*KHO OTMeTUTb cepbe3Hoe OT/InYME KNAacCoB CAOXKHOCTM ana HMT n aetepmuHupoBaHHbix MT. 310 3a-
MKHYTOCTb K/1ACCOB CJIOKHOCTU A3bIKOB OTHOCUTE/IbHO AOMOJIHEHUA ANA AeTepPMUHUPOBaHHbIX MT n oTcyTcTBME
aToro csoicTBa ana HMT.

T.€. ana noboro knacca DTZME(f(n)) knacc

coDTIME(f(n)) = {L|L € DTIME(f(n))},

COCTOALLMI U3 A3bIKOB-A0NONHEHWIA, coBnagaeT ¢ DTZME(f(n)). AelctButensHo, ana noboro Asbika L €
DTIME(f(n)) cywecTsyeT AeTEPMUHUPOBAHHAA MaLinHa TolopuHra T ¢ BPEMEHHOM CNOXKHOCTbIO f (1), U U3
Hee, MHBEPTUPOBAB OKOHYATE/bHbIN OTBET, NONy4aeM MaluMHy T, PaCMO3HaIOLLYIO L 1 TakKe NpUHaANexalLyto
knaccy DTZME(f(n)). AHANOTMYHO NOKa3bIBAETCA 3aMKHYTOCTb OTHOCUTE/IbHO JOMNONHEHWI U KNACcCOB Npo-
CTPaHCTBEHHOMN CNOXKHOCTU AeTEPMUHUPOBaHHbIX MalKH TetopuHra — DSPACE(f(n)).

Ons knaccos NTZME(f(n)) n NSPACE(f(n)) atn paccykaeHus He NpOXoAAT 13-3a aCUMMETPUM Mo-
NOMKWUTENbHBIX U OTPULLATE/IbHBIX OTBETOB B ONpPeAeneHun cnoxHoctv HMT, 1, Takum o6pasom, Henb3s yTeep-
*aatb o coBnagerun knaccoB NTZME(f(n)) ncoNTIME(f(n)), NSPACE(f(n)) mcoNSPACE(f(n)).

Tenepb onpeAenv M BaKHbI B TEOPUM CNOKHOCTU KNACC 334a4 pPaspeLleHms (A3bIKoB), pa3peLunmbix mosau-
HOMUQ/IbHBLIMU He0emepMUHUPOBAHHbIMU A120PUMMAMU WU ero Co-Knacc (KNacc-AononHeHue).

OnpepeneHue 6.2.3.

NP = UkZONTIMg(nk),
coNP = {L|L € NP}.

’OnpepeneHvie AOMO/IHEHWA A3bIKA MOXHO HailT1 B pasgene 7.2.
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YnpaxHeHue 6.2.1. Mokaxute, uto P C NP N coNP.

CnepyeT Nnog4yepKHYTb, YTO HEAETEPMUHMPOBAHHbIE a/ITOPUTMbI MPEACTABAAOT CO6O0M MNLLb HEKOTOPYHO A0-
BO/IbHO YA06HYI0 MaTeMaTUYECKY0 abCTPaKLMIO U, B OT/IMYMNE OT AeTEPMUHUPOBAHHBIX U BEPOATHOCTHbIX anro-
PUTMOB, HE COOTBETCTBYIOT PeasibHO CYLLEeCTBYHOLWMM BbIHUCAUTENIbHbIM MW aHANOrOBbIM MaLLUMHAM.

B yacTHoOCTH, HeAETEPMUHNPOBAHHbIE MOIMHOMMWANbHbIE aITOPUTMBI, BOODLLLE roBOPA, He ABNAIOTCA 3ddek-
TUBHbBIMM, XOTA U M3BecTHO BKAtoueHne NP C PSPACE. fanee, sce nepebopHble 3a4aumn nexkar B Knacce
N'P. Hanpumep, 3agaua 4 «TSP» B popme 3agaum paspelleHus (3agada 27 «TSP-paspeimmocTtb») peluaeTca
HeAeTePMUHUPOBAHHbBIM NOIMHOMMANbHBIM AATOPUTMOM, KOTOPbIN

1. HegeTEPMUHUPOBAHO reHepPUpPYeT NOC/eA0BaTe/IbHOCTb FOPOA0B AA NoceleHUs (He 06a3aTeNnbHO LUNKA);
2. 3aTem AeTepMUHMPOBAHO NPOBEPSAET:

® ABNAETCA U I'IOI'Iy‘-IEHHbIVI MapLWwpyT rAMmUAbTOHOBbIM LIMK/TIOM;

* npasAa /M, YTO CTOMMOCTb MapLIpPyTa MeHbLue B;
3. TONbKO B C/ly4ae ycnewHocTn obenx NpoBepoK Bo3BpaLLaeT «1», nHaye — «0».

CnpaBeanmBo 1 obpaTHoe: BblYUCIEHNE C NMOMOLLbLO NH0H60ro HeaeTeEPMUHUPOBAHHOIO NOMHOMMWANBHOTO
anropuTMa MOXKHO NPeacTaBUTb Kak nepebopHyto 3aaa4y (nepebop BegeTca No BCEM ABOUYHbIM C/10BAM, KO-
OMPYIOLLMM HanpaB/ieHUA BETBNEHUI B HEAETEPMUHUPOBAHHbIX OnepaTopax nepexoaa). Tem cambim, «3aava
n3 knacca N P» oKasblBaeTcs aleKBaTHbIM MaTeMaTUYECKUM YTOYHEHMEM NOHATUA «nepebopHas 3agada pas-
peweHns».

Bonee dopmanbHO 3TO GOPMYAMPYETCA B OAHOM U3 aNbTePHATUBHbIX onpeaeneHnii knacca NP yepes ge-
TEPMUHUPOBAHHbIE MALLMHbI TbrOpUHTa.
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Onpeaenenue 6.2.4. A3bik L C X* npuHadnexcum knaccy NP, ecau cyujecmsyrom noauHoMmuansHas demep-
MUHUPOBAHHAA MawuHa TetopuHaa M u noauHom p(-), makue, Ymo

L={xec¥": 3y, |yl <p(lz])&M(z,y) = 1}.

CnoBo y Ha3blBaeTcsA 06bIMHO «NOACKa3KoN», «ceuaetenem» (N P-witness), «gokaszatensctsom» (N P-proof).

Hanpumep, nyctb L onucbiBaeT 3agavy 4 «TSP» B popme 3agaum paspeweHns 27 «TSP-paspewimmocTb».
Toraa cnoBo x npeacTaBaseT cobolt MaTpuLy PacCTOAHUI MeXAy ropogamu u B — faeHexHoe orpaHuyeHume
3aTpaT Ha NoceLleHMe BCeX ropoaos, a CoBO y byaeT npeactaBnaTb 06bess BCcex ropogos ¢ 3atpatamu < B.
MpoBepuTb, YTO NYTb Y NPU NAPaMeTPax 3a434n T 4eNCTBUTENbHO ABNAETCA pelleHMemM, MOXHO NOJMHOMMUANb-
HbIM anroputmom. C Apyroi CTOPOHbI, eCAK A1 3a4a4M C HEKOTOPbIMM NapameTpamm x’ Takoro Nyt (< B) HeT,
TO, COOTBETCTBEHHO, TaKOM NOACKa3KM y(z') He cyliecTsyer.

CyLLecTByeT HECKONbKO NONYAAPHbIX onpeaeneHunit knacca NP yepes cueHapuMn COBMECTHOTO MPUHATUA
peleHna ABYMA CTOPOHAMM:

1. YecTHbiM, Npecieayowmm Leab YCTAaHOBUTb UCTUHY, HO HE TeHMaNbHbIM, T. €. MOJIMHOMMANbHO OrPaHuU-
YEHHbIM NPOBEPAOLLNM (YeN0BEKOM, Koposem ApTypom). ATy ponb 0bbluHO 0603HayaltoT verifier.

2. Bcemorylmm KOHCYNbTaHTOM (Marom MepivHOM, OPaKy/loM), KOTOPbIN B CUAAX NPEeANOXUTb NPaBU/ib-
HOe pelleHne, HO MOXKET NPeaNOKNUTb HEMPaBUIbHOE (Hanpumep, Npecaeaya CBOU UHTEPECHI UK N06-
6upya yyxue). ATy ponb 06bI4HO 0603HaYatoT oracle unv prover.

CooTBeTcTBEHHO, Knacc NP — 3To Knacc A3bIKOB, pa3pellMbIX TaKoW KOMaH/0M, B KOTOPOW opaKkyn npea-
NaraeT peLeHus, HO ToNbKOo Byay4un 3aBepeHHbIMU NPOBEPSAIOLWMUM, OHU NPUOBPETAIOT KIOPULNYECKYIO» CUNY
(opakyn moxeT n 0bMaHyTb).

Ob6paTuTe BHUMAHWE Ha CaeayroLLMe MOMEHTbI:
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1. NONMHOMMANbHYIO0 OrPaHNYEHHOCTb NOACKA3KWU, — NOAMHOMMANBHOCTU NPOBEPAIOLLEro aroputMa A Heao-
CTaTOYHO, T.K. OH NOIMHOMMWANEH OTHOCUTE/IbHO AJIMHbI CBOUX aPIYMEHTOB I U /. T. €. KPAaTKOCTb NOACKa3-
KW Ba)KHbIi MOMEHT — MO/CKa3KM, BPOAe «a NPOBEPb BCE MapLLPYThI», KOTOpble, 6€3yCN0BHO, MOXHO
NPOBEpPUTL 3a NOIMHOMMA/IbHOE BPEMSA OT A/IMHbI ONUCAHUA «BCEX MapLUPYTOB», HE MOAONAYT, eCv A/N-
Ha OMMCaHWUA 3TOTO0 MHOKECTBA MapLLIPYTOB 3KCMOHEHUMaNbHA;

2. eC/au 31eMeHT He NPUHAANEXKUT A3bIKY, TO NOACKA3KU C YKa3aHHbIMMU CBOMCTBAMMU He AONXKHO CyLecTBo-
BaTb, T. €. HNWYTO HE 3aCTaBUT NpoBepPAOLLETO ownbuTbes.

Yepes onpeaeneHue 6.2.4 « N'P/OMT» ewie nerde yBuaeTb «nepebopHyto» cylwHocTb knacca NP, T.K. Bua-
HO, YTO MOXKHO NepeburpaTb AeTEPMUHUPOBAHHBIM aZITOPUTMOM MHOKECTBO BapUAHTOB, 3PEKTUBHO (NONANHO-
MWaNbHbIM aITOPUTMOM) NPOBEPSAA KaXKAbI BAPUAHT.

Teopema 28. Onpedenerue 6.2.3 «N'P/HMT» u onpedeneHue 6.2.4 « N"P/[IMT» 3KeusaneHmHsl.

Jokazamenscmeo. 6.2.3 « N'P/HMT» — 6.2.4 « N'P/AMT». 0ns Kaxporo cnosa x € L NOACKA3KOW Y MOXK-
HO Ha3HaYMTb 3aKOAMPOBAHHbIN KpaTyalLWKMiA NPOTOKOA BbINOAHEHMA-NoATBepKAeHnA HMT T, onpegenstoLien
A3bIK L, B cMbicie onpegenenus 6.2.3 « NP/HMT». Tak Kak AMHa KpaT4yailluero nyTu-noarsepxaeHua T(x) no-
NVHOMMaNbHO OrpaHMYeHa, TO MOXKHO BbIGPaTb MONMHOMMUANBHO OTPaHNYEHHYIO KOAUPOBKY y(x). MpoBepUThb
LLeSIOCTHOCTb MPOTOKONA (OTcyTCTBME NpoTMBOpeUnit ¢ onpeseneHmem HMT T) y(z) MOXKHO TaKKe 3a NOAWUHO-
MManbHOE Bpema.

6.2.4 «N'P/OMT» — 6.2.3 « N'P/HMT». Ewe npoue. Myctb HMT T HefeTepMUHMPOBAHHO AONMUCbIBAET pas-
aenvtenn # 1 HEKOTOPOE C/I0BO Y K BXOAHOMY C/IOBY X, @ 3aTeM paboTaeT Haa c1oBOM x#y Kak NONIMHOMMWA/IbHAA
JeTepMUHMPOBaHHAA MalunHa TblopuHra u3 onpeaenenus 6.2.4 « N'P/OMT». O
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6.2.3 Csoaumoctb no Kapny

MoHATME NONMHOMMANBbHOM CBOAMMOCTM NO KyKy® OKasbiBaeTca YpesmepHo 06LWMM ans nsyyeHnsa nepebopHbIx
3aJa4y BBMAY OTMEeYEHHOM Bblwe acummeTpum oteetos 1 1 0.

Hanpumep, 3agaya paspewenuns «Comm(m,d) > B» (B KOTOpOI CnpawwmMBaeTca «BEPHO N, YTO 10600
MapLIpyT KOMMMUBOSIKEPA UMEET A/IMHY M0 KpaiHei mepe (B + 1)?») npuHagnesxkut knaccy coNP v He npu-
Hagnexut knaccy NP npu obwenpuHatoin runotese P # N'P. B T0 e BpeMs OHa o4eBMAHbIM 06pasom
ceoauTca no Kyky K nepebopHol 3agave 27 «TSP-pa3pelummocTby», npuHaanexadtei knaccy NP.

Mo3ToMy B TEOPUM CNOKHOCTU BbIYUCIEHWUI ropa3ao bonbliee pacnpocTpaHEHWE NOAYYUA OFPAHUYEHHDbIN
BapMaHT NOJIMHOMMA/IbHOM cBOAMMOCTM Mo KyKy, BepBble pacCMOTPEHHbI B OCHOBOMNOAAratouen paborte [

W, COOTBETCTBEHHO, Ha3blBaeMbli ceodumocmeto o Kaprny (mbl byaem ncnonb3osaTb oA HEe NPOCTO TEPMUH
MO/IUHOMUQAIbHAA CBOOUMOCMb, TaKXKe LUMPOKO PacnpOCTPaHEHHbIM B InTepaTtype).

Onpeaenenue 6.2.5. 3a0a4a paspeweHua P, nonuHomuanbHo ceodumcs K 3a0a4e paspeweHus Ps, ecau

* cywecmayem rnoauHOMUQsIbHO 8biMucnumasa pyHkuyua f - I, — I, (omobpaxcaem exo0Hbie OaHHble 1
017 P, 80 8x00Hble 0aHHble [; = f(11) 014 3a0a4u P,),

* VI, cosnadatom omeemei Ha sonpocel « Py (11)?» u « Py(f(11))?».

Jlerko BUAETL, YTO OTHOCUTE/IbHO TAaKOTO YCEYEHHOIO BapuaHTa MOIMHOMMANbHOM CBOAMMOCTM Kaacc nepe-
BopHbIx 3aga4 paspeweHns NP yxKe OKa3blBaeTCA 3aMKHYTbIM.

dyHAaMeHTaNbHOM OTKPbITOM NPo6/1eMoi TEOPUM CNOKHOCTU BbIMMCNEHUN (a K HacToALLEeMY BpeMEHW 1 04-
HOM 13 Hanbonee dpyHAAMEHTaNbHbIX NPoHAEM BCEN COBPEMEHHOW MATEMATUKKN — [ 1) aABnsieTcs Bonpoc
0 coBnageHumn Knaccos cnoxkHoctn P u N P. UHbimu cnoBamu, Bce i nepebopHble 3343a4M MOXKHO pewnTb C

8cm. onpeaeneHue 6.2.1 «CBOAMMOCTb MO KyKy».
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NoMolLbo 3PPEKTMBHOrO anroputma? B cBAsm c aToit emKkoi popmynmposkoi P - NP-npobnemy eue Hasbl-
BalOT MHorAa npobnaemoli nepebopa.

Ha nepsbiit B3rnag P < NP-npobnema, no cywiectsy, npeacrasaser coboi COBOKYNHOCTb MNOXOXKMX, HO
dopmanbHO mexagy coboil He cBA3aHHbIX BOMNPOCOB O TOM, NogaaeTca An sdPeKTUBHOMY pelueHnto OaHHAsA
KOHKpemHaA nepebopHan 3aga4a. Tem He MeHee, OKa3blBAETCA, YTO PACCMOTPEHHOE Bbille NOHATUE NOJAUHO-
MWA/IbHOM CBOAMMOCTM MO3BONSET BO MHOIMX C/Iy4anaX YCTaHOBWUTb, YTO 3TW BOMPOCHI A/A Lenoro psaaa 3agav

?
3KBUBANEHTHbI Mexay coboi, a TakKe 3KBMBaNEeHTHbI «robanbHo» 3agave P = NP.
Onpegaenenue 6.2.6. 3aday4a paspeweHus Hazvieaemca N P-nonHoli®, ecau

e oHa npuHadnexcum knaccy NP,

e npoussonbHas 3a0aya us NP ceodumcs K Heli nonuHomuansHo (Cm. onpedeneHue 6.2.5 «Csodumocme
no Kapny»).

Knacc N'P-nonHeix 3ada4 o603Hayaemca N PC.

OcTaBNAfA Ha CEKYHAY B CTOPOHE HEOYEeBMAHbIN @ priori BONPOC O cylwecTBoBaHMmM xoTa 6bl ogHon N PC-
3a/1aun, 3aMeTUM, YTO OHM B TOYHOCTM 061aat0T HY}KHbIM Ham ceoictBom: P = NP Toraa v ToNbKo Toraa,
Koraa Hekomopyto NP-NonHyto 3aa4y MOXKHO PeLmnTb C MOMOLLbIO NOJIMHOMMAILHOTO anroputMma. UHbIMm
cnosamm, NP-nonHble 3a4auv BbINONHAIOT PONb Hanbonee CAOXKHbIX, YHUBEPCaNbHbIX 3ada4 B Knacce NP,
M BCE OHM MO CBOEN C/IOMKHOCTU SKBUBAJIEHTHbI MeXKAy COOON.

O6paTnTe BHUMaHWKe, uTo B onpeaeneHue 3agaun N PC 06a3aTesIbHO BXOAMT NpUHaaneHocTb knaccy NP —
eCNun onycTUTb 3TO ycioBue, nonyuutca knacc N P-tpyaHbix (NP-hard) 3apad, srkntodatowmx NPC, HO BbIXO-
AAwmx 3a rpaHmubl knacca NP (npu runotese P # NP).

9 YTobbl He neperpyKaTtb NEKLUN U3NULWHEN TepMUHONOrMeNR, Mbl Byaem HasbiBaTb B AasibHellueM ONTUMMU3ALMOHHYIO 33434y
N'P-nonnoll, ecnn N'P-nonHa cooTBETCTBYIOWanA 3a4a4a paspeLlleHus.
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NcTopuio COBPEMEHHOM TEOPUM C/IOKHOCTU BbIYUCIEHUIA MPUHATO OTCYUTLIBATL C paborT [ ; 1,
B KOTOPbIX 6K 33/103KeHbI OCHOBbI Teopumn N P-NoNHOTbI U 10Ka3aHO CYLLECTBOBaHME BHaYane OflHOW, a 3aTem
(8 pabote [ 1) AoctaTtouHo 6oabworo uncna (a umeHHo, 21) ectectseHHbix N P-nonHbix 3aga4. B HeogHo-
KpaTHO UMTMpOBaBLUelica MoH